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Abstract

Koopman representations associated to some smooth, or singular with
finitely many singularities, measure-preserving flows on T? are studied.
It is shown that they enjoy so called simple convolution property, i.e.
all Gaussian systems induced by the measures of the (reduced) maximal
spectral types of the flows, have simple spectra.

We show that for a (continuous) unitary representation U = (Uy)ier
on a separable Hilbert space the function which to ¢t € R associates the
maximal spectral multiplicity of the unitary operator U; is of the second
Baire class, answering a question raised by J.-P. Thouvenot.

Introduction

Let H be a separable Hilbert space. Suppose that U = (Uy)ecr is a (weakly)
continuous unitary representation of R in U(H). This will be also referred to
as (Uyp)ier is a unitary flow in H. For each g € H one associates its spectral
measure o, which is a finite positive Borel measure on R whose Fourier transform
(G4(t))ter is given by 7,(t) = (Uig,9), t € R. Each unitary flow on H is
determined by two invariants: the mazimal spectral type, that is, the equivalence
class oy of the spectral measure oy for some f € H which dominates all other
spectral measures oy, i.e. 04 < oy for each g € H, and a measurable function
My :R = R - NuU {00} defined oy-a.e., called the multiplicity function. The
essential supremum My of My is called the mazimal spectral multiplicity of U.
For more about spectral theory of unitary flows we refer the reader to [5] and
[21].

We will be mostly interested in Koopman representations, that is, we are
given a measurable R-representation 7 = (T});cr in the group Aut(X, B, u) of
measure-preserving automorphisms of a fixed probability standard Borel space
(X, B, u); measurability of such a representation means that for each A, B € B
that map ¢t — p(ANTiB) is Borel. Such a measurable representation induces
a unitary flow U = (Ur,)ter (called a Koopman representation) on the space
L3(X, B, u) of square integrable zero mean functions, here Ur, (f) = foT}, t € R.
We will write o7 instead of oy and call it the (reduced) maximal spectral type
of T (while we consider Z-actions, i.e. a single automorphism T' € Aut(X, B, u),
we write o instead of orn. nezy).
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Although classical, the spectral theory of dynamical systems, mainly in the
context of Z-actions, is still under intensive development, see e.g. the recent
monograph [21] and the survey articles [14] and [25]. On one side the spectral
theory provides natural invariants for objects considered in ergodic theory; on
the other side, it also provides tools for constructing systems with unexpected
dynamical properties. For example strong spectral properties of a system T'
may lead to constructions of other dynamics with some “exotic” properties and
indeed such a spectral machinery have been presented in [18] (see also [13],
Chapter 7 and [43]). The main role in this machinery is played by the property
of pairwise disjointness of convolutions (PDC) of the maximal spectral type or;
in other words, constructions of interesting dynamics are done on the base of
some T' € Aut(X, B, n) for which o7 L o™ for all m # n.

The PDC property is clearly opposite to Kolmogorov’s group property of
the spectrum: the maximal spectral type is symmetric and dominates its con-
volution square. At a certain stage of development of ergodic theory, this latter
property was conjectured to hold for all dynamical systems (see the report [36]
and the appendix to the Russian translation of [16]). Historically, the first exam-
ple of T without Kolmogorov’s group property appeared in [20] in 1967. Then
in 1980th, see [19] and [42], it turned out that it is the PDC property which
is generic in the class of automorphisms of a probability standard Borel space.
For the classical Chacon’s transformation the PDC property has been proved
in [35]. Clearly, such a property may hold only for systems with continuous
singular spectra.

In the present paper, instead of the PDC property, we will consider a stronger
property® which will be called the simple convolution property (SC property).
In the context of flows, the SC property means that if we set 0 = o7 then
for each n > 1 the conditional measures of the disintegration of c®" over o*"
via the map R™ > (z1,...,z,) = z1 + ... + x, € R are purely atomic with
n! atoms, and this definition can be easily adapted to Z— (and other group)
actions. In [1], [2], [3] and [40] it has been shown that a “typical” automorphism
with respect to the weak topology? of the automorphisms group Aut(X, B, u),
Chacon’s automorphism as well as some mixing automorphisms enjoy the SC
property. The SC property is closely related to the theory of Gaussian systems
(see [5] for basic properties of such systems): indeed, the SC property of T is
in fact equivalent to the fact that the Gaussian R-action uniquely determined
by o7 has simple spectrum, see e.g. [24] (the reader should notice however that
no Gaussian system itself enjoy the SC property). This fact in turn is inter-
esting from the point of view of harmonic analysis as the only known method
of constructing Gaussian systems with simple spectra is via continuous mea-
sures supported on “small” Borel sets, namely, sets without rational relations
(see [5]). It is a separate (and open) problem whether spectral measures of
systems from [1], [2], [3], [40] as well as those given in the present work are
concentrated on “small” Borel subsets. We also refer the reader to the recent
works [24] and [26] where it has been shown that the SC property implies some
strong joining property (we refer the reader to the monograph [13] for the join-

It is not completely obvious that the SC property is stronger than the PDC property.
This fact seems to be a folklore, see [24] for some stronger assertions.

2Recall that this topology is Polish and can be defined by the metric d(S,T) =
Sas1 o (MSARATAR) + u(ST1An AT 1Ay)), where {A, : n > 1} is a dense family

in B.



ing theory of dynamical systems) hence relating a purely spectral property with
measure-theoretic properties of the underlying dynamical system.

The main aim of this paper is to give new natural examples of systems with
the SC property, these are smooth or regular flows on T?. In fact we deal with
examples of special flows T7 = (th)teR, where Te = x +a and f : T — RT
(see Section 2 for formal definitions) giving rise to two classes of flows with the
SC property:

(A) given f € C, different from any trigonometric polynomial we will show
that for “generic” a € [0,1) the resulting special flow has the SC property;

(B) whenever f is piecewise absolutely continuous, with the sum of jumps dif-
ferent from zero, and a has unbounded partial quotients the SC property also
holds true.

Recall that examples from the class (A) are given by smooth reparametriza-
tions of the relevant linear flows. The class (B) was already studied by von
Neumann in [31], where the weak mixing property of such special flows was
shown. Many of them can be represented as smooth singular flows with finitely
many singularities, see [11].

We will also note that the SC property is “typical” in the class of flows of a
fixed probability standard Borel space (X, B, ). Moreover, the SC property of
a flow implies the SC property of all its non-zero time automorphisms.

In Proposition 3 below we will show that the SC property of a flow implies
that for each t # 0 the maximal spectral multiplicity of the Z-action T is equal
to the maximal spectral multiplicity of the whole flow, i.e. My, = MQTS.
This provides a relationship with a problem raised by J.-P. Thouvenot in 1990th
which we now describe.

Suppose that (U;)ier is a unitary flow in a separable Hilbert space H. Given
t € R\ {0} we have the corresponding Z-representation n +— Uy,;. While it is
obvious how the maximal spectral type of the Z- representation is related to the
maximal spectral type of U*, a possible relationship between the multiplicity
functions remains unclear. This problem was already considered by Mathew
and Nadkarni in [30], however no general result has been given there. Since it is
rather clear that the map which to ¢ associates the maximal spectral multiplicity
is Borel, J.-P. Thouvenot asked, in the context of Koopman representations,
what can be said about the Baire class of such maps. We recall here that by
Lebesgue-Hausdorff theorem each Borel real-valued function on a metrizable
space is Baire (e.g. [41], p. 91).

A classical example of the Koopman representation U, = (Ur,)iecr, where
Ti(z) = = +t mod 1 on the additive circle [0,1) in which the values M(t) :=
MUTW are either 1 (for ¢ irrational) or co (for ¢ rational) gives an example
of a Koopman representation for which the function M is indeed of second
Baire class. If we fix k € Z then for each ¢ € R for the above flow we have
e2mik o T, = 2™kt . 27k 50 this example is a special case of a unitary flow with
simple and discrete spectrum (the group of eigenvalues is equal to Z), where the
relation between My, and My __ is well understood®. Since, the Baire category

3Note that in general MUTt > MQT and the inequality can be strict. In particular, for the
flow (T%)+er with simple Lebesgue spectrum constructed recently in 34|, we have Muy, = o0
for each ¢t € R and My =1.

41t is the image of oy via the map z +— €274,

5Indeed, let (Ut)¢cr be a unitary flow in a separable Hilbert space H and suppose it has
discrete and simple spectrum. Let A C R be the (countable) set of eigenvalues (a € R is an



class “at most n” is closed under taking the function which is the maximum of
two functions, the problem of Baire category class of the function M is reduced
to the case of continuous maximal spectral type.

We will show here that whenever oy is continuous then the function M
which to ¢ € R associates the maximal spectral multiplicity of U/, is of the
second Baire class, in particular the same result holds for arbitrary o;. Since
the above result is purely Hilbertian, it is done in Appendix.

To our knowledge the question of whether one can construct a Koopman
representation U4 of R with 7 weakly mixing and for which the function M is
indeed of the second Baire class remains open. In fact, the mechanism described
above of “producing” some extra multiplicity of time-t automorphisms in view
of their non-ergodicity seems to be the only one which provides discontinuities

of M.

1 Integral operators in the weak closure of times
of a flow. An analytic flow on T? with the SC

property

When a flow 7 = (T}):er acting on a probability standard Borel space (X, B, )

is given then its maximal reduced spectral type will be denoted by o = o7r.

We will always assume that the flows under consideration are weakly mixing

(i.e. o is continuous); this in particular implies that each hyperplane in R™ has

zero 0®" = 0 ® ... ® o-measure (in fact more algebraic varieties enjoy the same
—_——

n
property, see e.g. Lemma 2 below). It follows that w.l.o.g. we can assume that

the conditional measures ag") obtained from the disintegration

O.®n :/Ugn) dU*n(C)
R

of @™ over 0*" = g * ... * g, which are concentrated on fibers of the map
—

(1) Cpi(x1,. . yxzp)— a1+ ... +a,

are in fact concentrated on n-tuples (x1,...,z,) such that x; # z; whenever
1 # j. If, additionally, the flow under consideration has simple spectrum then

eigenvalue if for some non-zero y € H, Uyy = €2™%ty for all ¢ € R). Then, for each a € A
there is exactly one (up to a multiplicative constant of modulus one) ya € H, ||ya|| = 1 such
that Ut(ya) = €27y, for each t € R. It follows that {y,} is an orthonormal base of H and
then if x = >, 4 ca¥a and Usyw = Az (with [A| = 1) then necessarily e27%4%0 = X whenever
cq # 0. If by ~¢, we denote the equivalence relation on A given by

a ~y, bif and only if e2miato — o2mibto

then it is easy to see that the maximal spectral multiplicity of Uy, is equal to the maximal
cardinality of cosets given by ~y,. Moreover, the set {% ca,b€e Aja#b, and k € Z} is
countable and for each ¢t € R belonging to the complement of this set the spectrum of U; is
simple. It follows that the function M is of at most second class of Baire, as it is a constant
function on a cocountable set (indeed, any function f which is zero on a cocountable set R\ A
is the pointwise sum of the series 3 4 f(a)X{q}; clearly Xx{q} is of the first Baire class).



the symmetric tensor product representation U7Q” =Uy ®...® Us has simple
n
spectrum if and only if the conditional measures aén) are purely atomic and
have exactly n! atoms in (c*"-a.e) fiber of the map (1) (see [5]).
Denote by P(R) the space of probability Borel measures on R (endowed with
the weak-*-topology). Assume now that P € P(R) and let ¢, — oo with

@) U, — / Uz, dP(1)",
R

where the convergence takes place in the weak (operator) topology of B(L?(X, B, 11))
and the righthand operator is understood weakly. Consider any cyclic subspace

of Uy, say, generated by £ € L3(X,B, ). On such a subspace this representa-
tion is isomorphic to the representation (V;)icr acting on L?(R, o¢), and given

by the formula

3) Vi(f)(z) = 2™ f(x),

where o¢ denotes the spectral measure of £&. This cyclic space, as a closed
subspace, is also weakly closed, so the convergence (2) takes place also on it.
Denoting by J = [, Vi dP(t), for f,g € L*(R,0¢), we obtain that

/R Jf - Gdoe = (I, 0) r2 (o0 = /R (Vi 9) 2(oe) dP(t) =

2mits e\ = p S S 75 oe¢(S).
/R ( / 25 (5)203) do—as)) dP(t) = / P(s)/(5)9(5) doe(s)
It follows that
4 T1(s) = P(s)(s).

Moreover, (2) means that e27i+() — P(.) weakly in L2(R, o¢).
For any n > 2, V" — J® when k — oo in the weak topology of
B(L?*(R", 0?")). This is equivalent to saying that

~

(5) emits(mtoten)  P(ay) .. Play)

in the weak topology of L*(R",c¢™). Denote Be, (R") := C,*(B(R)). Let
L?(Bc, (R™), J?n) be the subspace of L2-functions measurable with respect to
Be, (R™); it is a closed subspace of L2, (R", J?n>. Since the LHS elements in

sym
(5) belong to L?(B¢, (R™), a?") which is weakly closed, the RHS limit belongs
to the same subspace. In particular it follows that there exists a Borel function
F : R — C such that

~ ~

(6) P(z1)-...- Pxy) =F(x1+...+z,) for U?”—a.e. (T1,...,Zn)-

Denote by S,, the group of all permutations 7 of {1,...,n}. In order to show
that the SC property holds for some flows we will constantly make use of the
following simple lemma.

8The operator J = [ Ur, dP(t) is a Markov operator of L?(X,B,p), i.e. J1 =J*1 =1
and Jf > 0 whenever 0 < f € L?(X, B, u); it also satisfies J o Ur, = Ur, o J and therefore it
corresponds to a self-joining of T, see e.g. [21], |27], [39].



Lemma 1. Let 0 € P(R) be continuous. Fizn > 1. Assume that F C CB(R")
(in particular F C L*(R™,0®")) is a countable family of functions each of which
element is 0®™-a.e. equal to a function measurable with respect to Bc, (R™).

Assume moreover that there ewists A C R", 0®"(A) = 1 such that for each
ceRif -
(x1,...,2), (2),...,2l) e Cl ()N A
and
J(1,. . 2) = J(2, ..., 2)) for each J € F
then (z1,...,2,) = (:1:;(1), .. ,I;_(n)) for some permutation m € S,,. Then for

0*"-a.e. ¢ € R the conditional measure a£"> is purely atomic concentrated on n!

atoms.

Proof. Let F = {J1,Ja2,...}. Then for each m > 1 let K,,, be a Borel function
(defined everywhere) which is B¢, (R™)-measurable and such that Jp, (21, ..., 2,) =
K (71, .., ) for each (z1,...,2,) € R™\ B,, where 6®*(B,,) = 0. Set
C=A \ Umms1 Bm- Then o®" (C) =1 and the intersection of C' with any vari-

ety C;1(c) is elther empty or is equal to a set of the form {(2r(1),...,Zx(n)) :
T e Sn}. O

Remark 1. In our applications of Lemma 1, the set A will be obtained by
discarding from R™ a countable union of some algebraic varieties. Then we will
point out a certain family of functions which will “distinguish non-symmetric
points” in the fibers of C,, (in the sense as in the above lemma). In order to be
sure that the elements of the family are 0®"-a.e. equal to functions which are
Be, (R™)-measurable they are taken as some natural tensors whose components
belong to the relevant weak closure of characters. For example, by (6) and (2),
a countable family of tensors of the form J = P(-) ®...® P(-) (with P € P(R)
satisfying (2)) is potentially a family for which the above method can work.

We will now concentrate on the weak closure of {Ur, : t € R} in case of a
“typical” flow of a fixed probability standard Borel space (X, B, ). Denote by
Flow(X, B, ) the space of all (measurable) flows acting on (X, B, ). Recall,
see e.g. [38], that the Polish topology of Flow(X, B, i) is given by the metric

D(S,T)= sup d(S:,Tp).

t€0,1]

Assume that 7 = (T}):er acts on (X, B, ). Denote by P7(R) the subset of
P € P(R) such that the integral Markov operator J = Jp(T) := [, Ur, dP(t)
belongs to the weak closure of the set {Ur, : t € R}. Notice that Pr(R)
is closed in the weak topology of P(R). In |29] there has been constructed a
weakly mixing flow 7 = (T})ter on T? given by an analytic reparametrization
of a linear flow such that Pr(R) = P(R). Consequently, for each P € P(R)

{T € Flow(X,B, ) : T is aperiodic and P € Pr(R)} # 0.

The class {Jp(T) : P € P(R)} of Markov operators has the following
property: For each S € Aut (X, B, )

(7) SoJp(T)oS P =Jp(SoT oS



where So T oS! = (SoT; 085 1)cr. Assume that {A; : i € N} is a dense
family of sets in B (considered with the pseudo-metric p(A, B) = u(AAB)).
For t € R and € > 0 denote

W(t,e) ={T € Flow(X,B,pu) : i

i,j=1

T |(TA; N A;) — (Jp(T)la,. 1a,)| < e}

Note that W(t,e) is open’, and so is the set |J,~ y W(t,e) for each natural
number N > 1. It follows that the set a

we= [ () UWte

Q3e>0N>1t>N

is Gs. It is clear from the definition of W that

TeW & (3t,—o0) Up, — Jp(T) weakly,
in other words
(8) W ={T € Flow(X,B,u) : P Pr(R)}.

It follows from (8), (7) and the fact that the conjugation class of an aperiodic
flow is dense in Flow(X, B, u) (this is essentially proved in [15], see also [6])
that W is Gs and dense.

By taking a countable a dense family of measures in P(R) and taking the
corresponding intersection of G5 and dense subsets of flows we obtain the fol-
lowing.

Corollary 1. There exists a G5 and dense family D of flows of a fized probability
standard Borel space (X, B, u) such that Pr(R) = P(R) whenever T € D.

We now come back to Lemma 1 to show how it can be used in a concrete
situation.

Example 1. Given z € [0,1] and y € R denote by P, , := zdy + (1 — z)d,.
Assume that P,, € P7(R), where 2 € [0,1],y € R run over some countable
dense subsets of [0,1] and R respectively. Notice that it follows immediately
that P,, € Pr(R) for each z € [0,1] and each y € R. We have P(t) =

x4+ (1—2)e? . For arbitrary n > 1set F = F,, = {ﬁ?;}my (F C L3R, o®"

x and y run over arbitrary countable dense subsets of [0, 1] and R respectively
Suppose that

);
).

~ ~ ~

Pﬂiﬁy(tl) T -Pryy(tn) = Pw,y(tll) e ~Pm,y(t§1),

that is
n n
ij(l - x)n_]aj<tl7 s 7tn>y) = ij(l - x)n_]aj(t/h o ?tfn?y)
j=0 j=0

"Note that the set of Markov operators of L2(X, B, u) is a closed (hence compact) sub-
set in the weak topology of the relevant unit ball; it is then metrizable and the formula

d(Jr, J2) = S350 54
weak topology; in other words, T € W(t,¢) if and only if d(Ur,, Jp(T)) < e.

(J1la,,1a;) — (J2la,, 1Aj>‘ defines a metric compatible with the



Since the functions 27(1 — )7, j = 0,1,...,n (defined on [0, 1]) are linearly
independent, o;(t1,...,tn,y) = a;(t],...,t,,y) for each j (and each y from the
dense subset). Taking j = n—1 we obtain that a;(t1,...,tn,y) = > p_q €27HY,

SO
n n
2 eZwitky _ E eQﬂit;cy
k=1 k=1

for each y € R. However the characters  — €2%% s € R, of the reals are

linearly independent and hence {t1,...,t,} = {t},...,t,}. It follows that the
flow T has the SC property.

If we now use Corollary 1 we obtain the following.

Corollary 2. A “typical” flow of a fized standard probability Borel space (X, B, 11)
has the SC property.

It is rather clear that the information given by the assumption in Example 1
is redundant. We now essentially weaken (¢f. [1]) the assumption in the above
example; however the SC property will still hold.

Example 2. Assume that y1,y2 € R\ {0} and
9) y1/y2 & Q.
Assume moreover that for ¢ = 1,2

the set of « € (0,1) such that

(10) P, € Pr(R) is infinite.

Fix n > 1. Recall that the polynomials 7p = 1 and

Tj(Zl,...,Zn)Z E Zk1~...'2kj, j:l,...,n
1<k:1<...<k;<n

(z; € C) are called basic symmetric polynomials (in n variables) and whenever
zi, 2 € C,i=1,...,n, satisfy

Ti(21, . zm) =Tj(21, ..., 2) forj=1,...,n

then {z1,...,2,} = {2},...,2,}5. Since o is continuous, the set

1 1
A={(t1,...,tn) eR": t; —t; ¢ —Z + —7Z whenever i # j}
Y1 Y2

has full c®"—measure. Suppose now that (t1,...,t,), (t],...,t,) € A and that

Poyp(t) o Proyy(tn) = Poy (1) -+ Poy, (1)

8Indeed, for each 1 < s <n

n
My (2s —2) = 20 - (1" (=1, 20)
i=0

n
=3 el () (e ) =TI (5 — 2) = 0.
j=0



for P, ,, € Pr(R). We have immediately

:L’j(l o $)n7j7'n_j(62ﬂ—it1yk, o e27ritnyk)

I

Jj=0
n
j n—j 2mit] 2mit!
= E ! (1 — )" (5T Vk = k),
=0
or equivalently

n J
x . . gl s/
E ( ) (Tnfj (eZTrztlyk’ o ’eQTrztnyk) _ 7_nij(627rzt1yk7 . e27rztnyk)) _ 0

1—=z

=0

In view of (10),

2mit1 Yk 2mitn Y\ 27it! k 27it! k
Tp—j (5T Yk et k) = (e R et k)
for j =0,1,...,n and therefore
27it Y 2TitnYp \ [ 270t Yk 2mit! yi
{e yena e TR = Ltk et Yk Y

It follows that
tsyr = t;(k)yk (mod 1) for s=1,...,n

the map s b—>j£k) is 1—1) but since (,,...,t.) € A, j(gl) :j§2> fors=1,...,n.
1 n
Applying (9) we obtain that {¢1,...,t,} = {#},...,t,}.
It is now enough to consider

F ={(Pyy.())®": k=1,2, & runs over relevant countable sets}

as a family which separates non-symmetric points in the fibers of C), to conclude
that 7 has the SC property.

Example 3. Assume that for fixed a,b € (0,1) and 7o € R\ Q we have
Pa,mvpb,mro € PT(R) for all m € Z.

Set M,(x) = sz, (s,x € R). Notice that P, s = (My).P,1. Moreover

ﬁa,t(s) = ﬁa,s(t) for each s,t € R.
Since o is continuous, the set
A= {(t1,...,tn) ER™: Zmiti ¢ Z+roZform; € Z and > . m? > 0}
i=1

has full o®"-measure. Take (t1,...,t,), (t},...,t,) € A and suppose that for
each m € Z

Pam(t1) .. Pan(tn) = Pan(t)) - ...+ Pan(th).
Equivalently
Pagy(m)-...- Py, (m) = Py (m) ... Poy (m)



or else
(Pyg, *...x Py ) (m) = (Paygy oo * Pa gy ) (m).

The latter equality means that the images of the two measures Py ¢, *...% P, ¢
and P,y *...* Py via the map z — e2™% are equal and since they are purely
atomic, the two sets

n

{Zeiti (mod 1) : eizo,l,izl,...,n},
i=1

{Zsit; (mod 1) : &:i:O,Li:l,...,n}
=1

are equal (note that the representation of a point in any of these sets is unique).
It follows that modulo 1 we have

n n
ti = Zeijt/i and t; = ngjti
Jj=1 Jj=1

for i = 1,...,n. Denote by A = [g;;], A" = [¢},] the corresponding matrices.
Since they are integer-valued

t t
= AA"| ... | (mod1).
tn 7%

But (t1,...,t5) € A, so A/A = Id (and also AA’ = Id). Since A, A~! are
matrices with frequencies 0, 1, they are matrices of permutations, and therefore
foreachi=1,...,n

Y

for some unique j; and m; € Z.
We now repeat the same arguments for P ,,,, and we obtain that for each
meEZL
(Paty *...% Pyy, ) (mrg) = (Payy * - % Pogr Y (mro).

This equality means that the images of the two measures Py, ¢, *...* P, and
Py *...x Py via the map x — e2™ir% are the same and as before we obtain
that foreach i =1,...,n

(12) ti =t} +miro.

If either m; # 0 or m}ro # 0 we obtain a contradiction with the fact that we con-

sider points from A. Now, the SC property easily follows (F = {ﬁfﬁl, ﬁfgro :
m € Z}).

Yet, we now will show that, in a sense, still the assumptions in Example 3
are redundant.

10



Example 4. Assume that for some 0 < a < 1, 0 # € R there exists a
sequence 7, — oo of real numbers such that for each m € N

(13) Ur,

mry

- —ald+ (1 —-a)Ur,,,.

(In particular, P, 5 € Pr(R).) By considering ¢,, = r,,/8 and the flow ¢ — T}
we can simply assume that 8 = 1 and instead of (13) we have

(14) UTmtn — ald + (1 — a)UTm = Pa,m

for each natural m > 1. By passing to a subsequence, and using the diagonal-
ization procedure we can select a subsequence (t;,) of (t,) so that

15 = PomPr .-
( ) Tm(tik+1—tik) a,m+t a,m

If for 0 < b <1 we denote Qp,m = %bUnm + bld + %bUTm then

Pa’mP‘;m = Qa2+(1*a)27m = QZ2+(1—a)27m'

By passing to a further subsequence, if necessary, we can assume that {t;, } —
v € ]0,1) and then since Ugt,, y — Uy in the strong operator topology, we also
have /

(16) UTm — Pa,mUTm,Y (—Pa,mUva.],)4< = Qa2+(1—a)2,m>

(M1 —ng)

where ny, = [t;,] for k > 1. Note that 0 < a® + (1 — a)? < 1 and 2a(1 — a) <
a? 4+ (1 —a)?. We have obtained that for each m > 1 the operator Qa2 (1-4)2,m
belongs to the weak closure of the set {Ur, : I € Z}. Now, fix m > 1 and select
(Ix) so that Ur, = Qu24(1-a)2,m- 1t follows that

Ule + UT—lk — 2Qa2+(17a)2,m-
Thus
Qa2+(1—a)27lk - (a’2 + (1 - a)2)Id + 20‘(1 - a)Qa2+(1—a)2,m‘
Therefore, in the weak closure of the set {Ur, : | € Z} we find the element

(a*+(1—a)*)Id+2a(l—a) ((® + (1 — a)*)Id + a(l — a)Ur_,, +a(l — a)Ur,,)
= le,m

and since m > 1 is arbitrary in this reasoning, we can iterate this procedure
by replacing a by b; to obtain by and so on. Note that a < by < by < ... and
b — 1 (the latter follows from the fact that bxId + 1?’“ (Ur, + Ur_,) is in the
weak closure of {Urg, : 1 € Z} and by, > 1 — b). It follows that

(17) the flow (7;) is rigid?
and

the set of 0 < b < 1 such that bld + %(Unm +Ur,)

(18) is in the weak closure of {Ur, : | € Z} is infinite.

9The assumption (16) is satisfied for special flows over irrational rotations by a with
unbounded partial quotients and roof functions having the bounded variation property, see
Remark 3. Moreover, it follows from [12] that there are many quasi-Hamiltonian flows on T?
for which some smooth change of time leads to (singular) flows satisfying the assumption (16).
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(This part of the proof is due to V.V. Ryzhikov.)

Now, set ¢ = o7 and let o1 := (¢*™) 0. Then 0y = o, where T = T3.
It follows from (18) that for infinitely many 0 < b < 1 we can find a sequence
(nk) = (ng(b)) such that

(19) 2™ = b-1+4 (1 —0b)Re(z) =: Ry(2) weakly in L*(S!,01).

Let B
A={(21,..,2n) €(SH™: 2] - 2 £1

whenever Zmn >0, mj €4{0,2},1 <j<n}.
j=1
Then, A has full 0®"—measure.
Suppose that (z1,...,2,),(21,...,25,) € A and that for all b under consider-
ation
Rb(2’1) teeet Rb(Zn) = Rb(zi) et R(Z;L)

Hence, as in Example 2
7i(Re(z1),...,Re(zn)) = 7j(Re(z}),...,Re(z),)) forj=1,....n

and then {Re(z1),...,Re(z,)} = {Re(#}), ..., Re(z])}. It follows that for each
j=1...,n, 2z = zéjﬂ and since the two points are in A, {z1,...,2n} =
ETNAY

We have proved that the automorphism 7' = Ty has the SC property'®. How-
ever, this implies that the (73) has the SC property, see Remark 4, Proposition 5

and 3.

2 Special flows over irrational rotations

Assume now that Tz = x 4+ « is an irrational rotation on the additive circle
T =[0,1). Assume moreover that f : T — R is an L' zero mean function, and
we will assume that F' = f + ¢ > 0 for some constant ¢ > 0. We consider then
the special flow TF which is defined on the space

XF={(z,t) eTxR: 0<t<F(z)}

with the natural (product) Borel and measure structure (see e.g. [5]). Under
the action of the flow TF = (Tf)ier, for t > 0, a point (z,5) € XF goes
vertically up with the unit speed until it reaches (z, F/(z)) when it is identified
with (Tz,0).

Suppose now that (n:) is a rigidity sequence for T' (i.e. Upn, — Id), P €
P(R) and assume moreover that

(20) (f)),(A\r) — P weakly, i.e. in the topology of P(R).

Under some additional assumptions on f (which will be satisfied for all classes
of examples considered here) we have (see [9])

P F
(21) @»%eénﬂmw

10The fact that that infinitely many polynomials of degree 1 in the weak closure of powers
of an automorphism implies the SC property was first proved in [1].
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We refer the reader to [7], [9], [10], [19], [29] and [44] for concrete examples
of special flows when we obtain a measure P € Ppr(R) which is not a Dirac
measure.

3 Generic case for (C°° roof function

We suppose now that f is a C'*° function with infinitely many Fourier coefficients
different from zero. Assume moreover that the Fourier coefficients of f are
real, i.e. that f(z) = f(1 — z) for # € T. Take any constant ¢ > 0 so that
F:=f+c>0.

This section is devoted to a proof of the following.

Proposition 1. There exists a G5 dense set of irrational numbers o such that
the special flow TY (Tx = x + «) is weakly mizing and it has the simple convo-
lution property.

Proof. Denote fy(x) = f(z)+ flz+1/¢) + ...+ f(z + (¢ —1)/q). We easily
obtain that for [ € Z

(22) fq(lq) =qf(lg), and f;(n) =0 when ¢ does not divide n.

-~

Because of C*° assumption, for each n > 1, ¢" f(q) — 0 when ¢ — co. Since
infinitely many Fourier coefficients of f are different from zero we can select a
subsequence (g, ) so that

~ ~

(23) q"f ()] < an1f(gn)| for each g > gn.
Then, for some sequence (Q,,) of positive integers satisfying Q,, > 2¢,
(24) QnQn|f(Qn)|2 — 400

~

(in fact Q,, > ¢, eventually for each j > 1). We will also assume that f(g,) > 0
(the case where f(qn) < 0 for the chosen subsequence is treated similarly).
Then, for a generic set of a in [0,1) we see that ||g,a| < ﬁ for an infinite
subsequence of (g,). Now, we fix such an « and the corresponding subsequence
of (g,) will still be denoted by (g,,). Note that by the Légendre Theorem such
a ¢, will be a denominator of a.

Fix § > 0. We can choose a sequence (b,) of positive integers such that

~ )
In view of (25), (24) and the fact that ||g,o| < ﬁ we have

brdnllanal = O (“2/4)”%‘1) =0 (E ) — 0.
anlf(qn)|? Qnan|f(qn)|?

Now, since gy, is a denominator, for some 1 < p,, < ¢, (gcd(pn, ¢n) = 1) we have
la — B[ <1/(2¢,Qn) and therefore

bn

b, (2) = O @) = |3 (fon @) = £ (@ 4 (= Dga0) )| =

j=1

13



bn qn—1
(Z (Flo+522) = flo+sa+ (- l)qna))> <

j=1 \ s=0 an
bn (In_l
17130 3 (52 ~al + G- Dllnal ) <
j=1 s=0 an
bn Qn_l
100 > D dllanedl < b anllgnelll s — 0.
7j=1 s=0

It follows that |b, f,, (x) — f(%)(z)] — 0 uniformly and hence by (22)

FOnt) (1) — b g Z f(lqn)ezmlq"“’ — 0 uniformly.
l=—0o0

o~

But, in view of (23), |f(Ign)| < £|f(qn)|, whence (by (25))

l'n/
—~ 1 1
[l|>2

[1=2 [1=2

when n — o0o. It follows that
f(bnqn)(m) _ bnqnf(qn)2Re(62”iq"“)

= [ 1) (z) — 2b,q0 f(qn) cos(2mgnz) — OM

still uniformly in « € T.

Since the map z — ¢,z (mod 1) preserves Lebesgue measure Ar, the function
2y f (qn) cOS(2mqnx) has the same distribution as the function 6, cos(2mz)
where 6,, = anqnf(qn). It follows that one obtains as the limit the measure Pj
which is the distribution of the function ¢ cos(27x).

The Fourier transform of this distribution is the first Bessel function Jy:
pslt) = [ 5 Cmde = Pyt) = o),
T

([4]). Note that Jy is a real analytic (real-valued) function and that Jy is even
(the statements are seen directly from the facts that the distribution of the
cos function is symmetric and supported on a bounded subset). Denote by
0 <wup < ug < ...the sequence of positive zeros of Jy.

Recall that o denotes the maximal (reduced) spectral type of TF.

Let us notice that since o is continuous,

oo <{(t1,...,tn) ER™: > eit; =0,(e1,...,60) €{0,1,2}",) & >0}> =0
=1 1=1

and moreover

o®" ({(t1,. .. tn) € R™ ¢ |t|/tj] = up/uy for 1 <i £ j <nand k,l > 1})) = 0.

11gince the sequence (bngn f(qn)) is bounded, the sequennce (|| f(®n9) || is also bounded;
moreover, b,gna — 0 modulo 1; therefore we can apply [9] and (21) holds with ¢, = bngn.

14



We now remove the two sets of c®"-measure zero from R" and take (t1,...,t,)
in the remaining part of R”. We will show that once we know the sum t1+...+t,
and moreover, for each § > 0, we know

() == ps(tr) -~ ps(tn) = @s([ta]) - - s ([tn])

then tq,...,t, are determined up to the order. To this end let us look at positive
zeros of ®. We can assume that |£1] < ... < |t,|. Then the first zero of ® we
obtain when ¢ = uy/|t,|. It follows that

[t,,| = uq/first zero of ®.

Notice that all points uy/|t,| are zeros of ® and moreover none of these points
is of the form wy/[t,—1]. It follows that

[tn—1| = uy/first zero of @ different from wy/|t,| for all k& > 1.

Similarly we obtain |t,,_o| by dividing u; by the first zero of ® different from
ug/|tn] and ug/|t,—1]| for all & > 1.

In this way, by an easy induction, we obtain that the numbers |t1], ..., |t,]
are determined up to the order. However their sum is also given, and the equality
S ti = >, eit; with at least one £; = —1 has already been excluded, so
the set {t1,...,t,} is determined.

Given n > 1, as the family F (see Lemma 1), it is enough to take

F = {]35@’" : {0; >0:i>1} is dense in RT}.
Indeed, if ]Sg?"(tl, cooty) = ]Sg?"(t’l, ..., 1) then (by continuity of Jy)

@s(tr) .. ps(tn) = ws(t1) - ... - ps(ty)
for each 6 > 0 and the result follows. O

Remark 2. It follows from [5] that all these smooth flows have simple spectrum.

4 The class of von Neumann

As previously we assume that f: T — R, fT fdAr = 0 and we also assume that
F = f+ ¢ > 0. Assume moreover that f € BV(T). Let a € T be irrational
with the sequence (g,,) of its denominators.

Remark 3. For every g € BV (T) we have [i|g(z + t) — g(z)|dz < |t|[Varg.
We use this inequality (instead of the L.,-norm of the derivative of f we pass to
Jolf(@+st2)— f(z+sa+(j—1)gual dz) in the part of the proof of Proposition 1

in which we have estimated |b,, f,, (z) — f(*»%)(z)| and we obtain an estimation
for ||by, £y, — f®n9)| 11 valid for all bounded variation functions.

By Remark 3, for each positive integer m and g = ¢y,
m 1
(26) £ —mfyllx < §m2QIIanIVa7‘(f)~
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From now on we assume that a has unbounded partial quotients. For simplicity
of notation we assume that

(27) qnllgnall — 0.

By the Koksma inequality any weak limit of a subsequence of the distributions
(flan)y, = (fla)), (Ar). n > 1, is concentrated on a finite interval, and the
same remains true for the sequence ((f(™4)),), (for any m > 1). By passing
to a subsequence of (g,,) if necessary, we can assume that the sequence ( fiq"))

converges weakly, and let v = lim,_, o, (f(9")),, then for each k € Z we have

28)  D(k) = lim [ 2krd(fan)), (z) = lim [ 2 */") dag.

§—00 R §—00 T
Given t € R set v; = (My).v (see Example 3). In view of (26) and (27), for each
meZ

(29) (mans) _y y weakly, when s — 0o

(indeed, for m € Z, fG-mans)(z) = —fmans)(z 4+ mg,,a)). For t € R set
p(t) =v(t). We have

(30) Um (t) = p(mt) = vy(m) for each m € Z.

Recall that o denotes the maximal spectral type of T'F', where Tz = x + a.
Then by (29), (5) and (30)

(31) e2miman(tittta) y omty) - .- p(mt)

weakly in L?(R? ¢®9) for each non-zero integer m and arbitrary integer d > 1.

Assume that f is piecewise absolutely continuous, with the sum of jumps
—S # 0. We then have f = g + h, where h is absolutely continuous on T, and
g is piecewise linear with (a.e.) constant derivative equal to S (we assume that
¢ is RHS continuous and that both functions g, h are of zero mean). By the
Koksma inequality, h(%) — 0 uniformly (as well as for each m € Z, h(™) — 0
uniformly). So in the computation of the limit distribution v we can replace f
by g. In particular we can replace f,, by g4, and then g,, by gy, , where

gqn (1') = Yqn (z/Qn>

as the distributions of gy, and g,, are the same (indeed, the distributions of j(-)
and j(gn-) are the same; take j(-) = g4, (-/gn)). The functions g,, are piecewise
linear, with the constant derivative S on each interval of continuity. Moreover,
the discontinuity points for g,, are of the form g, with 8 a discontinuity point
of g (indeed, the discontinuity points of g,, are of the form 5+ i/g,) while the
value of the jump at ¢, /3 is the sum of the values of the jumps at all discontinuity
points v of ¢ for which ¢,v = ¢,5. By passing to a subsequence, if necessary,
we can assume that (g,3) converges for all discontinuity points 8 of g. Since
there is only a finite set of possible values for jumps for all functions g,, and
fT 9q, A1 =0,
Gq — g in LY(T),

where the limit function has discontinuities at ~1,...,7% (and k is not bigger
than the number of discontinuity points of g) and moreover at each interval
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[vi,7i+1) the function widetildeg has the constant derivative equal to S. The

distribution of g is hence the limit distribution of the sequence ( fq”))

v = g,. It follows that

, l.e.

(32) D(t) = p(t) = /T 2™ g p.

Recall that the characteristic function of the distribution of the function & de-
fined on an interval [a,b) (considered with Lebesgue measure) by the formula
&(x) = C+ S(x —a) is equal to 5——(e2™ (1) — 27¢(a)) " which implies that

2mitS
2
33 t) = i 27ritAj
(3) 0 = gy 2 o™
for some integers a1, ..., as; (equal to £1) and the numbers A are obtained as

g(vi) and g(v; ) (g(v; ) stands for the LHS limit of § at +;). We first replace
©(t) by (t) = 2miSe 2" At p(t), where A = min{Ay,...,Aqs;} and we obtain
that for each m € Z there exists a measurable function Hg,, : R — R such that

(34) 1/)(mt1) . ’l/J(mtd) :Hm,d(tl‘f‘u-"‘td)

for 0®-a.e. (t1,...,tq5) € R Setting Al = Aj — A we have A}, > 0, so by
renaming points if necessary, we obtain that

(35) 0=A] <...<A.

Set v} = %Zfﬁl aj(SA;t. This is a real purely atomic measure with atoms at
At and

(36) vi({Alt}) = a;/t for j=1,...,2k.

In view of (34) we obtain that the map

(t1,... ta) = (vp, *...x v, ) (m)

is B, (R?)-measurable, which means that the map which to (t1,...,tq) asso-
ciates the image of v, * ... % v], via the map x — €™ depends only on the
sum t; + ...+ tq (for 0®%-a.a. points (t1,...,tq) € R?). Denote by .J the sub-
group of R generated by all A’’s, and all A7A%’s, 1 < j, j* < 2k. This group is
countable, so by continuity of o the set

2k
Agi={(tr,... . ta) €RT: (V(by,....bax) € J*\{0}) D bjt; ¢ Z+J}

has full c®?-measure.
Assume e = (eil,...,ik)1§i1<u.<ik§d C R and e € R. Set

(*) Xg,e’ = {(tl, e ,td) S Rd : Z €iq,..., iktil .. ~tik = 6/}.

1<ir<...<ix<d

We need the following lemma about such algebraic varieties.
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2 .
Lemma 2. Assume that Zl§11<...<ik§d €;,..ip > 0. Then for each continuous

measure o
U®d(X§7e’) =0.

Proof. The proof goes by induction on d > 2. For d = 2 we consider the set of
(t1,t2) € R? such that
612t1t2 + eltl + 62t2 = 6/.

We can assume that ejs # 0, otherwise we consider just a linear case. If we fix
to €R, tg # —:TIZ then we have

(e12te + €1)t1 = €' — eato,

so there is only one t; € R satisfying this equation. By Fubini’s theorem the set
under consideration has o®2-measure zero.

Suppose the result being true for d — 1 > 2. With no loss of generality we
can assume that there exist io < ... < such that ey ;, ;. # 0 (otherwise we
already consider an algebraic variety of the form (%) in R?~!). Then we consider
Fubini’s theorem with respect to the coordinates (¢a,...,tq). In other words,
we fix (t2,...,tq) and we look at the set of t; € R so that (¢1,%2,...,tq) € Xe .
Looking at the equation defining the variety we can see that the equation on ¢;
is of the form

Alta, ... ta)t1 = Blta, ... tq).

Hence, either there is exactly one solution, or it is the whole R. The latter case
however holds ounly if A(ts,...,ts) = 0. Moreover the function A(ts,...,tq) is
also of the algebraic form as in (x), hence by the induction assumption the set
of (ta,...,tq) satisfying A(ta,...,tq) = 0 is of 0®(@~-measure zero, and the
lemma follows from Fubini’s theorem. O
Consider now the set
Uz

Ba={(tn,. - ta) €RY: (v, ma) € Z4\{0}) Tt £ TEL, (8 + 1)}

In view of Lemma 2, 0®? (Eg) = 0. Hence the set Zld N Ed has full o®¢

measure and in what follows we consider only (t1,...,tq) € Ay N By. The
measure vy, *...* v is purely atomic with the set of atoms

2k
®{A/ltja A/Qtjv ) A/thj}'

Jj=1

It follows that the image (on the additive circle) of this measure is also atomic
with the set of atoms

2k
Ata,...,ta) = LA, Abty, ..., Abyt;} (mod 1).
j=1

Furthermore the map

2™ (R, V;l % .. % uéd) — ('I[‘, (62”')* (1/{1 % ... % y{d))
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is1—1uv) *...xv -ae.
Since (t1,...,tq) € Ag, it follows that

Qtr, ... ta) ={D_ ;A t; (mod 1):e; €{0,1},1<m; <2k, j=1,...,2k}

and moreover the representation of a point in Q(¢4,...,%4) is unique. Suppose
/ /! / / H H
that v, *...xy, = Vg % oo ¥ Vs i particular

Qty, ... tg) = Q... ).

For each 1 <[ <2k, 1<1i¢<d we have
Agt; = Zsl,i,jAlmu‘jt]’ (HlOd 1)
and similarly for 1 <p <2k, 1 < j <d,

/ _ / / /
ALty = Zep’jyiAm;’jyiti (mod 1).

Thus
2k [ 2k
— (.3)
Aty = | Do ariAL |ty (mod 1),
J=1 \p'=1
where d(p J, are non-negative integers. Since Z "1 d;’,’ j,)A'/ eJ, Z "1 p’,’ ?,)A’, =

0 for j' # j, and hence by (35), d(p’j) =0 for p’ > 2. For j' = j we obtain that

AL =5220 dPDAL LTt follows that dy ) =1 and d) = 0if p > 3. This
reasoning shows that

(37) Abty = A, t; (mod 1) for all j =1,...,2k

vj

L . 2%k
where the map j +— ¢; is univoque. But A4t; = Zj/=1 SRR AV
0

tj (mod 1),

2,15/

(85)%t; = A (Ajty) = A(A, 1+ 55) = A, (A48, ) + Abs,
- Z oy B, Ayt + (A, i, + Mg )

(with some s;,m;, € Z) where the last summand belongs to J. It follows that
(A)? = AL AL, e Using once more (35) we have m; = my;, ; = 2, and
therefore

Py ATl -
Ajty = Agt;, (mod 1) forall j=1,....d.

In other words there are ny,...,nqg € Z such that
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Now, the “masses” of the atoms of the circle image of v, * ... x v, and of
V';’l KLk Vz{/; must also be the same, so in view of (36), by looking at the mass
of the atom at 0 € R (for v; *...*v; ) we find

af _ af
troeeta  theooty
hence ¢y -... -ty =) -... -t} By (38) we obtain IT¢_¢; = II¢_, (¢; + Z—é) Since
(t1,...,tq) € Bg, the latter is possible only if n; = ... = ng = 0 and we have

(t1rees i} = (L, B )
By taking as F = F, the family {1)(m-)®¢ : m € Z} we have proved the
following.

Proposition 2. Assume that f is piecewise absolutely continuous with the sum
of jumps different from zero. The for each o with unbounded partial quotients
the special flow arising from TY (Tx =z + a, F = f + c) is weakly mizing and
has the simple convolution property.

5 Remarks

In Appendix we will answer the question raised by J.-P. Thouvenot and show
that given a measurable flow (7;):cr the function

(v) R >t+— maximal spectral multiplicity of Ur,

is of the second Baire class (in fact this is a purely unitary representation theory
result). The question whether the function (v) can be oscillatory on R \ {0}
in case of weakly mixing flows seems to be open, and, it looks as if in all
known examples of weakly mixing flows the function (v) is in fact constant on
R\ {0}. This latter phenomenon certainly holds for large classes of flows. The
proposition below being our first sample of result in a more general theory.

Proposition 3. For each flow (T;) with the SC property, the function (v) is
constant on R\ {0} equal to the mazimal spectral multiplicity of the unitary flow

(UTt)tER'

Proof. Denoting by o the maximal spectral type of (T}), all we need to show
(see Appendix) is that the set

A(o)={teR: o L oxd:}

consists solely of 0. This is however already noticed in [27], see Corollary 4
therein. 0O

In order to say more about time-t automorphism we will need a stronger
assertion.

Lemma 3. Assume that (T;) has the SC property. Then for each n > 1

A(o*™) = {0}
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Proof. (cf. [24]) Recall first that for each k > 2 we can find X;, C R* so that

(39) o®%(X}) =1 and (21,...,21) € Xj = x; # x;j for i # j.
Denote

s RF 5 R, sp(z1,...,28) =21 + ... + T,

my : (Sl)k — St mi(21,. . 28) =21 .0 2k
Denote

ok = / e @ V) doF
R
the disintegration of o®* over o**.
Suppose that for some ¢t # 0 and n > 2, ™™ [ ¢*" % §;. Then we can find
Borel subsets A, A’ C R such that

o (A) >0, (A +1) >0, AN (A+1t)=0.

a*™(A") >0, " (A" +1t) >0, AAn(A +1t)=0.
Notice that

O_*2n(A+A/) _ J*n *O'*n(A—i—A/) _ (O,*n ®U*n)(A % A/)

Hence
(A +t)+ (A —t) =0 (A+ A) >0.

It is not hard to see that if (z1, ..., z,) is an atom of i (in particular, x1+. ..+

2, =c) and (y1,...,ys) is an atom of V((in) then for c*" ® c*™-a.e. (¢,d) € RxR

we have (21,...,Zn, Y1, ..,Yn) is an atom of VE-QSI); so, in particular, the z; # y;
fori,j=1,...,n.

It follows that for o*™* @ o*™-a.e. (¢,d) € A x A’ if (z1,...,x,) is an atom
of ™, (Y1,---,yn) is an atom of yd"), (azgt), . ,xﬁf)) is an atom of Véi)t,

(y?),...,yg)) is an atom of z/((ﬁ)t then the sets {z1,...,7,}, {xgt),...,ng)},

{y1,- -y Un}s {ygt), . ,yg)} are pairwise disjoint (with no loss of generality the
numbers ¢, d, ¢+ t,d — t are different). It follows that

(1, TnyY1,---,Yn) and (asgt),...,zﬁf),ygt),...,yg))

(2n) and we obtain at least 2 - (2n)! atoms of 1) which is

2
are now atoms of v td

a contradiction. 0O

Proposition 4. Assume that (T;) has the SC property. Then for each t # 0
the automorphism T; has also the SC property (as Z-action).

Proof. Notice that the diagram

R™ (ezw:) ! (Sl)n
(40) Spd Ilmy

—
R e2'rrz't~ (Sl )n
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is commuting. In view of Lemma 3 we can choose Borel subsets W,, C R™ and
W™ c R so that
oM (W) =1, o (W) =1
and the maps | |
Wn > (1'1, ey ;Un) — (627rzta:1, . ,eQTrzta:,,L%

Wn Sy — eQTrity
are 1-1 0®"- and o*"-a.e. respectively. Indeed,

(627rit9c1 eQTrita:n) _ (62772'151'1’ ) 62772'151;,)

geeey ey

is equivalent to saying that
x; = x5 + 1;/t for some [; € Z,

for i = 1,...,n, so we use the fact that ¢ L o * §;,); whenever [; # 0 (select
Wi C R so that W, N (W, ., +1/t) = 0 for each [ # 0 and set W,, = Wy, X
... X Wy ). For the second assertion we use the fact that o*™ L o*" x §;, for
each [ # 0.

It follows that in the diagram (40) the horizontal maps can be assumed to
be 1-1 (a.e.), and the result immediately follows. O

Remark 4. Assume that ¢ € P(R) is continuous and symmetric and denote
by (G¢) the corresponding the corresponding Gaussian flow. Assume moreover
that (GY) has simple spectrum. It follows from the proof of Proposition 4 that
for each t # 0 the Gaussian automorphism G¢ has also simple spectrum.

The other direction is trivial: if for some ¢ # 0, G¢ has simple spectrum then
the more the whole flow has simple spectrum. Note in passing that whenever
(GY) has simple spectrum, then A(exp(c)) = {0}. Indeed, we have almost
proved it except that we should show that whenever n # m

o L o"™ x4, for each y e R.

We know this already for y = 0. Denote by 7 the measure given by 7(A) =
v(—A). Then if p < 0*" and p < 0*™ % §, then p* p < o**" (since o is
symmetric) and

—_~—

p*p L™k by 0*M %,
< O_*ﬂ’l *61/ % o_*m * 677; — O_*Qm

and hence p = 0.
It follows that if 7 has the SC property then A(o7) = {0}.

Corollary 3. T = (T})icr has the SC property if and only if for each t #0, T}
has the SC property if and only if Ty has the SC property and 1 ¢ A(o).

Proof. Suppose that T} has the SC property and 1 ¢ A(c). Consider L?(R, o)
and the flow V; f(z) = e*™@ f(z), t € R. Under the above assumption, the ac-
tion of V; on that space is isomorphic to the unitary operator W, : j(2) — zj(2)
on L*(S',01), where o1 = (™) (o) (see Appendix). Moreover, the corre-
sponding unitary operator 69?:;:0 thm acting on the symmetric Fock space
D _, L2(St, 01)®™ is isomorphic to the unitary operatopr @.-_, V,™ acting
on @,°_, L*(R,0)®™. Since the former automorphism has simple spectrum,
this is the same for the latter one and the whole Gaussian flow has the more
simple spectrum. 0O
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We will now try to derive more information about A(o7) under the assump-
tion of having a special operator in the weak closure of {Ur, : t € R}. Our
analysis is along the lines of [17] with an additional assumption that a func-
tion which is in the weak closure of characters has some additional topological
properties.

Lemma 4. Assume that £ : R — C and set
TLE) ={teR: (le| = 1) (Ve € R) {(z +1) = cié(a)}.

Then TL(E) is a subgroup of R. Moreover, {|pr(¢) is a multiple of a trans-
lation of an algebraic character of TL(E).

Proof. Without loss of generality we can assume that £ is not a constant, in
particular that £ is not a zero function.
I. Assume additionally that £(0) # 0 and set

£(z) = £x) for z € R.

£(0)
Then

TL(E) ={t€R: (Y €R) {(z+1) = E(x)€(1)}
(indeed, c; = £(t)/£(0)). It is elementary to check that the RHS set is a subgroup

of R on which §(y1 +y2) = §(y1)€(y2)-
IT. If £(0) = O then fix 2o € R so that &(zg) # 0. Then define & (z) =
&(z + ), notice that TL(E) = TL(&;) and use the first part of the proof. O

Proposition 5. Assume that o is a positive finite continuous Borel measure
on R. Assume moreover that for some sequence r, — oo and some analytic
function £ : R — C

(41) e*™m 5 €(1)  weakly in L*(R, o).

(i) If € is not a multiple of a character of R then A(o) is included in a cyclic
subgroup of R. In particular, H(o) (see Appendiz) is cyclic.

(i) If additionally, the topological support of o is R, and £ is not the product

of a character and a periodic analytic function, then A(o)=0. In particular, the
result holds if o is the mazximal spectral type of an aperiodic flow.

Proof. Fixt € A(c). Then find a positive finite Borel measure A so that A < o,
Ax0_y < 0. In view of (41) for each p < o

(42) 2™ 5 (1) weakly in L*(R, p).

Passing to a subsequence if necessary, we can assume that e?™™! — ¢, |¢| = 1.
By (42) it follows that

/ezmrn(m+t) d\(z) = /62”""7” d(\*6_4)(z) —

[e@ s s-i@ = [ ela+t0)dra).
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On the other hand
/ e2mirn (@) g\ (z) — ¢ / £(z) dM\(z).
Since (by (42)) the above convergences also take place for each \; < A,

(43) &(x+1t) =c&(x) for l-ae. z €R.

Since A is continuous and & is analytic &(x 4 t) = ¢£(z) for all z € R. In other
words t € TL(§).

(i) Suppose now that ¢1,ts € A(o) and suppose that they are not in the same
cyclic subgroup of R. Since (by Lemma 4) TL() is a subgroup of R, it is dense
in R. Since (again by Lemma 4) for some complex x and a real xg, x&€(- + x0)
is a group homomorphism on T'L(£), k€(- + x¢) is a continuous character on R,
whence £ is a multiple of a character.

(ii) In view of (41), |{(x)| < 1 for o-a.e. z € R and hence by the assumption
on the topological support, |{] < 1. We can also assume that £(0) # 0. Assume
that ¢t € A(c). We have

E(x+1t) =E&(x)&(t) for all z € R.

Moreover~\§~| < M (where M = 1/[£(0)]). If £(t) = 0, then € = 0. Otherwise
E(—t) = &(t)7! as clearly £(0) = 1. Suppose that [£(t)| # 1. Then by replacing
t by —t if necessary we have || < 1 and

[z + tn)| < MIE@)]"

which implies € = 0.
Now write £(t) = €2™“ and consider the character g(z) = e?™*. We then
clearly have

(e +t)/g(x+1t) = E@)/g()
O

and the result follows.
Looking at the proof of this proposition we obtain the following.

Corollary 4. If additionally, for some probability measure P on R,

5(%) _ /627ritw dP(t),

i.e. £ is the Fourier transform of P then P is concentrated on a coset of a cyclic
subgroup of R.

Proof. Denote by m < P the complex measure f(s)dP(s) with f(s) = ¢; —
e?™is Now the equality (43) gives mi(z) = 0 for all € R which means that m
is the zero measure, or equivalently that

¢ = ¥ for P-ae. s €R

and the result follows. 0O
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Corollary 5. Assume that o is a positive finite continuous Borel measure on R
with full topological support. Assume moreover that for some sequence r, — oo
and some continuous function £ : R — C

(44) ¥ 5 €(1)  weakly in L*(R, o).

(i) If £ is not a multiple of a character of R then H (o) is cyclic.

(i) If € is not the product of a character and a periodic continuous function,
then H(o)=0.

In particular the result holds if o is the mazimal spectral type of an aperiodic
measurable flow.

Proof. We repeat the proof of Proposition 5 with A = ¢ and obtain (43) for
o-a.e. x € R. Since the topological support of ¢ is full and £ is continuous we
obtain £(z +t) = ¢£(x) for all x € R provided that ¢t € H(c). O

Consider now the family K of those T' € Aut (X, B, u) such that there exists
a measurable flow (Ti)ier C Aut (X, B, ) such that Ty = T and such that
EACH Markov operator J : L*(X,B,u) — L*(X,B, i) commuting with Uy is
in the weak closure of {U} : k € Z}. Tt follows from [38] and [22] that K is a
residual subset of Aut (X, B, ).

Corollary 6. Assume that T is an ergodic automorphism such that each Markov
operator J : L*(X,B,n) — L*(X,B,u) commuting with Ur is in the weak
closure of {U}. : k € Z}. Assume moreover that T is embeddable in a measurable
flow T = (Ty)ier, Th = T. Then A(or) = 0. In particular, the assertion of
Proposition 3 holds.

Proof. Take any continuous measure P € P(R) with bounded topological sup-
port and define J = f]R Ur, dP. Then J is a Markov operator commuting with
Ur and hence by our standing assumption J is in the closure of {Ur, : t € R}.
Since P is analytic, the result follows from Corollary 5. O

It follows from Proposition 3 that the same assertion follows for 7 = T/
where T/ is a special flows from the class (A). It is the same result for the von
Neumann class of special flows T (see class (B)) where Tz = = + o with a
arbitrary irrational. The reason is that, as shown in Corollary 6 in [28], each
accumulation point P € P(R) of {(f(")), : n > 0} is an absolutely continuous
measure (here (g,) stands for the sequence of denominators of o and there are
no Diophantine restrictions on «). However, the results of [28] show actually
more. The fact that A(o7s) = {0} is stable under small variation perturbations.

Corollary 7. Assume that T/ is a von Neumann’s flow. Then for each g : T —
R of sufficiently small variation (f + g > 0) we have A(ors+e) = 0.

Proof. The proof of Theorem 3 in [28] says that whenever g is of sufficiently
small variation then

lim sup
n—oo

/62ﬂikf(qn) d,u‘ <c<1
T

for k € Z large enough and therefore for each accumulation point P of {(f(4)),
n > 0} the measure P cannot be discrete (see the proof of Proposition 12 in
[28]). O
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Another class of examples comes from smooth change of time of linear flows
on T? and is based on results from [8] and [33]. Given k > 1 take a linear flow
Ti(z,y) = (z + ta,y +t) on T? where

(45) lim inf ¢"**!{|g, || = 0.
n—oo

The flow (T}) is given by the system of differential equations:

@y
e dt
Take F € C*~1(T?), F > 0 and consider the flow & = (5;) (which preserves

FdMrz) coming from

dx dy

5 = YEF@y), df—l/F(w y).

Assume that a;f i

finite partitions into intervals on both coordinates z,y the function g];f is ab-

solutely continuous on all resulting closed rectangles, and

OF 1 okt
4 = 2
(46) /0 /0 sy (x + sa, s) dsdx / sy dApz #£ 0.

Define f(z fo (z + sa, s)ds. Then f € C*~1(T) and (S;) is represented as
a special ﬂow over the rotation by a and under f. Due to our assumptions on
F, D*=1f is absolutely continuous and D* f is piecewise absolutely continuous
with the sum of jumps different from zero: indeed, by (46)

ak+1F
/TD’““fdAT:/ ST dAq2 # 0.

Then as an analysis in [9] shows in the weak closure of {Ug, : t € R} we will
find an operator fR Us, dP(t) such that the measure P is not discrete.

Corollary 8. Under the above assumptions on the smoothness of time change
of the linear flow, A(cs) = {0} whenever (45) holds.

Remark 5. We would like also to notice that in two classical cases, namely the
Gaussian and the Poissonian case the function (v) is also constant. Indeed, it is
enough to consider only the Gaussian case (as from the spectral point of view
Poissonian systems form a subclass of Gaussian systems). If a Gaussian flow
given by ¢ has simple spectrum then as we have already noticed A(exp o) = {0}.

If the spectrum is not simple then the maximal spectral multiplicity of the
flow is infinite (and so it must be for each Uy, t # 0).

6 Appendix

6.1 Saturated subgroup of a measure

Let 0 € P(R). Set
Ho)={teR: oxd =0}, Aloc)={teR: oxd Lo}
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In [17], B. Host, J.-F. Méla and the second author of the paper have shown the
following results:

H(o) is Borel subgroup of R;
(47) it has a natural metric (stronger than Euclidean metric)
which makes it a Polish group; moreover this group is saturated;

(48) if o is H(o)-ergodic then A(o) = H(o),

(49) if o is ergodic, then there exists a unique measure v
such that o < v, v is H(v)-ergodic and H(v) = gp(A(0))
(D-ergodicity of o means that the only set of positive o-measure which is in-

variant under all translations by d € D equals R, o-a.e.);

suppose that o is singular, then A(c) is contained in
(50) a countable union of weak Dirichlet sets, and in particular
p(A(0)) = 0 for each full measure p.

Recall that a weak Dirichlet set E is a closed subset of R such that for each
7 € P(R) concentrated on E we have 7T(n;) — 1 for some increasing se-
quence (n) of integers; p € P(R) is full if for each probability p/ < p we
have limsup,_, . |0’ (t)] < 1.

6.2 Spectral multiplicity at instance ¢

The analysis given here is not original, and can be found in [30]; we recall it
for completeness. Since any spectral decomposition of H under U is invariant
under each unitary operator Uy, in order to determine the Baire category class
of the function M we need to consider only simple spectrum case.

From now on we suppose that U = (U )+cr has simple spectrum, so by using
Spectral Theorem we can assume that

Up: L*(R,0) = L*(R,0), (Uif)(x) = e*™" f(2).

Let s € R\ {0}. Given k € Z we denote

E k+1\°
Hch :L2 (R’O—Hﬁ k+1)> = {fGLz(]R,O'); f:OOI'I |:s,?:> }

s? s

Clearly each subspace Hj j, is closed and Us-invariant. We also have

(51) L*(R,0) = @D Hax.

kEZ

’ s

If we set DPs,k : (R,G|[§ k+1)) — (T, O’S7k), ps,k(l’) — 2mist 4p

Os.e = (Ds,ic)x (0|[§7k+1)) ,

s

we obtain that p, ; is 1-1 a.e. and moreover we have:
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Lemma 5. For each k € Z, the spectrum of Us on H, ) is simple.

Proof. Let V denote the unitary operator on L?(T, oy s) given by (V f)(z) =
zf(z) (where we have the correspondence z <> €>7*%). Then, let W : L*(T, 0y 5) —
H i, (Wf)(e*™5%) = f(z). Since psy is injective, W is unitary. Now for every
f € L3(T,04}), we have

W(Usf)(e%rism) — Usf(z) — 627ris:cf(z)

while ' ' ' '
V(Wf)(627msz) — eszsm(Wf)(B%rzsz) — EZWZSIf(iE),
so U;W f = WV f and the result follows. O

In view of (51) and Lemma 5, for each s # 0, we have:

the maximal spectral type of Uy /, is equal to oy /, := (e2m10)), 0
and the multiplicity function M(U,/,) = M(s) = M(s, 2)
is given by the formula

doy s,
M(s,2) =3 ez ;;1//;6 (2).

Remark 6. Let us notice that Lemma 5 can be rephrased in the following way:
For each s # 0

(52)

(53) Uy/s on L?(R, O|ks,(k+1)s) has simple spectrum and is isomorphic
to Uy/s on L? (R, o * 6—ks|[0,s)) for each k € Z.

Indeed, the isomorphism is given by

W L? (R70|[ks,(k+1)s)) — L2 (R,U * 5_]€S|[0’S)) , WHx) = f(ks+ ).

It follows from (53) that the maximal spectral multiplicity of U; , is at least
m if and only if there exist v € P(R) concentrated on [0, s) and integers k1 <
... < kp, such that

(54) V<<U*5—kis|[0,s)7 1=1,...,m.

By replacing in (54) the measure v by v * g, s and k; by k; — k1 we can assume
that k1 = 0 < ky < ... < kp, and v K 0 % 0_p;s, for i = 1,...,m, k1 = 0.
Suppose now that v is a probability measure on R such that

VLOT*0p,s, t=1,...,mn=0<ny<... <Ny
With no loss of generality v is concentrated on [Is, (I 4+ 1)s). Then
Vi=vxd_is K 0% 0(n,_1)s
and v/ is concentrated on [0, s). Thus
VL oxm,—nslos), 1=1,...,m.

It follows that U/ has the maximal spectral multiplicity at least m if and only
if there exist v € P(R) and integers 0 =n; <ng < ... < Ny,

(55) VLO*0 p,s, 1 =1,...,8.
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We now have the following two direct corollaries.

If s € H(o), then Uy /, has the uniform infinite multiplicity

(56) (and its spectral type equals (627”%('))*0'“0,5));
and
(57) Uy /s has no simple spectrum

if and only if s € (J,4 %A(a).
It follows from (50):

Corollary 9. If o is singular, then for each full measure p € P(R), Uy has
simple spectrum for p-a.e. t € R. O

6.3 Continuous measures on the real line

Let o € P(R). Assume additionally that o is continuous. Denote F, : R — [0, 1]
the distribution function of o, i.e. F,(z) = o((—00,x]). Denote by A Lebesgue
measure on [0, 1]. Since o((—o0, x]) = A((0, F,(2)]),

F, is continuous, strictly increasing and

(58) it establishes an isomorphism between (R, o) and ([0, 1], \).

Notice also that F, preserves the Lebesgue decomposition: if v € P(R) and
v = v*+v° is the Lebesgue decomposition of v with respect to o, then (F,,).v =
(Fy)«v® + (F,)«v* is the Lebesgue decomposition of (Fy).v with respect to .

Recall (see [37]) that a family Q C 2% of open sets is called an essential
family for o if:

(i) there exists 8 > 0 such that for each E € Q one can find an interval P
containing E such that o(P) < fo(E);

(ii) for each = € R, for each 6 > 0, there exists £ € Q such that diam E' < ¢ and
zcE.

Note that the image of an essential family for o via F,, is an essential family
of A (and F ! enjoys the same property with the roles of o and X interchanged).
This allows us to carry over the classical results on derivation well-known in case
of Lebesgue measure (see [37]) to 0. Indeed, let v € P(R). If we set

A,(7) —sup{ZEi% rrxe B EeQdiamFE < r},

A, (z) = inf UE) B EeqdiamE <),
o(E)

then for g-a.e. x € R

Indeed, ZE% = %, so we simply apply a relevant result for Lebesgue

measure. Similarly we obtain that for each Borel B C R,

v(B) =v*(B) + /B D, ,do,
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in other words D, , = Z—Z for o-a.e. x € R. In particular we have proved the
following.

Corollary 10. If o is continuous, then for each v € P(R) we have

v vl@=dat b))

for o-a.e. x € R. O

6.4 Maximal spectral multiplicity as a function of time

Assume that U = (Uy)icr is a flow with simple spectrum whose maximal spectral
type is 0. We constantly assume that o is continuous. Given s € R set o5 =
o *ds. If s; =— sin R, then o5, — o4 weakly and since all measures under
consideration are continuous,

1 1 1 1
(59) asi(<x—k,x+k>>—>US((x—k7ﬂc+k>) when ¢ — oo

for each x € R and k& > 1.

Fix t € R\ {0}. Let m € N. Then (see Remark 6) the maximal spectral
multiplicity of Uy, is at least m if and only if there exist ny,...,n, € Z such
that one can find v € P(R) absolutely continuous with respect to each measure
On;t, © = 1,...,m; in other words

da—nlt danmt

(60) a({xeR: o (x)-... o (ac);é()}>>0.

By Corollary 10, the condition (60) is equivalent to saying that

o 0 <{x er: tim o, Tt (@ 52+ 7)) # 0}> !

koo Tl o ((:v — %,x—i— %))

crnjt((mfi,:wr%))
o’((wfé,aﬂr%))
sequence (G )r>1 is convergent o-a.e. and we have (61) held if and only if

o ({z eR: lim Giy(x) > 0}) >0
k— oo

or, which is the same, [limy_ o, Gi:do > 0. Since this integral is equal to
limy o0 [ G, do, the inequality (60) is equivalent to saying that limy_, o Jx(t) >
0, where Ji(t) = [ Gk do. Tt follows from (59) that the map ¢ — Jj(t) is con-
tinuous.

If we denote Gy ¢(x) = min (1, 7, , then we obtain that the

Proposition 6. If (U;)icr is a unitary flow with simple continuous spectrum,
then the function M = M(t) which to t € R associates the mazimal spectral
multiplicity of Uy, is of second Baire class.
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Proof. If we set J(t) = Jn,,..n,, (1) = limp_oo Gi(t), then the set {t € R :
Ty (£) > 0} s of type Fy (it is equal to U, , N2, [/- > 3]). If we take the
union (which will be countable) with respect to all choices ny < ... < n,, we
obtain that the set A,,, of those t € R for which the maximal spectral multiplicity
of Uy, is at least m is always of type F,. For ¢ # 0 we have

M) =D xa, (D)

m>1

and A,, = U;>1F} m, where each Fj, is closed. By the Urysohn lemma, every
indicator function xr, ,, is a function of the first Baire class. If one fixes m, for
each [ large enough

XFy 1 +...+ XFy, > XFi 1 +...+ XFy -

The sums of the RHS of the above inequality converge pointwise to the multi-
plicity M(:) when { — co. On the other hand, the limit of the sums of the LHS
of the above inequality exists. Therefore,

(62 Tim (xm, () 4+ x, () 2 MO).

But

XFl,l(t) +...F XFz,z(t) < XAq (t) + ...+ x4 (t) < M(t)
Hence we obtain the equality in (62) and M(-) is of the second Baire class which
completes the proof. 0O

Remark 7. It follows from the proof that A, is of type F,, so the set of ¢ for
which Uy, has simple spectrum is of type Gs. If o is singular, then this set is
also dense by (50) and by (57).

Remark 8. If ¢ is singular and ergodic, then H (o) is a dense subgroup of R.
Therefore the function M = M(-) has no continuity points. It follows that in
this case M(-) is not of the first Baire class.

Most of the results of this paper have been obtained during two visits of the
first author at the University Paris 13 in 2001 and 2006.
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