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Hausdorff metric in formulae

• d – metric in X, d(a,B) = infb∈B d(a, b) – distance,

• ed(A,B) = supa∈A d(a,B) – excess, hd(A,B) = max{ e(A,B), e(B,A) } – Hausdorff metric,

• B(a, r) = {x ∈ X : d(x, a) < r} – open ball, Or(A) = {x ∈ X : d(x,A) < r} – ε-neighbourhood

Equivalent description

1. B(a, ε) = Oε {a} OεA =
⋃
a∈A

B(a, ε) x ∈ OεA⇔ B(x, ε) ∩ A 6= ∅

2. e(A,B) = inf{ r > 0 : A ⊂ Or B } = supx∈X(d(x,B)− d(x,A)) = inff :A→B supa∈A d(a, f(a))

3. h(A,B) = inf{ r > 0 : A ⊂ Or B, B ⊂ Or A } = supx∈X |d(x,A)− d(x,B)|

Properties of e and h

1. e(A,B) = 0⇔ A ⊂ B h(A,B) = 0⇔ A = B

2. h(A,B) = h(B,A) e(A,B) 6= e(B,A) (in general)

3. e(A,B) 6 e(A,C) + e(C,B) h(A,B) 6 h(A,C) + h(C,B)

4. e(A,B) = e(A,B) = e(A,B) = e(A,B) h(A,B) = h(A,B) = h(A,B) = h(A,B)

5. A ⊂ B ⇒ e(A,C) 6 e(B,C)

6. e(A ∪ C,B ∪ C) 6 e(A,B) h(A ∪ C,B ∪ C) 6 h(A,B)

7. e(
⋃
i∈I
Ai,
⋃
i∈I
Bi) 6 supi∈I e(Ai, Bi) h(

⋃
i∈I
Ai,
⋃
i∈I
Bi) 6 supi∈I h(Ai, Bi)

8. e(
⋃
i∈I
Ai, B) = supi∈I e(Ai, B) e(A,

⋃
i∈I
Bi) 6 infi∈I e(A,Bi)

9. d(x,
⋃
i∈I
Bi) = infi∈I d(x,Bi) infa∈A b∈B d(a, b) 6 min{e(A,B), e(B,A)} 6 h(A,B)

10. e(λA, λB) = |λ| · e(A,B) e(λA, µA) 6 |λ− µ| · ‖A‖ (where ‖A‖ = supa∈A ‖a‖ )

11. e(A+ C,B + C) 6 e(A,B) h(A+ C,B + C) 6 h(A,B)

12. e[A, λB + (1− λ)C ] 6 λ · e(A,B) + (1− λ) · e(A,C) ∀λ∈(0,1)

13. h[A, λA+ (1− λ)C ] 6 h(A,C) ∀λ∈(0,1) ∀A,C – compact [in normed spaces]

14. e(convA, convB) = e(A, convB) 6 e(A,B) h(convA, convB) 6 h(A,B)

15. ed∧1(A,B) = ed(A,B) ∧ 1 hd∧1(A,B) = hd(A,B) ∧ 1 (where d ∧ 1 = min{1, d} )

16. d – ultrametric ⇒ ed, hd – satisfy ultrametric triangle inequality

Properties of O
1. A =

⋂
ε>0

Oε(A) OεA = OεA Oε1A ⊂ Oε2A ∀ ε1<ε2

2. A ⊂ B ⇒ OεA ⊂ OεB OεA ∩B ⊂ Oε(A ∩ OεB ) OεA ∩B 6= ∅ ⇔ A ∩ OεB 6= ∅

3. Oε
(⋃
i∈I
Ai

)
=
⋃
i∈I
OεAi Oε (OεA)c ⊂ Ac

4. Oε1 [Oε2 A ] ⊂ Oε1+ε2(A) Oε1(Oε2A) 6= Oε2(Oε1A) (in general)

5. Oε1 [Oε2 A ] = Oε1+ε2(A) [in normed spaces]
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6. Oε1(A) +Oε2(B) ⊂ Oε1+ε2(A+B) Oε(A+B) = A+OεB Oε(−A) = −OεA

7. λOε(A) ⊂ O|λ|·ε(λA) ∀λ 6=0 λ · Oε(A) ⊂ Oε(λA) ∀ |λ|61

8. conv(OεA) ⊂ Oε(convA) conv(Oε convA) = Oε convA

Other properties

1. e(A,B) < ε ⇒ A ⊂ OεB A ⊂ OεB ⇒ e(A,B) 6 ε

2. h(Oε1A1,Oε2A2) 6 h(A1, A2) + max(ε1, ε2) h(A,OεA) 6 ε

3. h(Oε1A1,Oε2A2) = h(A1, A2) + |ε1 − ε2| [in normed spaces]

4. C – convex ⇒ OεC – convex [in normed spaces]

5. C – (path-)connected ⇒ OεC – (path-)connected [in spaces with (path-)connected open balls]

6. ϕ : X ( Y , h [ϕ(x1), ϕ(x2) ] 6 L · d(x1, x2) (i.e. ϕ – multivalued Lipschitz) ⇒
e[ϕ(A), ϕ(B) ] 6 L · e(A,B) ϕ (OεA ) ⊂ OL·ε ϕ(A)

7. K =
⋂∞
n=1Kn — decreasing sequence of compacta ⇒ h(Kn, K) −→

n→∞
0

8. An
h−→

n→∞
A, An – connected, A – compact ⇒ A – connected

9. LiAn =
⋂
ε>0

⋃∞
m=1

⋂∞
n=m OεAn ⊂ LsAn =

⋂∞
m=1

⋃∞
n=mAn

An
h−→

n→∞
A ⇒ LiAn = A = LsAn

Hausdorff measure of noncompactness

• β(A) = inf { r > 0 : ∃x1,x2,...,xk∈X
⋃k
i=1B(xi, r) ⊃ A } — Hausdorff measure of noncompactness

1. β(A) = 0⇔ A – precompact (= totally bounded)

2. A1 ⊂ A2 ⇒ β(A1) 6 β(A2) β(A1 ∪ A2) = max{β(A1), β(A2)}

3. (seminorm) β(λA ) = |λ| · β(A) β(A1 + A2) 6 β(A1) + β(A2)

4. (Lipschitz continuity) β(Oδ A ) 6 β(A) + δ |β(A1)− β(A2)| 6 h(A1, A2)

5. β(B(0, 1) ) = 1 β(Oδ A ) = β(A) + δ [in infinite dimensional normed spaces]

6. β(A1 ∩ A2) 6 min{β(A1), β(A2)} β(A) 6 min{ diamA, 2 · ‖A‖ }

7. β(A+ C) = β(A) β(A ∪ C) = β(A) for precompact C

8. β(A) = β(A) (Darbo) β(convA) = β(A)

Other properties

1. (Kuratowski’s Intersection Theorem) X – complete, {Bn}∞n=1 – decreasing sequence of

nonempty closed sets with β(Bn) −→
n→∞

0 ⇒ Bn
h−→

n→∞

⋂∞
n=1Bn – nonempty compact

2. ϕ : X ( Y , h [ϕ(x1), ϕ(x2) ] 6 L · d(x1, x2) ∀x1,x2∈X , ∀x∈X ϕ(x) – compact

(i.e. ϕ – multivalued Lipschitz with compact values) ⇒ β [ϕ(A)] 6 L · β(A) ∀A⊂X

3. β(A) = infK∈K(X) h(A,K) (where K(X) – family of compacta in X)

4. {At}t∈T – precompact w.r.t. h ⇒ β
(⋃

t∈T At
)

= supt∈T β(At)
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