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APPROXIMATE ORTHOGONALITY OF POWERS FOR ERGODIC AFFINE

1.

UNIPOTENT DIFFEOMORPHISMS ON NILMANIFOLDS

L. FLAMINIO, K. FRACZEK, J. KUEAGA-PRZYMUS, AND M. LEMANCZYK

ABSTRACT. Let G be a connected, simply connected nilpotent Lie group and
I' < G a lattice. We prove that each ergodic diffeomorphism ¢(xI') = uA(x)T
on the nilmanifold G/T', where u € G and A: G — G is a unipotent automor-
phism satisfying A(I') =T, enjoys the property of asymptotically orthogonal
powers (AOP). Two consequences follow:

(i) Sarnak’s conjecture on Mdobius orthogonality holds in every uniquely
ergodic model of an ergodic affine unipotent diffeomorphism;

(ii) For ergodic affine unipotent diffeomorphisms themselves, the M6bius
orthogonality holds on so called typical short interval:

1 1

— — f@"xD)p(m)|—0
MMsm<2M H msn;m+H

as H— oo and H/M — 0 for each xT" € G/T and each f € C(G/T).

In particular, the results in (i) and (ii) hold for ergodic nil-translations.
Moreover, we prove that each nilsequence is orthogonal to the Mébius func-
tion g on a typical short interval.

We also study the problem of lifting of the AOP property to induced ac-
tions and derive some applications on uniform distribution.
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1. INTRODUCTION

Following [Sarll], we say that a homeomorphism T of a compact metric

space X is Mébius orthogonal if for each f € C(X) and x € X, we have

1

~ Y f(T"x)p(n) —0,

nsN

as N — oco. Here p: N — C stands for the Mobius function defined by: u(1) =1,
p(n) = (=1)X, if n = py ps--- py for distinct prime numbers py, ..., py, and p(n) =
0 otherwise. In 2010, P. Sarnak formulated the following conjecture, referred to
as Sarnak’s conjecture on Mébius orthogonality:

Every zero entropy homeomorphism of a compact metric space
is Mébius orthogonal.

Since then, the Mdébius orthogonality has been proved in many particu-
lar cases of zero entropy homeomorphisms: [EAKL16], [EALdIR14], [Boul3],
[BSZ13], [DDM15], [DK15], [FKLM15], [FM], [GT12], [Kar15], [M16], [Pec15].

Sarnak’s conjecture is mainly motivated by some open problems in number
theory, for example, the famous Chowla conjecture on auto-correlations of the
Mobius function implies Sarnak’s conjecture (see [HKLD14], [Sar11], [Taol2]
for more details).

As stated above, Sarnak’s conjecture deals with topological dynamical sys-
tems. However, we may consider it by looking at all invariant measures for
the homeomorphim T. (By the variational principle, all such measures have
measure-theoretic entropy zero.) Then we will deal with an ergodic theory
problem considered in the class of measure-theoretic dynamical systems with
zero measure-theoretic entropy.

Reversing the problem, we may start with an ergodic, zero entropy auto-
morphism R of a probability standard Borel space (Z,2,v) and suppose that T
is a uniquely ergodic model of R, that is, T is a homeomorphism of a com-
pact metric space X with a unique T-invariant probability Borel measure p
such that the measure-theoretic systems (Z,2,v,R) and (X,%(X),u,T) are
measure-theoretically isomorphic. We recall that, by the Jewett-Krieger theo-
rem, each ergodic system R has many uniquely ergodic models, some of which
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may even be topologically mixing (see also [Leh87]). In such a setting it is nat-
ural to ask if there are some ergodic properties of R which are sufficient to
guarantee that every uniquely ergodic model T of R will be Mébius orthogo-
nal.

For example, irrational rotations are well-known to be Mébius orthogonal
[Dav37] but the fact that the Mobius orthogonality holds in all uniquely er-
godic topological models of irrational rotations has been proved only recently
in [HLD15]. In [HLDI15], such a result has been achieved by introducing a
new invariant of measure-theoretic isomorphism, namely, the AOP property
(which, in particular, holds for all irrational rotations). The Mo6bius orthogo-
nality holds true in every uniquely ergodic model of a measure-theoretic auto-
morphism R satisfying the AOP property.

Let us recall briefly the definition of the AOP property (see Section 2.1, Def-
inition 2.1 and Remark 2.1 for more details). An ergodic automorphism R of a
probability standard Borel space (Z,9, v) is said to have asymptotically orthog-
onal powers (AOP), or to satisfy the AOP property, if the Hausdorff distance of
the set J(R?, RY) of joinings between R” and R? from the singleton {v®v} goes
to zero when p and g are different prime numbers tending to infinity.

The AOP property for the automorphism R implies that all non-zero powers
of it are ergodic, i.e. R is totally ergodic.

Denoting by Z the set of prime numbers, a consequence of the AOP prop-
erty is that in each uniquely ergodic model (X, T) of (Z,2,v, R), we have

1 -
(1.1) limsup limsup YooY fIPPxpf(T9"xp)|=0
p,4—0  K—oo bK+1 k<K bp<n<bps,
P4
p#q

for each increasing sequence of integers (by) with by, — by — oo, for each se-
quence of points (xx) € X and a zero mean function f € C(X). By the Katai-
Bourgain-Sarnak-Ziegler criterion' ([BSZ13], [K4t86]), we obtain

(1.2)

Y ( Y f(T”xk)u(n)) — 0, when K — oo,
bx+1 k<K \br<n<bis

for every multiplicative function # : N — C bounded by 1 and all (by), (xi)
and f as above. If we set x; = x for all k=1 and u = g, then (1.2) means that
the Mo6bius orthogonality holds for T. However, in many concrete situations,
from (1.2), we can deduce the stronger conclusion

lim =0,

K—oo bK+] k<K

Y f(I"xun)

br<n<bii1

or, equivalently (see [HLD15]),

1 1 n
MMSZ — ) f(Ioum

m<2M H m<n<m+H

, when H — oo, H/M — 0,

for each zero mean function f € C(X), x € X and u as above.

IThis criterion (in the form used in [HLDI15]) says that if (a;) < C is bounded
and limsup’#q_,oo'p,qegz limsupy_.o ) % Y n<N Apndq, ) =0then % Y n<nN anu(n) — 0 for each
multiplicative u:N — C, |u| < 1.

We use this criterion by considering (a;) given by (f(xl),...,f(Tbl_lxl),f(Tb1 X2),...).
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The AOP property has been proved in [HLD15] for so-called quasi-discrete
spectrum automorphisms [Abr62]. This implies the Mo6bius orthogonality of
all uniquely ergodic models of quasi-discrete spectrum automorphisms. Some
uniquely ergodic models of such automorphisms are given by affine transfor-
mations on compact abelian (metric) groups. For these particular models the
Mobius orthogonality has been proved earlier [GT12], [LS15]. Recall that the
affine transformations are examples of distal homeomorphisms.? Another nat-
ural class of distal (uniquely ergodic) homeomorphisms is given by nil-transla-
tions and, more generally, affine unipotent diffeomorphisms of nilmanifolds.
Recall that if G is a connected, simply connected, nilpotent Lie group, I' < G is
a lattice and u € G, then each rotation [, (xI') := uxI" acting on G/T is called a
nil-translation by u. More generally, we may consider affine unipotent diffeo-
morphisms on G/T, that is maps of G/T of the form ¢(xI') := uA(x)I', where A
is a unipotent automorphism of G such that A(I') =T" and u € G. For such maps,
the Mobius orthogonality has been proved in [GT12], where even some quan-
titative version of it has been proved. Liu and Sarnak in [LS15] suggest that
perhaps instead of proving Sarnak’s conjecture, it will be easier first to prove
the Mobius orthogonality in the distal case (see [KPL15], [LS15] and [Wan15]
for some results in this direction). Instead, we can ask if, assuming total ergod-
icity, we have the AOP property.

In the present paper, we confirm that the AOP approach may bring some
fruits by proving the following.

Theorem A. Let G be a connected, simply connected, nilpotent Lie group andT <
G a lattice. Then, every ergodic affine unipotent diffeomorphism ¢ : G/T — G/T
has the AOP property.

By the previous discussion, the following result is immediate:

Corollary B. The Mébius orthogonality holds in every uniquely ergodic model
of any affine unipotent diffeomorphism of a compact connected nilmanifold.

Moreover, the algebraic structure of the underlying space G/T" will let us
prove the following.

Corollary C. Let G be a connected, simply connected, nilpotent Lie group and
I' < G a lattice. Let ¢: G/T — GIT be an ergodic affine unipotent diffeomor-
phism. Then, for every x € G, for every zero mean function f € C(G/T') and for
every multiplicative function u:N — C bounded by 1, we have

1 1

(1.3) — )Y =
MMsm<2M H

Y f@" D) um|—o

msh<m+H
as H— oo and H/M — 0. For u = pu the result holds for arbitrary f € C(G/T).
The property expressed by (1.3) will be referred to as the Mébius orthogo-

nality on typical short interval. One more consequence of Theorem A is the
following sample of a result when this property takes place.

2p homeomorphism T is distal if the orbit (T"x,T"y), n € N, is bounded away from the
diagonal in X x X for each x # y.
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Proposition D. Assume that P € R(x] is a non-zero degree polynomial with ir-
rational leading coefficient. Then for all y e R\ {0} and p € R, we have

1 1 :
(1.4) Y o= Y efrirlrel | —o

MMsm<2M Hm5h<m+H

as H— oo and HIM — 0.

Recall that a sequence (a;) c C is called a nilsequence if it is a uniform limit
of sequences of the form (f(I]}(xI)), where G/T is a compact nilmanifold.?
Green and Tao [GT12] proved that all nilsequences are orthogonal to p (their
result is quantitative). We will prove the Mdobius orthogonality on typical short
interval:

Theorem E. For each nilsequence (a,) < C, we have
1

M MSmZ<ZM

1
> a;m(h)‘—»O
Hmsh<m+H

when H — oo, HIM — 0.

As Leibman in [Leil0] proved that all polynomial multi-correlation sequen-
ces are nilsequences in the Weyl pseudo-metric (see Section 4.7), we obtain the
following result.

Corollary F. For every automorphism T of a probability standard Borel space
(X,9,), the polynomial multi-correlations functions are orthogonal to the
Mbobius function on a typical short interval, that is, for every g; € L™ (X, ),
pi€Zlxl,i=1,...,k (k=1), we have

1
M MS%LZM

1
DY u(h)f groTPM. . gror? Mgyl —0
H,hom+n X

when H — oo and HI M — 0.

In some classical cases (e.g. when G is H3(R)), it is well-known that nil-trans-
lations are time automorphisms of the suspension flows over affine automor-
phisms of the torus. Since affine automorphisms on tori enjoy the AOP prop-
erty [HLD15], a natural question arises whether the AOP property of an au-
tomorphism implies the AOP property of the suspension flow. This, in fact,
motivates a more general question. The AOP property can be studied for ac-
tions of (general) abelian groups, see Section 5.2. Passing from automorphisms
(i.e. Z-actions) to their suspensions (R-actions) is a particular case of inducing
[Zim78]. Our aim will be to prove the following result about the “relative” AOP
property for induced actions.

Proposition G. Let H be a closed cocompact subgroup of a locally compact sec-
ond countable abelian group G. Assume that H has no non-trivial compact
subgroups. Assume, moreover, that an H-action . on a probability standard

3GIT need not be connected and Iy need not be ergodic.
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Borel space (Y,€,v) has the AOP property. Then, for each E,F € L*>(Y x G/ H) ©
L[%(G/H), we have

lim sup f E®Fdx|=0
PEGPAED,PG—00 ¢ 1o Fp) Flp) VY xGIHxY xG/H

for the induced G-action &, i.e. the induced G-action has the “relative” AOP
property.
An application of this result for H = kZ and G = Z yields the following:

Corollary H. Assume that T is a uniquely ergodic homeomorphism of X, with
the unique invariant measure (. Assume moreover, that (X,u, T) has the AOP
property. Then, for each multiplicative function u:N— C, |u| < 1, for each k=1
and 0 < j < k, we have

1
(1.5) — Y f(I"xukn+j)—0

anN
for each f € C(X) of zero mean and each x € X. In particular,

1
(1.6) — Y f(r"x)plkn+ j)—0.

anN
Corollary L. Let (a,) be a sequence (f(¢p"(xD)), (e2*'PWr+eD) an arbitrary nil-
sequence or ( [y g1 o T .. .. g. o TP"™ qy) as in Corollary C, Proposition D,
Theorem E and Corollary F, respectively. Then, for each k, j € N, we have

1

(1.7) Y. applkn+ j)|—0

MMsm<2M m<n<m+H
when H— oo, H/IM — 0.

Finally, we will also give new examples of AOP flows with partly continuous
singular spectra.

The second part of the paper has a form of an appendix in which we pro-
vide some more information on Lie groups, but also we elucidate the approach
to prove the AOP property for nil-translations through Lie group apparatus as
special properties of measure-theoretical distal automorphisms.

2. ON THE AOP PROPERTY AND THE MOBIUS ORTHOGONALITY

2.1. Joinings. The AOP property. Assume that T and S are ergodic automor-
phisms of probability standard Borel spaces (X, 48, u) and (Y, %€, v), respectively.
A T x S-invariant probability measure p on (X xY,28®%) is called a joiningof T
and S if the marginals of p on X and Y are equal to ¢ and v, respectively. The
product measure y® v is a joining of T and S, called the product joining. In
particular, the set J(T,S) of joinings of T and S is not empty. If p € J(T,S) is er-
godic for T x S, then p is called an ergodic joining and we write p € J¢(T,S). The
set J(T,S), endowed with the vague topology, is a closed simplex for the natural
affine structure on the space of probability Borel measures on (X x Y, ® 6).
Then J¢(T, S) is the set of extremal points of J(T,S).

The automorphisms T and S are called disjoint if their only joining is the
product joining g ® v, (see [Fur67]); in this case we write T L S.

All above notions have obvious generalizations to measure preserving ac-
tions of groups and semi-groups.
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The following definition can be introduced for ergodic actions of more gen-
eral groups (see Section 5.2); later on, we shall consider the AOP property for
flows.

Let L% (X, %, ) stand for the subspace of zero mean function in [%(X, %, )
and recall that & stands for the set of prime natural numbers.

Definition 2.1 ([HLD15]). A totally ergodic automorphism T of a probability
standard Borel space (X, %, u) has asymptotically orthogonal powers (AOP) if
for each f,ge L(Z)(X,QB,M), we have

(2.1) limsup sup fe gdp’ =0.
P:g—00 peJe(TP,T9) [JXxX
pge?
p#q

In this case, we also say that T has the AOP property.

Clearly, if the prime powers of T are pairwise disjoint, then T enjoys the AOP
property. There are, however, other natural examples, see [HLD15], [KPL15]; in
fact, it may even happen that all non-zero powers of automorphism having
AQP are isomorphic.

Remark 2.1. By definition, p, — p for the vague topology if and only if we have
Jxxy f®8dpn— [x.y f®gdp forall f,geL3(X,%,p). Then, since L3(X, B, )
is separable, the vague topology on J(T,S) is metrizable. Then the AOP prop-
erty for an automorphism T states that, when p and g are distinct large primes,
all ergodic joinings (and hence all joinings) of TP and T? are uniformly close
to product measure.

Moreover, in order to show the AOP property for T, we only need to check
the property (2.1) for f, g belonging to a linearly dense subset in Lﬁ(X , B, 1W).

Assume that automorphisms T and S have a common factor, i.e. there exists
an ergodic automorphism R defined on a probability space (Z,2,«) with equi-
variant factor maps nx 7 : (X,%,u) — (Z,92,x) and ny,z : (Y,6,v) — (Z,9,x).
Let

,u:f Uz dx(z), v:f v, dk(z)
V4 Z

be the disintegrations of the measures p and v. Then every joining p € J(R,R)
has a natural extension to a joining p € J(T,S) determined by*

2.2) f fegdp= (f fd,uzlf gdsz) dp(zi, z2)
XxY zZxz \JX Y

for all f,ge L*°(X,%, ). The joining p is called the relatively independent ex-
tension of p. The joining p need not be ergodic, even if p is; however, the image
via mx z x my,z of almost every ergodic component of p is equal to p.

2.2. A criterion for AOP and Mébius orthogonality on typical short intervals.
Theorem A and Corollaries B and C will be proved by showing that affine uni-
potent diffeomorphisms of compact nilmanifolds satisfy the hypotheses of the
following theorem.

4Recall that, up to an abuse of notation, [y fduz; = [E(fln;(lz(@))(zl) and simi-
larly [y gdvz, =E(glny!, (@)(z2).
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Theorem 2.2. Let T : X — X be a homeomorphism of a compact metric space.
Assume that T is totally and uniquely ergodic for the T-invariant probability
Borel measure u. Let € < C(X)n L(Z)(X 1) be a set whose linear span is dense in
L3(X, ).

(i) Assume that, for all fi, f, € € and for all but a finite number of pairs
of distinct prime numbers (r,s), we have p(fi ® fo) = 0 for all ergodic
joinings p of T" and T*.

Then T satisfies the AOP property and the Mobius orthogonality holds
in every uniquely ergodic model of (X, u, T).

(i) Assume further that for all f € € and all w € C with |w| =1 there exists
a homeomorphism S : X — X such that f(T"(Sx)) = w f(T"x) for every
xeXandnel”.

Then, for every x € X, for every every zero mean f € C(X) and every
multiplicative u:N — C bounded by 1, we have

1 1

— — f(r"x)u(n)| — 0
MMSmZ<2M H msn;nHH
when H — oo and HIM — 0. If u = u the result holds for arbitrary f €

C(X).

(2.3)

In view of Remark 2.1, since the set % is linearly dense in L(Z)(X, W), Part (i)
of the above theorem was proved in [HLD15] (Theorem 2). So we only need to
prove Part (ii).

Remark 2.3. If f is constant or more general f(7"x) = exp(ina) for some a €
R, then (2.3) holds true, when u is the Mo6bius function, by Theorem 1.7 in
[MRT15] (see also the discussion preceding this theorem).

Proof of Theorem 2.2. Suppose that the hypotheses of (i) and (ii) are satisfied.
Let (by) k=1 be an increasing sequence of natural numbers such that by, —b; —
+00.

Fix x€ X, f € ¥ < C(X) nL3(X, ) and a multiplicative function u: N — C
bounded by 1. For every k = 1, let wy € C be the number of modulus 1 such
that

Y fTMwum|=er Y T um.
br<n<bjsi br<n<bjsi
By hypothesis, there exists a homeomorphism Si : X — X such that f(T"Sx) =
wi f(T"x) for every ne€ Z. Let xi := Sgx. Then

(2.4) | Y rrwum|= Y I xoum.
bk5n<bk+1 bk5n<bk+1

By Theorem 3 in [HLD15], the AOP property implies that for all zero mean f €
C(X), for all sequences (x;)r>1 in X and for all multiplicative functions u#:N —
C bounded by 1, we have

1

> f(T”xk)u(n)) — 0 when K — oo.
bx+1 k<K " brsn<bis
In view of (2.4), it follows that

1
(2.5)

y f(T"x)u(n)' — 0 when K — co.
bK+1 k<K bip<n<bpi1
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As f € € was arbitrary, it follows that (2.5) holds also for every f € span%.

Let f be an arbitrary continuous function on X with zero mean. Since the
space span? is dense in L(Z)(X , 1), for every € > 0 there exists f; € span% such
that [y |f — feldu <e. Then

1 1
b Z f(Tﬂx)u(n)‘ < b Z Z fE(T"x)u(n)
K+1 k<K kan<bk+1 K+1 k<K br<n<bii1
+ Yo (T %) = fe(T" 0
bx+1 gy,

Since T is uniquely ergodic and | f — f| is continuous, we have

> If(T”x)—fg(T”x)I—»fXIf—fgldp<easK—»oo.

bK+1 ﬂSbK+1

It follows that

limsup Z f(T"x)u(n)|<e
K—oo K+1 k<k br<n<bjsi

for each € > 0 which proves (2.5) for all continuous functions f with zero mean.

According to [HLD15] (see the proof of Theorem 5) this implies (1.3) for every
continuous function f with zero mean. U

Remark 2.4. Let T be a uniquely ergodic homeomorphism of a compact met-
ric space X and let u be the unique T-invariant probability measure. Let u be
a multiplicative function bounded by 1. Suppose that the conclusion of Theo-
rem 2.2 (ii) holds true: for each continuous functions f: X — C with zero mean
and x € X, we have

1
— ) f(IMoumn)|—o0

H m<n<m+H

1
2.6) A(f,MH):=— >
MMsm<2M

as H— oo and H/M — 0. Then the approximation argument used in the proof
of Theorem 2.2 (ii) yields the validity of (2.6) for a more general class of func-
tions.

Let D(X) be the space of bounded measurable functions f : X — C such that
the closure of the set of discontinuity point of f has zero measure. First note
that every f € D(X) satisfies the following equidistribution condition

1

2.7) > f(T”x)—»f fduforall xe X.
X

N n=N
Indeed, since the closure F of the set of discontinuities of f has zero measure,
for every £ > 0 there exists an open set F c U such that u(U) < &. By Tietze’s
extension theorem and the continuity of f restricted to X \ U, there exists a
continuous function f, : X — C such that f(x) = f:(x) for x € X\U and || fellsup <
I fllsup- Then

ﬂ%nng(T"x)—foduﬂ < ﬂ%nngg(T”x)—fog dyf

1 n
NngNXU(T x) +u(U)).

+ 211 flsup
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By unique ergodicity;, % Y n<nNO7ny — p weakly. Therefore,

1 n
Nn;Nfg(T x) — fxfg du

and, by the regularity of p,

1 1 — —
limsupﬁ Y xu(T"x) Slimsupﬁ Y 6rx(U) < p(U) <e.

N—oo n<N N—oo nsN

It follows that

limsup 1 Y f(T"x) —f fdu' < 4el| fllsup
N—oo N n<N X
for each € > 0 which proves (2.7).
Finally, for each f € D(X) with zero mean and ¢ > 0, we can find a continu-
ous function f, with zero mean such that [ |f—f;|du < e. Since | f - f;| € D(X),
by (2.7), we have

1
limsup— > |f(T"x) - fo(T"x)| <e.
N—oo N ns<N
The quantity above bounds the asymptotical difference between A(f, M, H)
and A(fe, M, H). Therefore (2.6) holds for each f e D(X) with zero mean and
for arbitrary x € X.

3. AOP PROPERTY FOR NIL-TRANSLATIONS

In this section we shall prove that ergodic nil-translations on compact con-
nected nilmanifolds satisfy the hypotheses (i) and (ii) of the criterion provided
by Theorem 2.2, thereby proving Theorem A and Corollaries B and C for ¢ a
nil-translation on a compact connected nilmanifold.

3.1. Background on nilpotent Lie groups. Let G be a connected simply con-
nected k-step nilpotent Lie group with Lie algebra g, and let I' be a lattice in G.
The quotient M = G/T is then a compact nilmanifold on which G acts on the
left by translations. Denote by A = A), the G-invariant probability measure
on M (locally given by a Haar measure of G). Let

g=g"29P > 0g®og® =y, gV =1g,9"), i=1,. k

be the descending central series of g (with g® # {0}) and let
G=G">5G6%>5...560 5G6%D = (g1, GV = [G,G7), i=1,...,k

be the corresponding series for G. In this setting, there exists a strong Malcev
basis through the filtration (g("))i.‘:1 strongly based at the lattice I', that is a ba-
sis X1,..., Xdimg Of g such that for an increasing sequence of integers 0 = /g <
1< <l =dimg we have:

(1) The elements Xy, ,+1,X¢, ,+2,---, Xdimg form a basis of g/;

(2) For each i €{1,...,dimg} the elements X;, Xj11,..., Xdimg Span an ideal

of g;
(3) The lattice I' is given by

I ={exp(n X)) - exp(Ndimg Xdimg) | ni € Z,i =1,...,dimg}.
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It will be convenient to set d; =¢;—¢;_, for i =1,...,k, so that d; denotes the
dimension of the abelianized group G/[G, G] and dy, is the dimension of the k
derived group G'®, which, we recall, is included in the center Z(G) of G.

Since, for all i = 1,...,k—1, the group GY*D is a closed normal subgroup
of G, we have natural epimorphisms 7'”: G — G/GU*P. The group GY*V N T
is a lattice in GU*V (Theorem 2.3 in [Rag72, Corollary 1]); equivalently, GV *VT
is a closed subgroup of G. Moreover, 7”(I') is a lattice in G/GY*V and M® :=
GIGUIT = (G/GU*VY)/nD(T) is a nilmanifold. It follows that the short exact
sequences

0—=G"—G—-G/IG"Y w0, i=1,..,k-1,
induce G-equivariant fiber bundles of nilmanifolds
3.1) 7 M=GIT»M?=G6/G"VT, i=1,.,k-1,

whose fibers are the orbits of G/*! on G/T, hence homeomorphic to the nil-
manifolds GY*1/(GU+D A1),

Two cases are of most interest for us. When i = 1 the base nilmanifold MV =
G/[G,GIT is a torus of dimension d;. As G/[G, G] is an abelian group, it is iden-
tified by the exponential map with (the additive group) g/g® =~ R%. Then the
vectors

X;=X; modg?, i=1,...,d,

form a set of generators of the lattice 73 () = T/(GPNT). We shall use an addi-
tive notation for the abelian group G/[G, G]; thus we identify MM with R% /z%
by means of the basis X;, (i = 1,...,d).

At the opposite extreme, when i = k— 1, the group G*) is abelian, thus iso-
morphic to R%. Let us consider the action of G¥ by left translations on M =
G/T. As the stability group of any point in M is the subgroup G¥) T, the action
of G® on M induces a free action of the torus group T® = G /(G®AT) on M.
Ssnce the group T® acts transitively on the fibers of the fibration 7*~D: M —
M*=D the map n'*~V is a principal T®-bundle.

It follows from the above that the Hilbert space L2(M,\) decomposes into a
sum of G-invariant orthogonal Hilbert subspaces

L*(MN = P Hy,

yet®
where we have set, for each character y of the torus TR,
3.2) Hy:={f e [*(M)| f(zx) = () f(x), Vx € M, Yz e G¥)}.

Let A®) be the probability Haar measure on T®). Denote by Cy the subspace

of continuous functions in H,. The linear operator &, : L>(M, 1) — H, given
by

Fy(f)x) = fv @ dA®(z)
is the orthogonal projector on Hy. It follows that

Lemma 3.1. The space Cy is dense in Hy.
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3.2. Dynamics and joinings for nil-translations. For u € G, let [,: M — M
be the left translation by u. Then [, is a measure preserving automorphism
of (M, 1), which for simplicity we call a nil-translation.

By the normality of GY*V in G, the projection ¥ : M — M intertwines the
map [,: M — M with the nil-translation Ly, : M® — M®.

The celebrated theorem by Auslander, Green and Hahn (see [AGH63]), states
that the nil-translation [, is ergodic (minimal and uniquely ergodic) if and only
if the translation I, by 7" (u) on the torus M is ergodic (minimal and
uniquely ergodic). The latter condition is equivalent to saying that the rotation
vector @ = (ay,...,aq,) € R% /7% defined by

7V W) = expla; Xi +-- + ag, Xg,)

is irrational with respect to the lattice Z%; equivalently, that the real numbers

. . . d
1,a},...,a; arelinearly independent over Q, for any lift (a},...,a}; ) of & to R®.

Using an additive notation we denote the translation I, of the torus M
by R, as it is uniquely determined by the rotation vector a. With a slight abuse
of language, and coherently with the choice of using an additive notation for
the torus group MV, we shall then say that the projection 7" intertwines the
translation [,, with the rotation R,.

Let l,: M — M be the nil-translation (not necessary ergodic with respect
to A) by u and let p be an [,,-invariant ergodic probability measure on M. Let
us consider the stabilizer of the measure p

A)={geG: (lg)xpu=pb.

Then A(u) < G is a closed subgroup of G. The following celebrated theorem
of Ratner [Rat90, Theorem 1] (first proved independently, in the context of nil-
flows, by Starkov in [Sta84] and Lesigne in [Les89]) describes all such ergodic
measures.

Theorem 3.2 ([Sta84], [Les89],[Rat90]). If u is a l,-invariant ergodic measure
on M then there exists x € M such that the orbit A(u)x < M is closed and it is the
topological support of .

Let U € g and let u be a probability measure on M which is invariant and
ergodic for the nilflow (1,1) rer Wt = exp(tU)). Then the stabilizer A(u) is a con-
nected group and the topological support of u is an orbit A(u)x < M.

From now on, we fix an ergodic translation [, of M (with respect to 1) pro-
jecting to the corresponding ergodic rotation R, of the torus MV,

We now consider the group G x G with the Lie algebra g & g, the lattice T x
I' and the corresponding nilmanifold M x M = (G x G)/(I"' x I') on which the
group G x G acts by left translations. We have natural projections p; and p»
of M x M onto M, by selecting the first or the second coordinate of a point
(x1,x2) € M x M, respectively.

Then we have (G x G) = GO x G, (geag)(i) = g(i) eag(i) foralli=1,...,k.
Clearly MW x MV = (Gx Q) /(Gx Q)P (T xT) foralli=1,...,k—1.

Let r,s € N be relatively prime numbers. Let p be an ergodic joining of the
measure theoretical ergodic systems (M, [, 1) and (M, [;,, ). We recall that, by
definition, p is a measure on M x M, with marginals (p;).p = A, (i = 1,2), which
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is invariant and ergodic for the product transformation [}, x [$. The transforma-
tion [}, x I5 on M x M is the left translation on M x M by (u, u*):

I x I3 (x1,x2) = (U x1,u’xp), V(x1,%2) € Mx M.

Then the projection map 7V x 1) of M x M onto the 2d;-dimensional torus
MY x MY intertwines the map 1/, x [$ with the rotation R’, x RS, of MV x MV,
Moreover, the image measure pV := (7! x V), p is R}, x RS -invariant and er-
godic.

Lemma 3.3. Let R, a minimal rotation of the torus d-dimensional T® and rota-
tion vector a. Let r, s relatively prime integers and let 1) be an R}, x R}, -invariant
and ergodic probability measure on T% x T%. Then the stabilizer A(n) of 1 is the
group

Trs =10, 1) €T x T 511 = 113},

with Lie algebra {(rv,sv)| v e R4},

Proof. As the map R}, x R}, is the rotation R(;4,sq) With rotation vector (ra, sa) of
the 2d dimensional torus T x T4, it preserves the orbits of the closed subgroup
T, s thatis, the cosets

-[rr,s,c ={(t1,+c) € -ﬂ-d X -[rd | sty =rt}, cEe€ -ﬂ-d.

We claim that the action of R(;4,sq) On each coset T, ; . is minimal and uniquely
ergodic. Indeed, let a,b € Z be such that ar + bs=1. The map I,.: T,s. — T4,
given by I (1, +c) = at; + bty, is well defined. Its inverse is given by the for-
mula £ € T4 — (rt,st+c¢) € T;s.c. It follows that the map I, is a homeomor-
phism intertwining the action of R(;4,sq) On T, with the action of R, on T4,
it also intertwines also the action of T, on T, with the action of T on
itself. Since R, is minimal and uniquely ergodic, so is the action of R4, sa)
on T,s.. Since n is an ergodic measure for R 4, sq), there exists a ¢ € T such
that supp(n) =T, 5,c = T,(0, ). It follows that A(n) = T, which completes the
proof. U

Applying the above lemma to our setting we have:

Corollary 3.4. Letn be an R}, x R, -invariant and ergodic probability measure
on MWD x MY, Then the Lie algebra of the stabilizer A(n) is t

brs:=1{0rX,sX) | Xeg/g®ic(geg/@? eg?).

Denote by H < G x G the stabilizer of the joining p and let ) c g g be its Lie
algebra.

Lemma 3.5. There exist elements X;, X{,..., Xc’i1 , Xc’i’1 in g satisfying
X/=Xx'=X; modg?, foralli=1,...,d,
and such that
Y;=(rXjsX/)eb.

Proof. Let us consider the image measure p" := (V) x7(V), p which is R, x RS -
invariant and ergodic. By Theorem 3.2, the topological support of the mea-
sure p is a closed coset Hx for some X € M x M. Then the topological support
of pW is (W x 7MY (H) for some € MY x MW,
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Since p) is R!, x RS-invariant and ergodic, by Corollary 3.4, the topologi-
cal support of pV is A(p'V)7 and the Lie algebra of A(p) is b, ;. As the or-
bits (V) x zW)(H)f and A(p'V) are closed and equal, it follows that the Lie
algebras of W x 7Y (H) and A(p(l)) are the same and equal to b, ;. Hence the
Lie algebra b of the Lie group H projects under the tangent map d(z! x 7))
onto the algebra b, s = {(r X, sX) | X € g/g'?}. It follows that for every i = 1,...,d;
there exists (le , X lf’ ) € b such that

d®? x 1)}, X} = (r dn® (), sdn (X)),

1

which yields the required elements X7, X',. "’XZil , X (’j’l €g. O
Lemma 3.6. The Lie algebrah c g @ g satisfies
(%7, s2)1 Z e g®y chn (g® & g0).
It follows that the group H contains the subgroup
L:={exp(r*Z,s52)| Z e g} < G x GF,

Proof. Let X/, X!, Y; for i =1,...,d; be given by Lemma 3.5. Consider the k-
fold Lie products of elements of the sets S=1{Y;li=1,....dy}and S={X; |i=
1,...,d}; that is, for every (iy,..., i) € ,...,dy}*, we set

Sivipin = 1Yi, Vi, Vi, Y. 1€ g® @ g®
and
Siviyniy = [Xi, Xy ooy (X, Xi, ... 11€ g,

Then, by definition and Lemma D.3, we have

Sivignie = X} XD, 10 XG, XD, [0 X sX) ), (00X L sXD] ]

_ ! ! ! ! 1 1 1 1"
=(rX;, (r X ..., IrX; _,rXi 1. LX) [sX;,..., [sX;,sX{]...1])
= (r* (X, (Xiyy o oor [ X XD 1), 85 (X0 X oo, [ Xy X -2 11)
= (rksil,iz,...,ikySkSil,iz,...,ik)~

Since X; +g@,..., Xy +¢? is a basis of g/g®), by Lemma D.1, the set
{X1,...,Xg4,} generates the Lie algebra g. Therefore, in view of Lemma D.2, the
family of k-fold products S;, ;,,..;, spans g(k).

By Lemma 3.5, 7,- ebh for everyi=1,...,d;. It follows that

k k < k) o (K
(P*Siy ipyoir S5Sir i) = Sivsio.ic €N (g° @ g™)

for every (iy,...,ix) € {1,...,d1}k. Consequently, for all Z € g(k) we have
(rkz, skz) e hn (g(k) ® g(k)), which completes the proof.
O

Proposition 3.7. Let y1, x2 be characters of the torus T® so that at least one is
non-trivial. Then, if)({k # )(gk, for any fi € Hy,, i = 1,2, and any ergodic join-
ingp of (M, 1],,A) and (M, [}, 1), we have

p(fi® f>)=0.
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Proof. Recall there exists a closed subgroup H < G x G such that the measure p
is H-invariant and H contains the subgroup

L={exp(r*Z,s*2)| e g®} < G x GV,

Since fi € Hy, and f> € Hy
M x M we have

for every (exp(rkZ),exp(skZ)) € L and all (x1,x») €

29

fi® fol(exp(r* Z), exp(s¥ 2)) (x1, x2)) = filexp(r¥ Z)x1) - fo(exp(s* Z) xy)
= 11 (exp(r* 2)) y2(exp(sk 2)) - f ® fo(x1, x2)
= 225 exp(2) - fi @ foloxr, x2).

As the probability measure p is invariant under the action of the group L < H,
it follows that

p(fief) =l 1) @pfief)

for every z € G®/(G® nI) = T®, By assumption, the character )dk “Xo s i

non-trivial, so we can find z € T®) with ()({k -xz_sk)(z) # 1. This yields p(fi ®f2) =
0, which completes the proof. U

The following theorem shows that Theorem 2.2 applies to nil-translations.
Consequently, Theorem A and Corollaries B and C are true for nil-translations.

Theorem 3.8. Let I, be an ergodic nil-translation of a compact connected nil-
manifold M = G/T. Then there exists a set € < C(M) N Lg (M, L) whose span is
dense in Lﬁ(M ,A) such that:

(@) for any pair fi, fo € €, for all but at most one pair of relatively prime
natural numbers (r,s) we have p(f ® f>) = 0 for all ergodic joinings p
ofl], and I};

(ii) forevery f € ¢ and every w € C with |w| =1 there exists an element g€ G
such that f(lb’f(lgx)) =wf(l]!x) for every x € M and every ne Z.

Proof. The proof is by induction on the class of nilpotency k of G.

If k = 1 then M is the torus TY and H, = Cy for every character y of T,
Let ¢ be the set of nontrivial characters. Then % is linearly dense in L3 (M, A).
Moreover, for every pair of nontrivial characters yi, x» there is at most one pair
of relatively prime natural numbers r, s such that y] = x3. In view of Proposi-
tion 3.7, the hypotheses (i) of Theorem 2.2 are verified. Moreover, if y € ¢ then
for every z € TY we have y (I (I,x)) = y(I.(I"x)) = x(2)x(I"x) which verifying
the hypotheses (ii) of Theorem 2.2.

Suppose that for every ergodic nil-translation on any compact connected
nilmanifold of class k — 1 the required set of continuous functions does exist.
Let us consider an ergodic nil-translation /,, on a compact connected nilman-
ifold M = G/T of class k. Then M*~1 is a compact connected nilmanifold
of class k-1 and n*"V: M — M%) intertwines I, with the ergodic rota-
tion L,u-n, on M*~1. Denote by ¥*~V the subset of continuous functions
on M*~1 derived from the induction hypothesis. Next we use

L*(MN = P H,.

o
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If ¥ = 1 is the trivial character then H; consists of G¥)-periodic functions and
Hj can be naturally identified with L2(M*~1). Since the identification is G-
equivariant, for functions from H; the dynamics given by the rotation [, coin-
cides with the dynamic of Z«-n, on M=V, Let

= p(k=1)
¢=¢""uv U C.
xeTP\(1}

By Lemma 3.1 and by the induction hypothesis, the set % is linearly dense in
the space L%(M).

First note that for all functions from the subset €~ c ¥ both properties
(i) and (ii) follows from the induction hypothesis. To complete (i) we need
to take f; € Hy, and f> € Hy, with at least one non-trivial character y1, x»
of T®, As there is at most one pair of relatively prime natural numbers 7, s
such that x{k = )(gk, Proposition 3.7 implies (i).

Let f € Hy for a non-trivial character y. Since G® is a subgroup of the cen-
ter Z(G), the action z € T® — [, commutes with the nil-translation [,. It fol-
lows that

FUUx) = f(1;x)) = x(2) f (I, %).
The non-triviality of y completes the proof of (ii). 0

4. AOP FOR AFFINE DIFFEOMORPHISMS OF NILMANIFOLDS

In this section we shall prove Theorem A and Corollaries B and C for zero en-
tropy ergodic affine diffeomorphisms on compact connected nilmanifolds. Re-
call that each such affine diffeomorphism is unipotent, see [Par69] and [BD00].
In fact, we shall show that the hypotheses of Theorem 2.2 apply to such maps.

4.1. On affine diffeomorphisms of nilmanifolds. For any Lie group G, an af-
fine diffeomorphism of G is a mapping of the form g — uA(g), where u e G
and A is an automorphism of G.

Let [,, be the left translation on G by an element u € G. Then the above affine
map is the composition /0 A. We shall however use the shortened notation © A,
whenever convenient.

Let M = G/T be a compact nilmanifold, with I' a lattice in G and G a con-
nected, simply connected (nilpotent) Lie group. An affine diffeomorphism uA
of G induces a quotient diffeomorphism of M if and only if A(I') =T’; an affine
diffeomorphism of M is a map of M that arises as such a quotient. For sim-
plicity, whenever the condition A(I') =T is satisfied, the symbol ¢ = uA (or ¢ =
1,0 A) will denote both an affine diffeomorphism of G and the induced quotient
affine diffeomorphism of M.

We recall that the group Aut(G) of automorphisms of G is identified, via the
exponential map, with the group Aut(g) of automorphisms of the Lie algebra g
of G; thus, for A € Aut(G) = Aut(g), we have exp(A(X)) = A(exp X), for all X € g.

An affine diffeomorphism ©A of M (or of G) is unipotent, if A: g — g is a
unipotent automorphism. (Recall that an ergodic affine diffeomorphism of M
has zero entropy if and only if it is unipotent.) In this case we can write A =
exp B, with B: g — g a nilpotent derivation of g; by definition of derivation we
have

4.1) B(IX,Y)=[BX,Y]+[X,BY] for X,Y €eg.
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4.1.1. Some rationality issues. Let I" be a lattice in G. Then I' determines a ra-
tional structure on the Lie algebra g. In fact, by Theorem 5.1.8 in [CG90], the
vector space gr := Q-span(logI) is a Lie algebra over Q such that g = gr ®gR.
Indeed, any strong Malcev basis strongly based on the lattice I' is a Q-basis
of gr.

Recall that a subalgebra b < g is rational (with respect toT') if (hngr)®gR = b,
i.e. if b has a basis contained in gr. For example, each g is a rational ideal
with respect to any lattice of G.

By definition, a connected closed subgroup H = exp(h) is a rational sub-
group of G if the subalgebra § is rational.

In view of Theorem 5.1.11 in [CG90], a connected closed subgroup H is a
rational subgroup of G if and only if the intersection subgroup HnT is a lattice
in H. If furthermore H is normal in G, then G/T'H is a compact nilmanifold;
thus we obtain a smooth G-equivariant factor map 7y : G/T' — G/TH.

If uA is an affine unipotent diffeomorphism of M = G/T, since AT') =T, we
have A(gr) = gr. As the logarithm of a unipotent automorphims is a rational
map, if A =exp B we have B(gr) c gr. Hence B is a rational endomorphism of

gr.

4.2. Suspensions. We consider the usual construction turning an affine diffeo-
morphism into a translation [Dan77]. Let ¢) = uA be a unipotent affine diffeo-
morphism of the nilmanifold M = G/T such that A # I. Let B be the (nilpotent)
derivation of g such that A = exp B and let «f = {A"};cg, with A’ = exp B, be the
one-parameter subgroup of automorphisms of G generated by B. (We have a
natural identification A’ € of — t € R.)

The semi-direct product G = G x < is a simply connected, connected sub-
group of the affine diffeomophisms of G with the inherited product rule de-
fined by

(4.2) (§1A") - (g2A™) = g1 A" (g2) A" 7"

We regard G as a normal subgroup of G via the inclusion map I: g€ G — lg€ G.
Thus we have a split exact sequence

(4.3) 0-G-GlRr-0

where p(gA") =t, for all gA’ € G.

ThesetT = {yA” |y €T, n e Z} is a closed lattice subgroup of G; thus M = G/T
is a compact nilmanifold. By formulas (4.3) and (4.2), since ﬁ(f“) = Z, the map
p induces a fibration (in fact a G-bundle)

(4.4) p: gATeGIT— teR/Z

with compact fibers p~!{t} = {gA'T | g € G} parametrized by t € R/Z. Since
gAT =g A'T, for te R/Z and g, g’ € G, if and only if gA*(I') = g’ A/(T") we iden-
tify p_l{t} =~ G/AYT). In particular, p_l{O} = G/T, the identification being given
by the embedding i: G/T — G/T defined by i(gl') = gT'. Thus we shall consider
G/T as a subset of G/T.

Let § be the Lie algebra of the group G. Since this group is generated by the
normal subgroup G and by «f = (exp tB) R, the Lie algebra g is the semi-direct
product g xRB; in addition to the commutation rules of elements of Lie algebra
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g, we have the rule®
(4.5) [B,X]=B(X), forall Xeg.

Let & = uA. Since the derivation B is nilpotent, the group G is nilpotent. Thus
the exponential map of G is a homeomorphism and we can write i = exp(B +
v) for some v € g. Indeed, since g is an ideal in g, by the Baker-Campbell-
Hausdorff formula, setting u = exp v}, we have uA =exp v, -expB = exp(B + v)
for some v € g. On the compact nilmanifold M = G/T we consider the nil-
translation [3. Then

(4.6) 17(gAT) = 1i- (8 AT = uA(g) AT = uA(g) AT,

where in the last line we used the observation that A~' € T'. It follows that the
nil-translation [z preserves the fibres p_l{ t} of the fibration (4.4). By the for-
mula (4.6), the homeomorphism i: G/T' — p_l{O} < G/T intertwines the affine
diffeomorphism uA: G/T' — G/I" with the homeomorphism (I7), pl0): p_l {0} —
p~1{0}. We shall therefore identify these two maps.

Let {ii'},cp < G be the one-parameter group defined by @’ = exp t(B + v).
Again, the Baker-Campbell-Hausdorff formula exp (B + v)exp(—tB) = u; € G
for every r € R. Therefore, &I’ = u; A’ for every t € R.

Denote by (¢;);cr the nilflow on G/T defined by the one-parameter group
{ti'} ;er. By definition, 951 =15 on G/T and po[ﬁt = p+t mod Z. From the in-
variance of the set p~!{0} under the map I3 and since the first return time of
any point in p~1{0} for the flow (¢;) ;e is equal to 1, we conclude that p~1{0} is
a Poincaré section of the flow ((ﬁt)tER (with constant return time 1). Moreover,
p~ Yt} = ¢, p~1{0} for every t € R/Z. As the map Iy restricted to p~{0} is identi-
fied with ¢p: M — M, we conclude, by standard arguments, that any ¢ invariant
measure g on G/T defines a unique invariant measure fi for the flow (¢’) on
G/T given by

1 1
ﬁ(f)=f dtf du(x)f(qb‘(i(x)))=f dtf di:(y) f(y).
0 GIT 0 p~ L1}

where [i; is a probability measure on p~'{t} given by fi; = ¢Li.u. The above
formula shows that the family of measures (fi;) s¢[0,1) form the conditional mea-
sures of the measure g with respect to the projection p.

Definition 4.1. The measure preserving nilflow (G/T, (¢"), i) is called the sus-
pension of the measure preserving affine unipotent diffeomorphism (G/T’, ¢, u).

A simple application of these ideas is the following lemma.

Lemma 4.1. Let ¢ be a unipotent affine diffeomorphims of the nilmanifold G/T
preserving a measure . Let (G/T,(¢p"), i) be the measure preserving nilflow sus-
pension of (GIT,¢,u) and Y the one-parameter group of G generating the flow.
Let A(p) < G be the stabilizer of i. Then A(i) = H x{exptY} where Y = B+ v
and H is a closed subgroup of G satisfying A(1)o < H < A(u), where A(u) <G is
the stabilizer of u and A(u)y denotes the connected component of the identity of
Aw).

SIn fact, from (4.2), (exp tB)-exp X - (exp —tB) = (exp tB)(X) for every t € R and every X € g.
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Proof. As usual, we identify the fiber p_l ({0}) of the fiber bundle p: GIT —R/Z
with G/T and the measure y with a measure fip supported on p~1({0}) = G/T.

The one-parameter group {exptY} generating the flow ¢’ is clearly con-
tained in A(f); hence H := A(f) N G is a normal closed subgroup of A() and
A() = Hx{exptY}.

For each h € H, the left translation /;, : G/T — G/T is a smooth diffeomor-
phism fibering over the circle R/Z, i.e. pol, = p and I;,(p~'(it}) = p~' ({1} for
t € R/Z. Thus, for all h € H, from (I;). i = i we obtain that (I;).t; = fi; for
almost all ¢ € R/Z. Since the mapping (h, t) € HxR/Z — (1)« iy = (1) « Pl o is
continuous, we have (I).fi; = i for all h € H and all t e R/Z. In particular,

(p)wp = (Ip) « flo = fio = .

This shows that H is contained in the stabilizer A(u) of pu.

The measure fiy on G/T is preserved by the time one map ¢', since this map
restricted to p_l{O} coincides with the affine map ¢. Hence, for all h € A(u) and
allnez, ((ﬁ”OIhO(E_”)*ﬁO = lo, thatis exp(nY)A(u) exp(—nY) = A(u). Since the
adjoint action of G on g is algebraic, we obtain the identity

exp(tY)A(woexp(—tY) = A(uo,

for all ¢ € R. It follows that if i € A(u)y then [y is also ¢~* o Ij o p'-invariant
for every t € R. Therefore, (I,).[is = lis for every t € R and (I;) . = fi. Conse-
quently, A(u)o < H. |

4.2.1. A bit of categorical thinking. Nilmanifolds are the objets of a category
NilMan which we could formalise in the following way: the objects of this cat-
egory are pairs (G,I') with G a connected, simply connected nilpotent Lie group
and T a lattice in G; a morphism f from (G,T) to (G/,I") is a smooth homomor-
phism f: G — G’ such that f(I') cI'". Thus a morphism f determines a smooth
map f: G/IT — G'IT".

This category can enriched by adding new structures to an object (G,T); for
example, we may add an element X € g, (or, equivalently, the one-parameter
group {exp t X}, or the flow determined by {exp X} on G/T’). Such category will
be called the category of nilflows.

Morphisms for these enriched categories are morphisms NilMan respecting
the additional structures. As another example, we may consider the category
of measure preserving nilflows, whose objects are quadruples consisting of a
nilmanifold (G,T’), an element X € g and a probability measure y on G/T in-
variant by the flow determined by {exp X} on G/T'. A morphism f from the
measure preserving nilflow (G,T, X, u) to (G, I”,X’,u’) is a morphism of nil-
manifolds f: (G,T) — (G,T’) such that f, X = X" and f*y = 1/, where, as before,
f denotes the quotient map f: G/T — G'/T".

The reader will be easily define in an analogous way the category MpUniAff
of measure preserving unipotent affine diffeomorphisms of nilmanifolds.

The interest of these categories lies in the fact that we have already seen
some functorial constructions.

The abelianization functor Ab from the category of measure preserving nil-
flows to itself associates to each measure preserving nilflow F = (G,T, X, ) the
toral flow Ab(F) = (G/G®,T/T®, X, 1) where X = X +g® and i = 7%y is im-
age of u by the projection 7 : G/T — G/G?T (see (3.1)). We define, for any
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homomorphism f: G — G, the abelianized homomorphism Ab(f) as the in-
duced homomorphism G/G® — G;/G?. It is routine to check that Ab s a well
defined functor from the category of measure preserving nilflows to itself. The
Auslander- Green-Hahn criterion states that the object Ab(F) is ergodic if and
only if F is ergodic.

The suspension construction we discussed above is in fact an isomorphism
of categories. Let us define the category FiberedMpNilfl of measure preserving
nilflows fibering over the circle flow. The objects of this category are quadruples
(G,T, p, Y, i) where p is a morphism from nilmanifolds (G,T) to the nilmanifold
(R,Z), Y is an element in g is such that p.Y = d/dt, and i is a Y-invariant
measure on G/T. (For short, we write such an object as (p, Y, i) since (G,T)
is implied by p). Morphisms for this category are defined in the obvious way
(this is in fact a slice category).

The suspension construction associates to each measure preserving unipo-
tent affine diffeomorphisms of nilmanifolds (G,T’, uA, u) a nilmanifold G,D)
and a morphism p: G, - (R,2) inducing a fiber bundle p: GIT — R/Z; it
further defines a vector Y = B+ v =log(uA) € g, satistying 7. Y =d/dtanda Y-
invariant measure i on G/T. Thus to each object (G,T,uA,y) in the category
MpUniAff of measure preserving unipotent affine diffeomorphisms of nilman-
ifolds we have associated the object (7, Y, i) = Susp(G,T’, uA, p) in the category
FiberedMpNilfl of measure preserving nilflows fibering over the circle flow.

Suppose f: (G,T,uA,u) — (G, T',u’ A, i) is a morphism of MpUniAff. By
definition f is a homomorphism f: G — G’ such that f(I) c I and such
that the induced map f: G/T — G'/T’ is a morphism of the measure pre-
serving dynamical systems (G/T,uA,u) and (G'/T',u’A’,u'). Let ((~?,1~",ﬁ, Y, )
and (G,T7, p',Y',i@") be the suspensions of the systems (G,T,uA,u) and
(G, T, u' A',i/). By definition G = G x {A’}, Y =loguA etc. Define f = Susp(f)
by setting

f:G—G, fgAh=Ff(@@A)' forall gea.
Since A'gA™" = A’(g) and fo A= A’o f, we have
f(AlgA ™) = f(AL (@) = f(ALQ) = (AN f(g)
=AY f@A) = fAhf@ fA™h;

thus f is a homomorphism. We leave to the reader the care of checking that
f is a morphism of FiberedMpNilfl, that is that f(I') c I”; that p'o f = p; that
fY =Y';and that f fi=[i.

We have showed that Susp is a functor. The functor Susp is in fact an isomor-
phism of categories. In fact given (p,Y, i), where p: (G,T) — (R,Z) induces a
fiber bundle p: G/T — R/Z, we recover G as ker p and I as I'nG; the affine map
uA is obtained as the first return map of the flow generated by Y to the fiber
p_l({O}) = G/T; finally the measure measure p is obtained as the conditional
measure of y on the fiber p~1({0}) = G/T. If F: (p,Y, i) — (', Y',ii') is a mor-
phism of FiberedMpNilfl from p’oF = p we obtain that F(ker p) c ker p’; thus F
restricted to G :=ker p is a homomorphism of G into G’ :=ker p’. We let to the
reader the verification that Fg is a morphism of MpUniAff from Susp™!(p, Y, [i)
to Susp (', V', 1),
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Just as for the abelianization functor, the functor Susp has the property that
the object (G,T, uA, ) is ergodic if and only if the image Susp(G,T, uA,p) is
ergodic.

For nil-translations the proof of the AOP property was based on the functo-
rial properties of the abelianization. For affine unipotent maps it is based on
the interplay of the two functors Ab and Susp; more precisely on study of the
functor Susp™! o Abo Susp.

4.3. Invariant measures for unipotent affine diffeomorphisms. The con-
struction above gave a correspondence, which preserves ergodicity, between
affine unipotent diffeomorphisms of nilmanifolds and nilflows. Criteria of er-
godicity for these dynamical systems were given by Parry [Par69] and by Hahn
[Hah63, Hah64], for affine diffeomorphims and, as previouly mentioned, by
Auslander, Green and Hahn for the nilflows. We shall exploit this correspon-
dence and generalize it to non-ergodic measures. To simplify matters and to
clarify a main point in the proof let us start examining the simplest case.

Assume G = R“ and let ¢ = uA be an affine unipotent diffeomorphism of the
a torus G/T. The suspension of (G/T,¢) yields a nilmanifold G/T and a flow
¢'. If A=expB, the Lie algebra of G is § = R” ® RB with the only commuta-
tion relation [B, X] = B(X) for any X € R” (here we identified g with R"). In
particular the class of nilpotency of G is equal to the class of nilpotency of the
endomorphism B.

The first derived subalgebra [g,g] is therefore the subspace of g image of B,
denoted v, and the group [G,G] is the subgroup V of G generated by v. The
subspace v is rational because the automorphism of the torus A maps the lat-
tice I to itself (hence it is an element of SL,(Z) is a suitable integral basis for
I') and because the log of a unipotent automorphism is a rational map. Hence
the orbits of the subgroup V are closed and the space of orbits G/ VT is a lower
dimensional quotient torus of the torus G/T.

The affine map ¢ = uA passes to the quotient torus G/ VT, (since v = B(R")
and A(v) = (exp B)(v) c v), yielding a quotient affine map ¢ of the torus G/VT
onto itself. However, since B is nilpotent, the automorphism induced by A on
the quotient torus G/ VT is the identity automorphism. It follows that the map
¢ is a pure translation by the element i, projection of u in G/V.

Coming back to the suspended nilflow (G/T,¢’), we know by the Auslander-
Green-Hahn criterion that this flow is ergodic if and only if the abelianized flow
on the torus G/[G, GIT is. Since G/[G,G|T = G/VT, the abelianized flow is the
suspension of the translation /; on the torus G/VT. (The latter assertion can
be easily verified going through the steps of the construction of the suspension,
but it is, in fact, a consequence of the functoriality of the construction.)

The reader will have no difficulty in generalizing the above discussion to the
case where G/T is a general connected nilmanifold. The conclusion is the fol-
lowing lemma.

Lemma 4.2. Let ¢ be a unipotent affine diffeomorphism of the nilmanifold G/T
preserving a probability measure . Let (G/T, (¢"), i) be the measure preserving
nilflow suspension of (G/T', ¢, u).

Let F be a rational subgroup of G normal in G (hence normal in G). Then
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(1) The affine map ¢ project to an affine map ¢r on G/FT', preserving the
measure |ir image of 1 by the quotient map G/T' — G/FT.
(2) The suspension of the unipotent aﬁ‘ine diffeomorphim (G/FT, ¢, r) is

the flow (G/FT, ((pp ) br), where ($r D, fir are the images of (¢, fi by
the quotient map G/T — G/FT.

We remark that the above lemma applies to the case F = (G, GD]. In fact we
have:

Lemma 4.3. The commutator [G,G) is a rational subgroup of G normal in G.

In fact (g, 8] = [g, 9] + By is a rational sub-algebra of G. Furthemore the descend-
ing central series [G,G"] and [§,§?] of G and of § form a descending series of
rational normal subgroups of G and of rational normal ideals of g.

Proof. The equality [g,g] = [g,g] + Bg and the inclusion [G,G] <G are imme-
diate consequences of the definition of suspended flow (é/f,(ﬁt) and of the
commutation relations (4.5). Since [g,g] is a rational sub-algebra of g the or-
bits of [G, G] are closed in G/T. Thus the intersections of the [é, G] orbits with
G/T < GIT are also closed. Tt follows that [é, G] is a rational subgroup of G.

Alternatively we may argue as in paragraph 4.1.1 that both [g, g] and B(g) are
rational sub-algebras of g and use the fact that the sum of rational sub-algebras
is rational.

Mutatis mutandis, the same arguments apply to [ﬁ,ﬁ(i)] and to [G,G7]. O

Corollary 4.4. Let X = (G,I',¢, 1) be a measure preserving unipotent affine dif-
feomorphism with ¢ = uA. Let (G/T, ("), i) be the measure preserving nilflow
corresponding to the suspension X = Susp(X).

(1) The affine map ¢ projects to a translation ¢ on the torus G/[G,GIT by
the element it = u[G,G]. The translation ¢ preserves the measure jir
image of u by the quotient map G/IT — G/[G,GIT.

(2) The suspension of the toral translation Xt := (G/ (G, GIT 1, uT) is the
linear flow (G/1G,GIT, (gﬁ}t),ﬁT), where ((FTt), fir are the images of (¢"),
[ by the quotient map GIT — G/[G,GIT.

Proof. The nilmanifold G/ [(~?, GIT is clearly a torus. The nilmanifold G/ [(~?, GIT
is a torus because it is a quotient of the torus G/[(~?, GIT. Thus the nilflow
((E}t) is a linear flow. The affine unipotent map ¢ is indeed a translation
on G/[G,GIT": in fact, since B(g) c [g,d] the derivation B is trivial on g/[g,dl,
which implies that the automorphims A projects to the identity automorphism
of G/[G,G).

The other statements of the corollary are proved in Lemmata 4.2 and 4.3. [

Remark 4.5. Observe that the nilflow ET = (G/[G,GIT, ((E}t),ﬁT) is just the abe-
lianization Ab(Z) of T = Susp(X) and that

S =Susp ' (E1) = Susp™! (Ab(Susp(2))).

Thus the main content of the above corollary is the toral rotation Xt is ob-
tained from X via the quotient morphism G/T' — G/[G,GIT.

4.4. Joinings of unipotent affine diffeomorphisms of nilmanifolds. Let ¢ =
uA, with u € G and A € Aut(G), be an ergodic affine unipotent diffeomorphism
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of the connected nilmanifold G/T" such that A # I. Denote by A the uniquely
¢-invariant probability measure on G/T,, i.e. the Haar measure on G/T.

Let r, s € N be relatively prime positive integers. Let us consider the product
diffeomorphism ¢” x ¢* on G?/T? = (Gx G)/(I'xT). The map ¢” x ¢°* is an affine
unipotent diffeomorphism of G/T x G/T. Indeed, ¢" x ¢* = u, A, s with u, s =
(U, us) € G*> and A, s = A" x AS € Aut(G?). Note that B, :=logA,; = (rB, sB),
with B:=logA. Thus

Let p be an ergodic joining of the measure theoretical systems X, =
(GIT,¢", 1) and X5 = (G/T,¢p*,1). By definition p is a measure on G/T x G/T
with marginals A on each factor, invariant and ergodic for the transforma-
tion ¢p" x ¢p*. Thus we have an measure preserving unipotent affine diffeomor-
phism er = (G r? ,@" x ¢p°, p) and morphisms g;: rs -2, (i=ry9).

LetZ, 5= (Grs,Lrs) Prs) Yrs Pr.s) = Susp(Z, ). Here G, s = G> x {exp tB, ;} and
Vs =log(p” x %) = (1Y, sY), with Y =log¢ =loguA= B+ v, for some veg. In
the sequel we shall write Zr s = (G s/ r ns» Yrs, 0rs), for short. Let g, denote the
Lie algebra of Grs Then g Ors = g>®RB; ;.

Fori=rs, let3; = (G,,F,,p,, Yi, A;) be the suspensions of X; and denote
by g; the Lie algebra of G;. Observe that A, and A, are the Haar measures on
the corresponding nilmanifolds and that Y, =rY and Y; = sY.

Note that, since g, is the semi-direct product of g> = g& g and the span of
the derivation B, = (rB, sB) of gz we have

Grs=(@®g) XR(rB,sB)=(gxRrB)®(gxRsB)=§,®Fs =7 =g,

where g = g x RB. Hence é,,s =G, x §~s =G x G, with G = G x {exp tB}. Let k be
the class of nilpotency of the group G. Then, for all i =2,..., k, we have:

G=0, 03 =g"eg" cgeg

and
GO Z G D G &) c Gx G
r,s r s .
We have®:
2,5 =((GIT)?,¢" x §%, p)
qr/ i \qs
>, =(GIT,¢",A) Susp s = (GIT, %, A)
S";s” ir,s = (Gr,s/frm Yrs,Pr,s) S“;sl’
1 _ — T 1
I qr = Susn(qr) qs = Susn(qs) I
- % T~ _ x
2 =(G /Ty, 1Y, Ay) 2= (Gs/Ts, sY, Ag)

By Lemma 4.1 we have:

6Remark that ir,s is not a joining of £, and Z, since ér,s/fr,s # G, IT, x Gg/Ts. In fact
dim@m =2dim G +1 and dim G, = dim G5 = dim G + 1; thus dim@m #dim G, +dim G;.
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Lemma 4.6. Denote by Hr, s € 9rs and by b, the Lie algebras of the stabilisers
A(Prs) <Grs and A(prs) < G? of the measures prs and p. Then

4.7 Er,s =brs X RY; 5.

By Corollary 4.4, applying the functor Ab' = Susp™! o Abo Susp to the triangle
2.5 Zr, Zs we obtain a diagram

AV (2,5) = (T2, 1] x 13, p")
/
AV (qr) Al (g5)

/ / /
Ab (Zr) = (T) llgyﬂfﬂ—) Ab (ZS) = (T) lg,/l'[]’)

where T is the torus G/[G,GIT, Ar is the Lebesgue/Haar measure on G/ (G, GIT,
Ab/(q;) are the projections of T? = T x T on the corresponding factors, I is the
left translation by it = u[G,G] and p' is the projection of the ergodic joining p
via the map (G/T)? — (G/[G,GIT)?. In particular the measure p’ is a joining of
the ergodic and minimal toral rotations Ab'(Z,) and Ab'(Zy).

Since the measure p is ergodic, the measure p’, image of p by the morphism
3, s — Ab (Z; ) is an ergodic measure for the for the rotation [ ; X lf_t of T2. By
Lemma 3.3, the stabilizer A(p’) of the measure p’ is the connected group

A(p") ={exp(rX,sX)| X € Lie(T) = g/[g, 8]}

Now we focus on the quadrangle of morphisms given by Corollary 4.4.

2.5 =((GID)?,¢" x %, p) ———— AV (Z,) = (T3, 1] x I, p")
Sﬂsp Susp*l

v i
z:r,s = (Gr,slrr,s; Yr,s» ﬁr,s) — Ab(zr,s) = (Gr,s/[Gr,s» Gr,s]rr,s» Yr/ys, ,bqrys)

Lemma 4.7. The stabilizer A(p), ) of the measure p', ;, image of p;s by the mor-
phism ir, s — Ab(ir, s), is the connected group

AP ={exp(rX,sX)| X €g/(g,gl}

Proof. Since the toral flow Ab(Z, ;) is a suspension of the toral rotation Ab (2 )
it follows by elementary reasons of by Lemma 4.1 that we have

AP =Ap") x texptY,  ={exp(rX,sX)| X € g/[g, 5]} x {exp tY, ;},

where Y/ = Y,s mod [§,§]%. Thus, Y/, = (rY’,sY’), with Y/ =Y mod [g,§l.
Since the span of g and of Y is the Lie algebra g, the statement follows. O

By Lesigne-Starkov-Ratner Theorem 3.2, since the measure p,; is ergodic,
the stabilizer A(p, ) < Gvr, s of p,s is a connected closed subgroup of ém such
that the topological support of p,; is a A(p,s)-orbit in ér, s/1~"r, s. Clearly the
same properties hold for the stabilizer A(p ) of the measure p; ;. Since the
action of ér,s/[ér,s,ér,s] on the torus ér,s/[ér,s,ér,s]f"r,s is locally free, we ob-
tain:

Lemma 4.8. The projection of the stabilizer A(pr,s) < ér,s onto G'r,s/[ér,s, G'r,s] is
the stabilizer A(p', ;) of the measure p,, ;.
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Lemma 4.9. The Lie algebra Hr, s C g7 satisfies
(r*z,s52)1 zeg® b0 GP 0 gP).
It follows that the stabilizer A(p) < G x G of the joining p contains the subgroup
L:= {exp(rkZ, sk2)| z Eﬁ(k)} <G® x GW = Gvﬁks)

Proof. The first statement follows from the previous two lemmata and from
Lemma D.3 as in the proof of Lemma 3.6. The second is an application of
Lemma 4.6. (]

Recall that G¥) < G is a closed normal subgroup in the center of G such
that its Lie algebra §® is a rational ideal in g include in the kernel of B: g —
g. It follows that M%-D .= G/TG® is a nilmanifold and T® := G® /(G A1)
is a torus. The group T® acts on G/T by left translation. Thus, we have an
orthogonal decomposition

2 _
rMAN= @ Hy
o
where, for each character y of the torus T®) we set

Hy={fe*(M,N)| f(zx) = x(2) f(x), V2 T®, ¥x e M}.

Proposition 4.10. Let y1, x» be characters of the torus T® so that at least one
is non-trivial. Then, if)({k # )(gk, for any f; € Hy,, i = 1,2, and any ergodic join-
ing p of (M, ", 1) and (M, $°, L), we have

4.8) p(fi® f2) =0.

Moreover, if f € Hy for nontrivial y then for every w € C with |w| = 1 there ex-
ists g € G such that

f@"Ugx)=wf(@p"x) forallxe M, neZ.
Proof. Suppose that )dk # xgk and f1 € Hy, and f, € Hy,. Let p be any er-
godic joining of (M, ¢",A) and (M, ¢*,1). By Lemma 4.9, every element of the
group L < G® x G® stabilizes the measure p. It follows that the rotation by
(zrk,zsk) eT® xT® on Mx M preserves p for every z € T®, Therefore
- kK _ .k -
p(fi®e )= x2" )@p(fie fa),

which gives (4.8).
Since §©) c ker B, for every h € G® we have A(h) = h, so

O(lpgl) = uAhg)l = 1;,¢(gl) for every gl' e M.

It follows that, if f € Hy for nontrivial y then for every w € C with |w| =1 there
exists g € G such that

F@"(Ugx)) = flgd" (x) = x(@ fP"x) =wf(@p"x) forall xe M, nez,

and the proof is complete. U

Finally, proceeding by induction on k the clas of nilpotency of the group G,
we obtain the following result.
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Theorem 4.11. Let ¢ be an ergodic affine unipotent diffeomorphism of a com-
pact connected nilmanifold M = G/T. Then there exists a set6 < C(M)OL(Z) (M, Q)
whose span is dense in L%(M ,A) such that:

(@) for any pair fi, fo € €, for all but at most one pair of relatively prime
natural numbers (r,s) we have p(f; ® f>) =0 for all ergodic joinings p of
¢" and ¢°;

(ii) forevery f € ¢ and any w € C with |w| =1 there exists g € G such that we
have f(¢"(Igx)) = wf(Pp" x) for everyxe M and ne Z.

Proof. First note that if y is the trivial character, then every element of H,
is invariant under the action of G®), hence it can be treated as an element
of L2(M*~D 2). Furthermore, we can define the affine unipotent diffeomor-
phism <p(’€‘1) s MU=, pgk=1) by

p* "V (grG%) = uagré®.

As A() =T and A(G®) = G, this map is well defined and is a factor of ¢
via the natural G-equivariant projection 7% : G/T — G/TG®. 1t allows us to
proceed by induction.

The inductive step is given by Proposition 4.10. Note that Proposition 4.10
requires the non-triviality of the automorphism A. Therefore induction must
start from an affine diffeomorphism with trivial automorphism, so from a nil-
translation. Thus the basis case of induction is derived from Theorem 3.8. Fi-
nally, the construction of the set 4 runs as in the proof of Theorem 3.8. 0

Proof of Theorem A and Corollaries B and C. Theorem A as well as the Corol-
laries B and C are direct consequences of Theorem 4.11 and Theorem 2.2. [J

4.5. Nil-translations on non-connected nilmanifolds. Suppose that G is a nil-
potent Lie group and I' < G its lattice. Then M = G/T is a compact nilman-
ifold which we assume to be non-connected. Let [, for u € G be a uniquely
ergodic translation on M. Denote by Gy < G the identity component of G.
The group Gy is closed (and open) normal, and we may assume that it is sim-
ply connected. Moreover, My = (GoI')/T = Gy/(GgnT) is a connected compo-
nent of M. Since [, is minimal and M is compact, there is a minimal inte-
ger m > 1 such that M is the disjoint union of clopen sets [XMj for 0 < k < m
and I/’ My = My. Moreover, [))' : My — M is a uniquely ergodic diffeomorphism
which is a unipotent affine diffeomorphism of the compact connected nilman-
ifold My = Go/(Go NT). Indeed, as I]]'((GoI)/T) = (GoI)/T, we have u" € GoT,
and hence there are up € Gy and y € I such that u" = uyy. It follows that ]’ =
ly, ©Ady on My, where [, is a nil-translation on the nilmanifold Gy/(Go nT)
and Ad, : Go — Gy is a unipotent automorphism of Gy with Ad, (GonI') = GonI'.
Therefore [/ : My — M is an ergodic unipotent affine diffeomorphism which
will be denoted by ¢ : My — My
Let us consider the factor map p: M — Z/mZ defined by

p(l’ljx) =k modmZ, if ke€Z and x€ M,.

Then the map p intertwines the nil-translation /,, on M with the rotation on
Z/mZ by 1. Denote by H* the space of L?(M, A) of functions constant on fibers
of p and by H™ its orthocomplement in L?>(M, 1). Then H~ coincides with the
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space of L?-functions which have zero mean on each fiber My := IX M, for 0 <
k<m.

Proposition 4.12. Let [, be an ergodic nil-translation of a compact nilmanifold
M = GIT with m connected components. Then there exists a set ¢ < C(M)n H~
whose span is dense in H™ such that:

() for any fi, fo € €, for all but a finite number of pairs of distinct prime
numbers (r,s), we have p(fi ® f>) = 0 for all ergodic joinings p of I,
and l};

(ii) for every f € € and any w € C with |w| = 1 there exists a homeomor-
phism S: M — M such that f(1],(Sx)) = wf(l]!x) for every xe M and n €
Z.

Proof. Let us consider the ergodic unipotent affine diffeomorphism ¢ := [,,) Ad
on Mjy. By Theorem 4.11 applied to ¢, there exists a set %y < C(Mp) N L(Z) (M)
whose span is dense in Lg (My, A) and which satisfies the conditions (i) and (ii)
of that theorem. We consider % as a set of continuous functions on M by ex-
tending its elements as 0 on M\ M. For every k € Z/mZ the map l5 ‘M- M
establishes a homeomorphism between My and M. Set 6; = {f o I;,* | f € %}
Elements of %% are continuous functions on M supported on M. Then ¥ :=
Ukez/mz €y is a linearly dense set in H™.

Fix f € G for some 0 < k < m and w € C with |w| = 1. Then f is supported
on M and there exists h € % such that the restriction of f to M} is equal
to hoI*. By (ii) in Theorem 4.11, there exists g € Gy such that h(¢p"(lgx)) =
wh(¢p"x) for every x € My and n € Z. Let S: M — M be the homeomorphism
defined by Sx = l’,j’ olgo l;k’x if x € My. Then

4.9) fU(Sx)=wf(l]!x) forall ne Z and x € M.

Indeed, let x € My: if n # k—k' mod m then both [ x and [*(Sx) do not belong
to My, and hence both sides of (4.9) vanish. If n = k— k' + n'm for some n' € Z
then x = l’lj’y for some y € My and

FALS0) = (1, y) = h(@" 1gy) = 0h(@" y) = 0h UK Fy) = w f (U ).

Note that there exits only finitely many pairs of distinct prime numbers (r, s)
such that m,r, s are not pairwise coprime. Therefore to prove we can assume
that (r,s) is a pair such that m,r, s are pairwise coprime. Then both the nil-
translations /], and [;, are also uniquely ergodic.

Let p be an ergodic joining of /], and [;. Choose any pair fj, f> of functions
in €. Suppose that f; € 6, and f, € €}, for some 0 < kj, ko < m. Then, for i =

1,2, f; is supported on My, and f; = h; o l;k" for some h; € 6y. Denote by pg, i,
the restriction of p to the set My x My,. Then the measure (I, R I, kz)*p Ky ko

is supported on My x My and coincides with the restriction of (I, ki o I, kz)*p
to My x My. Then we have

p(fi® f2) = (1" % 1;%) 0y 1, (1 © o).

If the measure py, r, vanishes then p(f; ® f2) = 0. Thus we may assume that
Pk .k, is not zero. As [}, and [;, are uniquely ergodic and [,, ks I, k2 commutes
with ], x [$, the measure (l;k1 X l;kz)*p is also an ergodic joining of I/, and ;.
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Since r, s, m are pairwise coprime and (I, kuy L, kzy, p does not vanish on M x
My, the measure (I, x I;,*2), p is supported on UZ’:_OI (15 x 1)K (Mo x My), where
the elements of the union are pairwise disjoint and (1], x I3)™ (Mg x My) = My x
M. Tt follows that the restriction (I, ki o I, kz)*p kuk, 18 an 17/ x [$M-invariant
ergodic measure on My x My. By (i) in Theorem 4.11, it follows that

pUfi @ fo) = (1 x 15"). pi e, (1 @ ip) = 0
for all but one pair (r, s), which completes the proof. U

Theorem 4.13. Let [, be a nil-translation of the compact nilmanifold M = G/T.
Then
(4.10) 1 > € Y fUiopm|—o0

. MMsm<2M Hm5n<m+H ¢
when H — oo, H/IM — 0 for each x € M and each f € C(M). If additionally 1, is
ergodic then (4.10) hold for all f € D(M).

Proof. Assume that the nil-translation is ergodic. Denote by %, ,; 98 the max-
imal factor of I, with the rational discrete spectrum. Then H* = L?>(M, B, 41, 1).
In view of (i) in Proposition 4.12, the nil-translation satisfies the AOP property
(i.e. (2.1)) for all functions f,g € H™ = L?>(M,%q;,A)*. Since the space H~
does not depend on the choice of the topological model of the nil-translation,
similar arguments to those used in the proof of Theorem 3 in [HLD15] show
that for each zero mean f € C(M)n H™, for any sequence (xi)i>1 in M and
any (by) =1 with by — by — +oo we have

1

Z f(l;’xk)p(n)) — 0 when K — oo.
br+1 k<K " br<sn<biu

Together with (ii) in Proposition 4.12 this gives (4.10) for every f e C(IM)Nn H™.
If f € H* then the sequence (f(I]}x)) is periodic and the property (4.10) follows
from Theorem 1.7 in [MRT15] applied to the Md&bius function (cf. Remark 2.3).
If follows that (4.10) holds for every f € C(M), and finally, by Remark 2.4, also
for every f € D(M).

We need now to consider the case where the nil-translation [, is not ergodic.
Then, for any x € M denote by M, its orbit closure. By [Rat91], the restriction
of [, to M, is topologically isomorphic to an ergodic nil-translation on a com-
pact (not necessary connected) nilmanifold. Therefore, our claim is reduced to
the ergodic case. (]

4.6. Polynomial type sequences.

Theorem 4.14. Let ¢ be an ergodic affine unipotent diffeomorphism of a com-

pact connected nilmanifold M = G/T. Then for all y € R\ {0} and p € R, we have
1 1

(4.11) Yol= X fe"dxum|—o

MMsm<2M H m<n<m+H
when H — oo, H/M — 0 for each x € M and each f € C(M).

Proof. Let £ = (G,T, p, (¢7) em, A) be the suspension of the ergodic affine unipo-
tent diffeomorphism X = (G,I',¢, 1), with il and A the Haar measures on the
corresponding nilmanifolds. The nilflow Z is uniquely ergodic. As usual we
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identify G/T with p‘i{g}. For each continuous function f on G/T let f be the
unique function on G/I" defined by the condition

fg:x)= f(x), VxeGIT=p 1o}, Vte[0,1),
or, equivalently, by the condition
(4.12) f(@:x) = fpHx), VxeGIT=p 1o}, VieR.

Since the set of discontinuities of f is contained in p_l{O}, the function f
belong so the class D(M) defined in Remark 2.4.

The map gﬁy is a nil-translation Iz on G/T by an element ii € G; thus we shall
consider two cases.
Ergodic case: Suppose that the nil-translation (Ey = Iz on G/T is ergodic. Then
(Eyn+9 = (EQ o lg and, by Theorem 4.13 and formula (4.12), we have, for all x €
GIT,

1 1
M H F@"™ e x)pn)
MMst<2M HWlSn;an_H
1 ] o
M H li — 0.
MMgm<2M HmSn;m_,_HfO(pQ( u(x))l,t(n)

Non-ergodic case: Assume that the nil-translation (E}, = Iz on G/T is not er-
godic. Then, by [Rat91], for every x = gI" € G/T there exists a closed sub-
group H < G so that i € H, the Iz-orbit closure of % := gI' coincides with the
orbit HX and the restriction of I; to the sub-nilmanifold W := HX = H/(H N
gl'g™!) is uniquely ergodic. The sub-nilmanifold W projects via p to a sub-
nilmanifold of R/Z, that is to a closed subgroup W of R/Z. There are two pos-
sibilities: either W is finite or W = R/Z. In the first case the nilmanifold W has
a finite number of components and the restriction fo (EQIW of fo (ﬁp to W is

continuous. In the second case, the discontinuities of fo $9|W belong to the
lower dimensional sub-nilmanifold W N p_l{—g}.
In summary, in both cases we have f o $9|W € D(W) and it can be treated as

a function on the compact nilmanifold W = H/(Hn gl'g™"). Then, by Theo-
rem 4.13, we have

1 1 _
— Y fod (R @) pm| —0,

MMsm<2M H msn<m+H
which completes the proof in the non-ergodic case. (]

Proof of Proposition D. Let P(x) = adxd +...+ a1 x+ ap € R[x] have the leading

coefficient ay irrational. Let @ = a;-d! and let ¢: T¢ — T4 be given by
(X1, X2,...,Xa) = (X1 + @ X1+ X2,..., Xg—1 + Xa).
Then ¢ is an ergodic affine unipotent diffeomorphism of T¢. Following [Fur67]

(see also [EW11]), we can now find xi,...,x; € T so that

n n
P(n)= (d)a+(d 1)x1+...+nxd_1+xd mod 1 for each ne Z.
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Moreover, notice that (mod 1) we have

Mol " |+ +nxg 1 +x =f(¢"(x Xq))
d d—l 1 e d-1 d = 1.y Ad))y
where f: T? — T is the projection on the last coordinate. Finally, the asser-
tion of the theorem follows directly from Theorem 4.14 applied to the function

exp(if).
O

4.7. Nilsequences and polynomial multiple correlations. Following [BHKO05]
and [Leil0], recall that a bounded sequence (c;) € CN is called a basic nilse-
quence if there exist a compact but not necessarily connected nilmanifold G/T,,
a continuous function f € C(G/T'), an element u© € G and a point x € G/T" such
that
cn=fU}x), VneN,

where as usual [/, denotes the nil-translation G/T" 3 x — ux € G/T'. A sequence
(dyn) € N is called a nilsequence, if it is a uniform limit of basic nilsequences,
i.e. for every € > 0, there exists a basic nil-sequence (c;) such that

lc, —dy| <€ forall neN.
Proof of Theorem E. Theorem E follows directly from Theorem 4.13. U

Theorem (Leibman, [Leil0]). Let T be an automorphism of a probability stan-
dard Borel space (X, 98, 11). Given, for alli=1,...,k, functions g; € L°(X, u) and
polynomials p; € Z[x], there exists a nilsequence (d,,) such that

(4.13) f gio TP .. 8kO TPE() d,u' =0

N-M—o0
Proof of Corollary F. By Theorem E, we have

1
= ) pd,|—0

H m<n<m+H

1

M M=m<2M

for a nilsequence (d,,) satisfying the assertion (4.13) of Leibman’s theorem. The
statement follows now by an immediate application of the triangle inequality.
d

5. LIFTING AOP TO INDUCED ACTION

5.1. Induced actions. In this section, we follow [Mac52], [Zim78]. Assume that
G is a locally compact second countable (lcsc) group. Assume that H < G is a
closed subgroup of G. The quotient space G/ H is Icsc for the quotient topology.
Let n : G — G/H be the canonical, continuous quotient map. Let 7 = (Tg)gec
denote the G-action on G/H by left translations: Tg(xH) = gxH. The action T
is continuous, transitive, hence ergodic for any G-quasi-invariant Borel proba-
bility measure m on G/H (such measures always exist). We say that G/H is a
finite volume space if G/ H supports a G-invariant probability measure mg, n,

Let . = (Sp)ney be an almost free Borel left action of H on a probability
standard Borel space (Y,%,v). The group H acts on the right on the product
Y x G, by

(. 8)h=(Sp-1y,8h)
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Let (Y x G)/ H be the orbit space endowed with the quotient measurable struc-
ture. Since G/H is Hausdorff, since (Y,%¥,v) is a standard Borel space, and
since the projection (Y x G)/ H — G/ H measurable, the Borel space (Y x G)/H
is countably separated (i.e. the H-action on Y x G is smooth, in the sense of
[Zim78, Def. 2.1.9]).

The G-action ((T.#)g)gec on (Y x G)/ H is just given by left translation on the
second factor:
(5.1) Tx)g: (Y xG/H—(Y*xG)/H, (@x)g(y,g1)H=(y,88)H

is called the G-action induced from & .

If m is any G-quasi-invariant Borel probability measure on G/H, then we
may define a Borel probability measure v®» m on (Y x G)/H, by setting, for
any positive measurable function F on (Y x G)/H,

v®ym(F)=f U ﬁ(y,g)dv(y)) dm(gH)
G/H\JY

where F is the H-invariant lift of F to Y x G. The measure v ® & m is quasi-
invariant for the G-action induced from . and it is ergodic if the action .#
is ergodic on (Y,%,v). Furthermore, if G/H admits a G-invariant probabil-
ity measure mg,y, then v ® » mg, i is a G-invariant Borel probability measure
on (Y xG)/H.

Let

(5.2) s:G/H — G, aBorel map, ros=Idg/g
be a (measurable) selector for #. The map 6 defined on G x G/ H by setting
(5.3) 0(g,xH) = s(ng)_1 g s(xH).
takes its values in H, since
s(gxH)H=gxH, and gs(xH)=gxH.
Lemma 5.1. The map 0 : G x G/H — H is a (left) cocycle for the G-action t.
Proof. We have
0(g182, xH) = s(g182xH) ' g1g25(xH)
= 5(g182XH) ' g1 s(g2xH) ™' s(g2xH) g2 s(x H)

=0(g1,8xH)0(g, xH). U
The skew product G-action 79 & = ((Tg,#)g) geG, defined by
(5.4) (t9,9)g:YxG/H—Y xG/H, (tg,9)g(y,xH) = (So(g,xm) Y, §XH)

is isomorphic to the G-action 7 on (Y x G)/ H induced from ., via the Borel
isomorphism ®: Y x G/H — (Y x G)/ H defined by

O(y, gH) = (Sg-15gm ¥ §) H = (v, s(g ) H.

Remark 5.2. In the vocabulary of [LLO1], [LP03], the induced G-action is a
Rokhlin cocycle extension of the G-action 7 through the H-valued cocycle 8
and an ergodic H-action .. Both descriptions (5.1) and (5.4) for the G-action
induced from . have their advantages and disadvantages: the first is natural
and intrinsic; the second, albeit depending of a arbitrary selector 0, yields an
easier description of the measure v ® » m which is just v ® m on the space Y x
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G/ H; the second definition also make apparent that (Y x G)/ H endowed with
the measure v ® m is a standard Borel probability space.

5.2. The AOP property. Assume now that G is an abelian group without tor-
sion elements, that H < G is closed and co-compact and let mg,;y be the G-
invariant probability measure on G/ H. Assume also that we have an ergodic H-
action & = (Sp)pey on (Y,%,v) and let p € Z. Then p determines another H-

action #P) = (S;lp))heH, where

(5.5) SV (1) = (SP ) = Spe ();

indeed the map h— h” is a group homomorphism.
Following [HLD15], we now define:

Definition 5.1. An ergodic H action . is said to have the AOP property if for
each f,g € L3(Y,6,v)

(5.6) lim sup
P#4,P,G€ P, p,d—00 ¢ fe (1), @)y

feogdx|=0.

YxY

If (5.6) is satisfied for f, g, then we say that f, g satisfy the AOP property.

Remark 5.3. (i) In order to talk about the AOP property, we need to know that
the H-actions are “totally” ergodic, that is that P’ is ergodic for each prime p.
To see its meaning let us pass to the character group H and consider the en-
domorphism E), : y — yP. We need to assume that the kernel of E), is a set of
measure zero for the maximal spectral type of ¥ on L(Z)(Y,Cg ,v). If H equals Z
then it simply means that T has no roots of unity as eigenvalues. If H is tor-
sion free, as for example it holds for H = R, then each ergodic action is totally
ergodic.

(ii) If (5.6) holds then it also holds if f € L[2(Y,,v) and g€ L%(Y,Cg,v) (or
vice versa); indeed, we write f = fy+ ¢, with ¢ = [}, fdv then [, ,c®gdk =
Jygdv=0.

(iii) If (5.6) holds, then, in fact, we can replace the set of ergodic joinings
J(FP), D) by J(# P, #D); indeed,

sup
KE]e(y(p)’y(q))
for each f,ge L2(Y,6,v).

(iv) If L is a closed subgroup of H and the L-subaction of ¥ has the AOP
property, then the original action has the AOP property. Indeed, any ergodic
invariant measure for Sy» x Sy¢, h € H is an invariant measure for the subac-
tion Syp x Spq, £ € L. Then use (iii).

fegdk
YxY

fegdk
YxY

= sup
KE](y(p)’y(q))

We will constantly assume that
(5.7) H has no non-trivial compact subgroups.’

Since H is cocompact, there is a relatively compact fundamental domain, that
is, a subset A c G such that

(5.8) A is compact, hAnh'A= @ whenever h # h' and Upey hA = G.

7Equivalently, we assume that the dual group H is connected. It may happen that G has
non-trivial compact subgroups.
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We can always assume that (cf. (5.2))

(5.9) s:H— Aand s(H) =e.

5.3. Ergodic components for the G-action 7P’ x 79 and regularity of cocy-

cles. Recall Tép) (xH) = gPxH. Assume that (p,q) =1 and let a, b € Z be so that
ap+bqg=1.

The following result is a more general version of Lemma 2.2.1 in [KPL15] and
Lemma 3.3. Since the proof runs along similar lines, we omit it.

Lemma 5.4. The ergodic components of 1P x 1@ = (Té,p ) T‘(gq)) geG are of the
form

He:={(x1H,x2cH): fo = xé’H}, ceGB
Moreover, the action of TP x (D on 7, is (topologically)’ isomorphic to 7.
We are now interested in the (infinite) skew product G-action (74)® x (19)@,
(@) x (@) P) (x1 H, hn, x2 H, hp) =
(gPx1H,0(8", x1 H)hy, 8%, H,0(g7, x, H) hy)
restricted to #; x H x H (up to a natural interchange of coordinates).

Lemma 5.5. For each c € G, the map R(x1H, hy,xycH, hy) := (xfxé’H, hi, hy) es-
tablishes an isomorphism of (1) P x (19)'?| 7, with Tgp.e, where the cocycle

0P :GxGIH— HxH,
is given by the formula
(5.10) 0P (g, yH):= (0(gP,y" H),0(g7,ycH)).
Proof. First notice that indeed 8”9 is a cocycle, that is, we have
0P (182, yH) = (6((8182)7, ¥y H), (0((8182)7, yT c D))
= (0(g7,y" 1), 008/ yIcH) - (0(g7, 87 y" H),0(83, 8] ycH)
=0V (g, yH) -0V (g,74, (yH)).

Since
0P (g, x*xL H) = (6(g”, xfaxng).B(gq,x;iaxQ’%H))
and
A = =

with a similar observation concerning the second coordinate, the equivariance
easily follows. U

Lemma 5.6. The cocycle 0\P? is regular.

8Note that since G is abelian, x™ H = (xH)" in G/ H
9The action of T on G/ H is uniquely ergodic and so is the action of 7 x (9 on 7.
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Proof. Let J be an algebraic automorphism of H x H given by the matrix [Z b

—P] 10
and consider the cocycle Jo 0@ =: (W1, ¥,), where (in view of (5.3))
Wi (g, yH) = (0(g”,y"H))" (6(g7,y7cH))?
= (g7s(gPy" ) ' s(P ) (g75(g7y ) s(yTcH) "
= (s(gPyP ) Ls(yP )7 (s(gyTcH) Ls(y9cH)) .

In view of (5.9) the values of the cocycle ¥, belong to the set (A~ A)~P*9 which
is relatively compact. It follows by (5.7) and Theorem 5.2 in [MS80] that the
cocycle ¥, is a coboundary. Now,

Wo(g,yH) = (0(gP, yP )" (6(g%, yIcH))"
= g™ (s(g”y" 1) ' s(yP )" g7 (s(g"y et sty e )’
= g (s8” yP ) s(yP 1)) (s(g7y I cH) sy e )’
Note that for each h € H, we have
W, (h, yH) = h.

It follows immediately that 7y, is transitive,'' whence ¥, is an ergodic cocycle.

It follows that our cocycle o8 % is cohomologous to a cocycle taking val-
ues in the group {e} x H and the cocycle is ergodic (the corresponding skew
product is transitive). If we write

Jo8P? (g, yH) = (n(gyH)~'n(yH), Y2(g, yH))
then
60" (g, yH) = (¥a(x, yH) (n(gy D" n(y )", Wa(x, yH) (m(g y D' n(y H)) ™).
It follows that 8% is cohomologous to the cocycle
(& yH) — ((P2(g, yH)", (P2(x, yH)))
taking values in the subgroup
FWPD ={(hy,hy) e Hx H: h{ = )} = {(W?,h): he H}.
The latter cocycle is ergodic,'? which completes the proof. (]

5.4. Ergodic joinings of the G-action (14 )P’ with (74 »)?. We are interested
in a description of A € ]e((Tg’y)(p) , (Tg’y)(q)). Recall that

((w0,5)" x (10,5 V) o (Cc1 H, y1), (x2 H, y2)
=(g"x1H, So(gr,x,m 1), 87 X2 H, Sg(g4,x,11) (12)).

But Alg/mxg/i =: A is an ergodic joining of 7 with 7(?, and by unique er-
godicity, it is an ergodic component of the G-action 77’ x (%), Hence we can

b p
_a q °
11Indeed, we have
(Tw2) g (H,0) = (Tw,) , (Tw,) o (H @) = (vw,), (§H, W2 (g, H)) = (gH, h'¥2 (g, H)).

07(hy, hy) = (hfh;p,hf’hg). The inverse of it is given by

12The map (xH, (hy, hp)) — (xH, hil hg) settles an isomorphism of T with 7y,

v
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pass to S, replacing (G/H x G/ H, A) by (G/ H, mg, ), with ¢ € G/ H in this no-
tation implicit. It follows that we now consider the G-action Typg g5 With
an ergodic measure A (whose projection on the first and the second, and the
first and the third coordinates are equal to mg, g ®v). Here, ¥ ® & denotes the
product H x H-action (Sy, x Sp/) (i) € H x H. Moreover,

(Towa 7o) g XH, y1,y2) = (g (xH), Sg(gr,x i) (Y1), Sogr xrch) (V2))-

But, by Lemma 5.6, P9 is cohomologous to the cocycle L% ,‘I’g ) taking val-
ues in & (P9 c H x H, and the latter cocycle is ergodic. As a matter of fact:

0P (n(g,""n(g, )" =" n~ - (wh,wd).
This yields an isomorphism (an equivariant map)
Id(Snb,Sn—a) (XH» J1, J/Z) = (XH» Sn(xH)b(yl)» Sn(xH)*“ (J/Z))

between the G-actions Tyw.g g5 and T (g ), 0 x 7@+

Now, by Theorem 3 in [LMNO03], since (¥ ,‘I’Z ) is ergodic, we obtain the
following.

Lemma 5.7. We have
(5.11) ((Id(snb,sn_a))_l)*(z) =mg/H ®K,
wherex € J¢(F P, #D),

5.5. Proof of Proposition G. Before we start proving Proposition G, let us make
the following observation. Assume that Z = (Rg)geg is a G-action on (Z, u)
and let (W, &) be a probability standard Borel space. Assume that we have two
Rokhlin cocycles:

0,¥:Gx Z— Aut(W,¢)

and a measurable map X : Z — Aut(W,¢). Assume that Ids establishes an iso-
morphism of (Zy, Z x W,u® ) with (Zg, Z x W, p), where p|z = y. Assume
that fe L'(Z, ), ge L (Y, &), then

f fRIgw)dp(z, w):f (f ® g) o Ids(z, w) du(z)dé (w)
ZxW IZxW
=ff(Z)(f g(Zz(w))dE(w))dp(z)
Z w

=f f(2) (f g(w)d((zz)*(f))(w))du(z)-
Z w
It follows that

(5.12)

[ saieo. (5))’.

Proof of Proposition G. Consider now the situation in which Z =1, Z = G/H,
w=mg g, W=YxY,{=x: here Zg = Tgpa ye5 acts on G/Hx Y x Y and
preserves p = A (the parameter c of the ergodic component is implicit), and the
other G-action Zy = T(p? i), () x ta) PTESETVES mg g ®x. In view of (5.11), we

f f(2)g(@) dp(z,w)| = Il fll 1w sup
ZxW zeZ

consider the isomorphism [/ d(snb,sn_ﬂ) between Tgp.a »g and TP W), ) x 7@+
Hence, in our notation,

sz = Sn(xH)b X Sn(xH)‘“-
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It follows that the fiber automorphisms are of the form S;» x S;-«. Therefore,
each fiber automorphism commute with the G-action #P) x #@_ 1t easily
follows that

Exm)uk €SP, F1D)
and from (5.12), we obtain that for each f € L?(G/H, mg/p) and Fy, F, € L2(Y,v),

we have
f Fi®F, dx’
YxY

To deduce the assertion, it is now enough to notice that, although on the LHS
of (5.13), the constant c is implicit, it has no influence since if we consider (as
we should) fi ® F; ® f> ® F> as a member of L>(G/H x Y x G/H x Y, 1) (with A
an arbitrary ergodic joining of (7, y)(p) and (7, y)(q)) then by the Schwarz in-
equality, the L' (A)-norm of fi ® f> will be bounded by || f; I 22 me i 12l 220y 1)
hence does not depend on A. The result follows. O

(5.13)

f foFieFdAl<I|flh sup
G/HxYxY K'eJe(F WP, P D)

5.6. Examples and applications. Assume that we have an ergodic G-action
& = (Sglgec on (Y, €,v). If H c G is cocompact then, by [Zim78], the in-
duced G-action from the subaction (Sy,) e g is isomorphic to & x 7 (by an iso-
morphism being the identity on the 7-coordinates).

It follows now from Proposition G that:'®

Corollary 5.8. If ¥ = (Sg)geg is as above and the subaction (Sy) he p has the AOP
property, then the G-action ¥ xT = (S¢g x Tg)geg on (Y x G/ H,v® mg, ) has the
relative (with respect to t) AOP property.

Example 5.1. If we consider Z c R, then a natural choice of the selector s:
R/Z — R satisfying (5.2), (5.8) and (5.9) is to set s(r) := {r} being the fractional
part of r e R. Then

o, {irh)=-{t+{r}+t+{rt=t+{rtl e 2.
Assume now that S is an ergodic automorphism of (¥, €,v). It follows that the
induced R-action S is given by
Sy drd) = Sy, 41,
hence, it is the standard suspension construction over S.
Example 5.2. Consider nZ < Z. Then s: Z/nZ — Z is given by s(k + nZ) =
k mod n. Then, by writing m+ k = tn+r with 0 < r < n, we have
O(m,kmodn)=-(m+(kmodn)+m+(kmodn)=-r+m+k=tnen”z.

If we are now given an ergodic nZ-action'* we can induce. Instead of doing
this directly, first write the obvious automorphism n¢ = ¢ between nZ and Z
and then rewrite the cocycle 8, which now becomes
0(m,x) = {H—mJ .
n
Since this is a Z-cocycle, it is entirely determined by the function 8 = (1, )
given by: 8(x) =0if x =0,...,n—-2 and 8(rn—-1) = 1. If now S is an ergodic
automorphism of (Y,%,v) then its (n-discrete) induced is given by S acting

13This should be compared with Remark 5.3 (iv).
MThis is of course a Z-action.
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on Y x{0,1,...,n -1} by the formula: Sy, )=, j+1)if j=0...,n-2, and
S(y,n—1) =(Sy,0). Hence, we obtain the classical n-discrete suspension.

Proof of Corollary H. The k-discrete suspension T of T is a uniquely ergodic
homeomorphism of the space X x {0,1,...,k—1}. Define F(z,i) = 0if i # j
and z€ X, and F(z,j) = f(z). Then F L [%2({0,1,...,k—1}). Now, by the rela-
tive AOP property, we have

L Y F(T"(x,0)u(n) — 0.
anN

It is however not hard to see that by the definition of F,

1 ~n B i n
5 L FT"wum=—= 3  fT"oumn

n<N n<N,n=j mod k
and the result follows. O

Lemma 5.9. Let T be a uniquely ergodic homeomorphism of X, with the unique
invariant measure y. Assume that (X,u, T) has the AOP property. Assume ad-
ditionally that there exists a set € < C(X)n L%(X , ) whose linear span is dense
in Lg(X, W) such that for all f € € and all w € C with |w| =1 there exists a home-
omorphism S: X — X such that f(T"(Sx)) =wf(T"x) foreveryxe X andneZ.

Let T : X — X be a discrete suspension of T. Then for every F € C(X) and every
%€ X we have

1 1

Y = Y  FI"dupm|—o0

MMsm<2M Hmsn<m+H
when H — oo and HI M — 0.

(5.14)

Proof. Suppose that T the k-discrete suspension of T. Let us consider the sub-
space H:= L*>(X) e L*({0,..., k- 1}). By Proposition G, the subspace H satisfies
the AOP property.

For every f € ¢ and 0 < j < k denote by f;: X — C the continues function
which vanishes on all level sets except X x {j}, where is given by fj (x,j) = f(x).
Functions of such form establish a linearly dense subset of H.

Suppose that S: X — X is a homeomorphism such that f(T"(Sx)) = wf(T"x)
for every x € X and n € Z. Then for the homeomorphism S: X — X given
by S(x, 1) = (Sx,1) we have fj(T"(gk)) = wfj(T"@ for every X € X and n € Z.
Now the arguments used in the proof of Theorem 2.2 applied to the family of
functions { fj} show that (5.14) holds for every continuous function F € H. If
F € L2({0,...,k — 1}) then the sequence (F(T"%)) is periodic and (5.14) follows
from Remark 2.3. It follows that (5.14) holds for every F € C (X). O

Lemma 5.10. Let T : X — X be a homomorphism coming from Lemma 5.9.
Then for everyk=1,0< j<k, Fe C(X) and X € X we have

(5.15) ! Y € Y F(I"plkn+j)|—0

MMsm<2M Hm5n<m+H
when H — oo and HIM — 0.

Proof._Following the proof of Corollary H we consider the k-discrete suspen-

sion T of T. By Proposition 2.4 in [Zim78], T is also a discrete suspension of
T.
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lior every F € C(X) define ﬁ('z;, j)=F() and F(zZ,1) =0 for [ # j. Since Fe
C(X), by Lemma 5.9 applied to T as a discrete suspension of T, we have

1 1 ~ =
— — ) F(T"x0)pm|—o0.
kM kM=m<2kM kH msn<m+kH
Moreover,
1 Y L Y. F(I®pkn+ )
MMsm<2M Hm5n<m+H
1 1 ~ =
=k*— — > F(T"(X,0))u(n)
kKM i yi<im<aint| KH kmsn<Emekn
1 1 ~ =
<k*— — Y F(T"&0)pm|—0o,
kM kM=m<2kM kH msn<m+kH
which completes the proof. (]

Proof of Corollary 1. First observe the it suffices to focus only on basic nilse-
quences, since all considered sequences are or are appropriately approximated
by basic nil-sequences. Moreover, every nilsequence is of the form (F (T "%)),
where T is a homeomorphism satisfying the assumption of Lemma 5.9 and
Fe C(X). Indeed, T is an ergodic affine unipotent diffeomorphism on a com-
pact connected nilmanifold. Therefore, by Lemma 5.9, the sequence (F (T ”5@)
meets (1.7). O

All examples of AOP actions that appeared so far in the paper have either
purely discrete or, they have mixed spectrum: discrete and Lebesgue. We will
now give examples of AOP flows that have mixed spectrum: discrete and con-
tinuous singular, making use of recent results from [KL16].

Below, we use Remark 5.2 and (5.6).

Lemma 5.11. Let T be an ergodic automorphism of probability a standard Borel
space (X,%B,u) and ¢ : X — K a cocycle with values in an abelian Icsc group.
Then the formula

P(t,(x, ) := LD (x)

defines a cocycle for the R-action of the suspension T of T.
Proof. First notice that

Ti(x,s) = (T x, (£ + s},
whence Ttlﬂz (x,8) = th(Ttl (x,s)) implies
(5.16) b+t +sl=1t+sl+ 6+ +s}H.
Now, we have

~ (5.16)
P(t1+ 1, (x,5) = (p([l‘1+l‘2+SJ)(x) = (p(lt1+SJ+[l‘2+{l‘1+S}J)(x)

— (p([l‘1+SJ)(x) + (p([l‘2+{l‘1+3}J)(Tll‘1+SJ x)

= @(t1,(x,9) + Py, Ty, (x, 5)).
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Assume now that K =R, so ¢ : X — R. We will now consider a special class of
extensions of 7. Namely, let # = (S;) be an ergodic flow on a probability stan-
dard Borel space (Y,%,v). Then consider the (probability) space (X x Y, ®
€, L ®v) on which we consider the (measure-preserving) automorphism:

Ty, (x, ) :=(TX,Sp) (¥).

Note that if .# is a continuous flow acting on Y compact and if ¢ is continuous
then T, » is a homeomorphism of X x Y. Our special interest in this class of
actions come from the following result.

Theorem 5.12 ([KL16]). For each ¢ : T — R of class C?, ¢ different from a tri-
gopolynomial, there is a irrational that if Tx = x+ a and & is an arbitrary
uniquely ergodic flow then Ty & has the AOP property. If ¢(x) = x — % then for
each a with bounded partial quotients and each uniquely ergodic ¥ which has
no non-trivial rational eigenvalues, T, & has the AOP property.

It follows now from Theorem G that the suspension of the T, & with the AOP
property will also enjoy the same property (for flows and relatively). We will
now try to say a little bit more on the structure of these suspensions (including

a relationship with nilflows, see Proposition 5.15).

Lemma 5.13. We have (up to natural isomorphism) Zlf};} = T@y.

Proof. We have
(Tp), (30,9 = ((Tp0) "™ 0, 11+ 1)

TS %, S puevsn o (0, {2 + 1)

TS x, {1+ 1, S e o ) = (Te(%, ), e, (x,9) (1)

T5.9),(x,5), ).

(
=
=
=(T

O

By its definition, each suspension flow has the linear flow £: L;x = x+ ¢
on T, as its factor, '° so if we think about good ergodic properties of the sus-
pension, it should be considered relatively to this factor £. For example, if T
is weakly mixing then T is relatively weakly mixing over Z. Indeed,

(TxgT),(x1,x2,8) = (T, TH 2y, {5+ 1)
= ((T x )" ey, x0), 4+ 81),

so the relative product is just the suspension over T x T. Similar calculation
can be done if we want to compute some relative properties of Tj, & over T.
Indeed, for the relative product we have:

(Tp,#) %7 (T ) (X, 1), (X, ¥2), 5)
= ((Tp )" (x, y1), (T, ) (2, y2), {5 + 1))

= ((Tp.o %1 Tp)" "™ (31, 30), 15 + 1),

so again the relative product of the suspension is the suspension of the relative
product. Now, the examples of T, & in Theorem 5.12 are relatively weakly mix-
ing over T whenever .# is weakly mixing. It follows that, we have the following.

15The factor map is given by (x,s) — s.
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Corollary 5.14. Assume that T and ¢ are as in Theorem 5.12. Assume that &% is
weakly mixing. Then Ty, & have the relative AOP property and they are relatively
weakly mixing extensions of T. '°

The situation changes if on the fibers, instead of .¥ weakly mixing, we put
a distal flow. For example, if we apply the above to ¢(x) = x — % and S;=x+1¢,
we obtain a nilflow (the Heisenberg case), but because of restrictions on .%
(which in this case has rational eigenvalues), we cannot apply [KL16] directly.
Consider S;x = x + ¢ with f irrational. Here we obtain that T, & has the AOP
property. The natural question arises whether in case of § irrational, we also
obtain a nilflow. The answer is negative as the following result shows.

Proposition 5.15. Ifp(x) = x— % and Sgﬁ) (x):=x+tP with B¢ Q then f,:; has
singular spectrum.

Proof. We have T@ S = Tﬁfp, «n. Then

Tﬁ(ﬁ,y“) = T[)’({J,y“) .
We have to now argue that the maximal spectral type of Tg, oo is singular.
In view of [LP12], to compute the maximal spectral type of T, B, 71, We need
to calculate the maximal spectral types of weighted unitary operators given by
the multiples r B¢, r € R, and then integrate this against the maximal spectral
type of 1. The latter is simply a purely atomic measure whose atoms are
in Z. This means that we are interested only in the weighted operators given
by mfB¢ and they are all with singular spectrum by [[LM99]. (]

APPENDIX
APPENDIX A. COCYCLES AND GROUP EXTENSIONS

Assume that T is an ergodic automorphism of a probability standard Borel
space (X,%, ). Let K be a compact (metric) abelian group. Each Borel func-
tion ¢ : X — K is called a cocycle. Actually, ¢ determines ¢'’(-):Z x X — K:

PX)+Q(TX)+...+(T"'x) if n=1
(A.1) ™ (x) = 0 if n=0
—(@(T"x)+...+@(T7'x) if n<o0,
satisfying the cocycle identity ¢ (x) = ™ (x) + " (T™x) for all m,n e Z
and p-a.e. x € X. Having T and ¢, we can define the corresponding group
extension T, of T by setting:

Ty: XxK— XxK, Ty(x,k)=(Tx,p(x)+k).

Clearly T, is an automorphism of (X x K, 8 ® %(K), u® Ag), where Ag stands
for Haar measure on K. Then T, is ergodic if and only if the only measurable
solutions ¢ : X — S! of the equations

yop=£EoT/E, yeK
(i.e. Yo is a coboundary) exist when ¢ is a constant function and y = 1 [Anz51].

Let 0 : X x K — X x K be defined by o (x, k') = (x, k' + k). Then o (k € K)
is an automorphism of (X x K, ® %(K),u® Akx) and o is an element of the

16Note that this is completely different case than nilflows which are distal extensions of of
linear flows.
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centralizer C(T,). Then, by a slight abuse of notation, we have K < C(T,,) and K
is a compact (abelian) subgroup in the weak topology. The reciprocal is also
true.

Proposition A.1 (e.g. [dJR87]). Assume that T is an ergodic automorphism of a
probability standard Borel space (Y,%,ﬁ). Assume that K < C(T) is a compact
abelian subgroup (we assume that K acts freely on X) of the centalizer. Let

o ={AcRB: kZ:Zforeach ke K}.
Then </ is an T-invariant o -algebra and
K={ReC(T): m:ZforeachZEE}.
IfT= TIQ is the factor automorphism acting on the factor space
(X, B, ) = X1, o, Til=)
then there is a cocycle ¢ : X — K such that T is isomorphic to T, » (with an iso-
morphism being the identity on <f ).

Remark A.2. We recall how to define ¢. Let 7: X — X be the factor map. Then
the fibers 771 (x) are copies of K. Let ¢ : X — X be a measurable selector (for 7).
Then for each X € 771 (x) there is a unique kx € K such that kzx = {(x). Note
that then

kz(TX) = T (kz%) = TE(x),
whence if we define ¢(x) € K as the only element of K such that ¢(x) (Tf (x) =

¢(Tx) then the map X — ((x), kx) establishes an isomorphism between T and
T,.

APPENDIX B. INVARIANT MEASURES FOR GROUP EXTENSIONS

If T, is ergodic, then u® Ak is the only T,-invariant probability measure x
whose projection (rx), (k) is ¢ [Fur67]. This result has a refinement as follows
(see, e.g. [KN74], [LM90]). If ¢ : X — K is not ergodic then there is a (unique)
closed subgroup K’ c K, a cocycle ¢’ : X — K’ and a Borel map j: X — K such
that

(B.1) T, is ergodic as an automorphism of (X xK',B®BK),ue /lKr)
and
(B.2) Px)=¢' (x)+ j(Tx)— j(x)

for a measurable j: X — K (i.e. ¢ is cohomologous to a cocycle ¢’ which is
taking values in a smaller closed subgroup K’ and T,y is ergodic). The group K’
is called the group of essential values of ¢ and is denoted by E(¢). Moreover,

(B.3) E(¢) = E(¢) = A@)*,
where

A(p):={y€K: yoy is a coboundary}.
In particular,

(B.4) T, is ergodic if and only if E(¢) = K.
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We intend to describe the set .4 (X x K, T,y; p) of all T,,-invariant probability
measures ¥ on X x K that (wx), (x) = p. It is again a simplex (with its natu-
ral affine structure). The set of extremal points is equal to .#°(X x K, Typ; ) of
ergodic members of ./ (X x K, Ty; ). We have the following.

Proposition B.1 ([LM90]). If x € #°(X x K, Ty; ) then (o). (k) € M (X x
K, Ty; 1) for each k € K. Moreover, if k,x' € #°(X x K, Tjp; i) then (O'ko)* x)=«'
for some ky € K.

It follows from Proposition B.1 that to describe all ergodic members
of 4 (X x K, Ty; ), we need to describe just one. Let x € ME(X xK, Typ; ). Set

stab(x) :={k€ K : (o). (x) =x}.
Lemma B.2 ([LM90]). For eachk € #°(X x K, Ty; 1), we have stab(x) = E(¢).
By (B.1),
(B.5) M(X X E(P), Ty 1) = ME(X x E(@), Tyr; i) = {pt ® Ag(g)}-
Moreover, by (B.2), the map ©: X x E(p) — X x K given by
O(x, k") = (x, k' + j(x))

is equivariant, i.e. @ o Tyy = T;, 0 ©. It follows that x := O, (u® Ag)) € ME(X x
K, Ty; ). Finally, notice that if j : X — K satisfies (B.2) then, for each k € K, also
Jx(x) := j(x) + k satisfies (B.2) (moreover, each Borel j : X — K satisfying (B.2)
is of the form ji). Taking into account this and Proposition B.1, we obtain the
following.

Proposition B.3 ([LM90]). Ifx € #°(X x K, Ty; 1) then there exists a Borel j :
X — K satisfying (B.2) for which

K= fX (Uj(x))* (6x ®AE(¢)) d/.t(X)

If we take f € L2(X ,%, 1) and a character y € K then, once y is non-trivial,
the tensor f ® y has the zero mean for yu ® Ax. We will now show that the zero
mean phenomenon holds for many characters and ergodic members of .4 (X x
K, Ty 1.

¢

Corollary B.4. Assume that f € L*(X,%B,1). If x € A(p) then [y, f®xdxk =0
foreachx e #°%(X x K, Ty ).

Proof. By (B.3), y ¢ A(¢p) if and only if y ¢ E(¢)* and the latter is equivalent to
saying that y|g(y) # 1. By Proposition B.3,

(B.6) K =fX(aj(x))* (6 ® App) dp(x).

But if y|g(y) # 1 then [y x dAg() =0 and the same integral vanishes if we inte-
grate against an arbitrary shift of Ag(,). The result now follows from (B.6). [

Assume now that S is an ergodic automorphism of a probability standard
Borel space (Y,%,v) and let v : Y — L be a cocycle, where L is a compact (met-
ric) abelian group. Assume that T, and Sy are ergodic and let p € ]e(T(p,Sw).
Denote p = plxxy. Then p € J¢(T,S). We also have

pe (X xY)x (K x L), (T % S)yxyip),
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where p xy: (X x Y,p) = K x L:
(pxw)(x,y) =(px),¥() for p—a.e. (x,y) e X x Y.
In other words,
(B.7) Jé(Ty, Sy) € M (X x Y) x (K x L), (T X 8)pxyy; p)-
We can now take up a more general problem and study the form of
peM((XxY)x (KxL),(TxS)pxy; p)

(with p = plxxy). This problem is equivalent to investigating the invariant
measures for the group extensions (T x S, p)yxy With p € J (T, S). By denoting
Ey (@ x y) the corresponding group of essential values, the problem is reduced
to study the form of such groups.

Lemma B.5. If p € J¢(T,S) and the cocycles ¢ and v considered over (T x S, p)
are ergodic then g (Ep(@pxy)) =K and ny(Ey (g xy)) = L.

Proof. Itis not hard to see that E(go (¢ xy)) = mg (Ep (¢ xy)) and since 7 go (¢ x
W) = ¢ is ergodic over (T x S, p) by assumption, the result follows from (B.4). [

Remark B.6. Although the problem of describing all elements of the set {E, (¢ x
) : p € J¢(T,S)} looks as a problem more general than the problem of descrip-
tion of the members of Jé(T, © Sy), in fact, quite often they are the same. We
will see the equality of the two sets in (B.7) when we study nil-cocycles in forth-
coming sections.

APPENDIX C. A CRITERION TO LIFT AOP TO A GROUP EXTENSION

Assume again that T is a totally ergodic automorphism of a probability stan-
dard Borel space (X,%,u). Let K be a compact (metric) abelian group and
let ¢ : X — K be a cocycle. We assume also that T, is also totally ergodic. 7 we
want to study the AOP property for T, (assuming that T enjoys it). To study this
property, we will have to consider the set J¢((T,,)", (T,,)®) for r, s coprime. Note
that (Ty)" = (T")yn, so we are in the framework of the previous subsection in
which T, ¢, S,y are T", ¢, T* and ¢, respectively.

Assume that K = T% and identify characters of K with Z%: given m € 7%, we
set y7;(x) = e2mimX) Given k =1 and 1, s coprime, let

Aprsi={mmez?=xz%: s*m=rkn} cRx K.

Proposition C.1. Let T be a totally ergodic automorphism of a probability stan-
dard Borel space (X,%,1). Let ¢ : X — T% be a cocycle so that T, is totally er-
godic. Assume that for some k = 1 and for all r, s coprime, we have

(C.1) A xgpo,p) € Ak,r,s for each p € J°(T", T*).

)
If T enjoys the AOP property, so does T.

17This means that Ty has no root of unity in its spectrum. This is equivalent to saying that

for no n =2, no character y € K, we can solve the functional equation yo¢ = e27/"¢o T/¢ for a
measurable ¢ : X — s! [Anz51].
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Proof. Fix f,ge I2(X, %, W) and mg, ny € 74 such that at least one is no-zero. It
is enough to show that for all r, s coprime and sufficiently large, we have

(C.2) ff@’mo ® g ® y7,dp =0 for each p € J¢(T,)", (Ty)*),

cf. Remark 2.1. By (B.7), it is sufficient that (C.2) holds for each p € .# e((X x
X) x (T4 x T4, (T" x Ts)wmx(pm;p). By Corollary B.4, we only need to show
that for all r,s coprime and sufficiently large, (19,70) € Ay« po for all p €
Jé(T", T®). Hence, by assumption, it is sufficient to show that (1, 7¢) ¢ Ak, r.s
for all r,s coprime and sufficiently large. This is however clear, if (my,ng) €
Ay rs then sk, = r¥m,, whence the coordinates of 777, must be multiples of rk
and the coordinates of 7y must be multiples of s* and this can hold only for
finitely many r, s. The result follows. U

Since (r,5) = 1, we have Ay s = {((r*j,s*)): j € Z%. Then, it follows that
Ai‘“ ={&ye T4xT%: rkx+ Sk? =0}.
Using Proposition C.1, Lemma B.2 and (B.3), we obtain the following.

Corollary C.2. Let T be a totally ergodic automorphism of a probability stan-
dard Borel space (X,%,1). Let ¢ : X — T% be a cocycle so that T, is totally er-
godic. Assume that for some k = 1 and for all r, s coprime, we have

(C.3) stab() > A:

k,r,s

for some p € M°((X x X) x (T4 x T4, (TT x Ts)(pmx(pm;p) and for every p €
J6(T", T%). If T enjoys the AOP property, so does T,.

APPENDIX D. SOME LEMMATA ON NILPOTENT LIE ALGEBRAS
In the sequel g is a k-step nilpotent Lie algebra and
_ .M 2 (k)
g=g =29 "2--2¢

its descending central series. By Lemma 1.1.1 in [CG90],

[gm,g(j)] cg(i+j) foralli,j=1.

Lemma D.1. Aser S={X,...,Xjlcgisa minimal set of generators for a nilpo-
tent Lie algebra g if and only if S(g, gl is a basis of the vector space g/[g, g].

Proof. The proof is by induction on k. The statement is true for g abelian
(k =1). Suppose the statement true for all nilpotent Lie algebras of class of
nilpotency ¢ < k and assume g nilpotent of class of nilpotency k + 1.

Let S c g be a set such that S[g,g] is a basis of the vector space g/[g, gl.
Then g = (S) + [g,g], where (S) denotes the linear span of S. It follows that
g®+D =g, = [(S), g®)] as [[g, 9], g©'] < g**+? = 0. Furthermore, the set

Sg® ) [(@rg®* Dy, @/g® )]l = Slg, gl

is a basis of the vector space (g/g**1)/[(g/g**), (g/g**)] = g/lg,g]. Since
g/g%*D is nilpotent of class of nilpotency k, the induction hypothesis applies
to the Lie algebra g/g**V and its subset Sg**V, so Sg'**V is a minimal set
of generators of g/g**D. Thus the Lie subalgebra gs generated by S projects
onto g/g**V under the quotient mapping g — g/g**V. Thus it suffices to show
that S generates a set spanning g'**!. Let T c gg be a finite set projecting to a
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spanning set of g®/g**D_ Then g® = (T) + g+, By definition [(S), (T)]  gs.
It follows that

g = 1(9), g% = (T + g P < (48, (D] + 652 = [48), (1)  gs.

Finally observe that S is minimal, since any proper subset of S does not
project to a basis of g/[g,gl, i.e. does not generate g/[g,g]. A fortiori it does
not generate g.

Assume S is a minimal set of generators of g. Then S projects to a generating
set of g/[g, g], that is a finite spanning set for the vector space g/[g,g]. Let S S
be a subset projecting to a basis of g/[g, gl. By the above S; generates g. By the
minimality of S we have S = S, concluding the proof. O

Let S = {Xj,..., X} be a minimal generating set for the k-step nilpotent Lie
algebra g. For every (iy,..., i) € {1,..., j}¥ define the Lie k-fold product

Sivinyeni = [ Xipy [Xiyy ooy [ Xy, X 12
and let Vi.(S) c g(k) be the linear span of the set of k-fold products.

Lemma D.2. Let g be a k-step nilpotent Lie algebra and S a minimal generating
set for g. Then g© = Vi.(S).

Proof. The proof is by induction on k. When g is abelian the statement is obvi-
ous. Suppose that the Lemma is true for all nilpotent Lie algebras of class ¢ < k
and let g be of class k and S be a minimal generating set for g. By the previ-
ous Lemma, the projection S = {Xj,...,X;} of S into a/g® is a set of genera-
tors for g/ g(k). Then, by the induction hypothesis, the set of (k —1)-fold prod-
ucts of the elements S span g~ /g®) . It follows that g*~1 = g® + vi._,(S).
Since Vi_;(S) < g*~ V), this gives

a® =1g,g% D1 =(S) + 9@, g0 + Vi_1(8)] = (S), Vi_1(S)]

The proof is concluded by the observations that [(S), Vi_1(S)] < Vi(S) and that,
as g is of class k, the opposite inclusion is true by definition of g®. U

Lemma D.3. LetS={Xy,...,X;} and S = {X{,...,X]’.} be subsets of a nilpotent k-
step Lie algebra g such that X; = X; mod [g,g] for alli=1,...,j. Then for ev-
ery(iy,...,ix) € {1,...,j}k we have

S =S

1,12y 1,02,k

Proof. Again the proofis by induction on the class of nilpotency. The statement
being trivially true in the abelian case, we assume that the Lemma is true for
all nilpotent Lie algebras of class ¢ < k. Let g be of class k. Let X! = X; +Y;
with Y; € [g,g], for all i = 1,...,j. By the induction hypothesis, applied to the

algebra g/g'® for all (iy, ..., i) € {1,..., j}*"1 , the elements S;, _;, and S i

.....

Sl

—_— U ! —_— . . . . . .
ilri2y~~~rik - [Xil’Siz,...,ik] - [Xll + Yll)Slz,...,lk + alg,...,lk]

=X, Sy, ic) = Sivyi,nin

concluding the proof. 0
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