Zadanie

Uzasadnié, ze jedli G jest grupa, to odwzorowanie
Gogr— g71 € G,

Jjest homomorfizmem wtedy i tylko wtedy, gdy grupa G jest abelowa.

Rozwazane odwzorowanie jest homomorfizmem wtedy i tylko wtedy, gdy
(ab)t=a"tpl.
dla dowolnych a, b € G.
W szczegdlnosci, gdy zachodzi powyzsza réwnos¢, to stosujac powyzsza réwnosé dla a = g’1 i
b= h"1 mamy
gh=(g ) () "= )7,
dla dowolnych g, h € G.
Wiemy tez, ze
(ab)t=b"tat
dla dowolnych a, b € G.
Zatem, kontynuujac, otrzymujemy

—1,—1y—1 —1y—1, —1y—1
gh=(g h ) " =(h") (g7) =he,
a wiec grupa jest abelowa.
Z drugiej strony, gdy grupa jest abelowa, to b ta~t=a"1lpt, wiec
(ab)71 =pblat=a"tp1,
a wiec rozwazane odwzorowanie jest homorfizmem na mocy uwagi z poczatku rozwigzania.
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Hom(Za, Q)

Q=1{ld,—d,I,—1,J,—J, K, —K}.
P=P=K’=-d, U=K, JK=1I, Kl=J J=-K, Ki=—I IK=—J.

Mamy
ord(ld) = 1, ord(— Id) = 2, ord(/) = 4, ord(—1) = 4,

ord(J) = 4, ord(—J) = 4, ord(K) = 4, ord(—K) = 4.
Zatem

| Hom(Z4, Q)| = 8 | Mono(Zs, Q)| = 6.

lof 1 ]| 2]:
©id Id Id Id Id
Y—1d Id —Id Id —1Id
mono Pi Id I —Id —1
mono  ¥—1 Id —1 —Id |
mono 3] Id K —Id —J
mono  ¢_j Id -K —Id J
mono ok || Id J —d | -K
mono  ¢_g Id —J —1Id K
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End(Z4) i Aut(Zs)

Z4 = {0,1,2,3}.

Mamy
ord(0) = 1, ord(1) = 4, ord(2) = 2, ord(3) = 4.
Zatem
| End(Zs)| = 4 i | Aut(Zs)| = 2.
Mamy
[ofs]2]:

auto  ¥1 0 1 2 3

auto 3 0 3 2 1

Gdy stosujemy notacje addytywna, to ¢p(k) = kh.
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End(Ze) i Aut(Ze)

7o = {0,1,2,3,4,5}.

Mamy
ord(0) =1, ord(1) = 6, ord(2) = 3, ord(3) = 2, ord(4) = 3, ord(5) = 6.
Zatem
|End(Zg)| =6 i |Aut(Ze) = 2.
Mamy

auto #1 0 1 2 3 4 5
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Hom(Za4, Ze)

Zo = {0,1,2,3,4,5}.

Mamy
ord(0) = 1, 0rd(1) = 6, 0rd(2) = 3, 0rd(3) = 2,0rd(4) = 3,0rd(5) = 6.

Zatem
| Hom(Za, Zg)| = 2 i | Mono(Zs, Zg)| = 0.
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Hom(Ze, Z4)

Zg = {0,1,2,3}.
Mamy
ord(0) = 1, ord(1) = 4, ord(2) = 2, 0rd(3) = 4.
Zatem
| Hom(Zs, Z4)| = 2 i | Mono(Ze, Z4)| = 0.
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End(Zy & Zs), Aut(Zy & Zs) |

Zo @ Zr = {(0,0),(0,1),(1,0),(1,1)}.

ord(0,0) =1, ord(0,1) = 2, ord(1,0) = 2, ord(1,1) = 2.

Zatem
| Hom(Z2, Zs @ Z»)| = 4 i | Mono(Za, Zy @ Z»)| = 3.
Mamy
Lot
wo,0 || (0,0) | (0,0)
mono  ¥0,1 (0’ 0) (07 1)
mono 1,0 (0,0) | (1,0)
mono w11 || (0,0) | (1,1)
Zatem

|End(Zz @ZQ)' = ‘HOm(Zz D Zo, 7 @Zz)‘ =4.4=16

IAut(Zz @Zz)l = IMOHO(ZQ D Zo, 7L @Zz)‘ =3.-3-3=6.
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End(Zy & Zs), Aut(Zy & Z) 1l

(#0,0> ©0,0) (0,0) (0,0) | (0,0) | (0,0)

(0,05 %0,1) 0,0) | (0,1) | (0,0) | (0,1)

(#0,0> 1,0) 0,00 | (1,0) [ (0,0) | (1,0)

(0,00 ¥1,1) (0,0) L1y | (0,0 | 1,1)

(0,1 %0,0) (0,00 | (0,00 | (0,1) | (0,1)

| o | » (v0,1.%01) || ©0 | ©1 | 1) | ©.0

%0,0 (0,0) (0,0) auto (0,15 ¥1,0) (0,0) (1,0 0,1) 1,1

mone w01 || (0,0 | (1) ae (2015 011) || 00 | @ | 01 | 1o
mono  ©1,0 (0,0) (1,0) (1,05 %0,0) (0,0) (0,00 | (1,00 | (1,0)
mono @11 (0,0) (1, 1) auto (¥1,05 %0,1) (0,0) 0,1 | 1,o | (1,1
(#1,0> 1,0) 0,0) | (1,0 | (1,0) | (0,0)

auto  (¢1,05 %1,1) (0,00 | (1,1) [ (1,0 | (0,1)

(1,15 %0,0) (0,0 | (0,00 [ (1,1 | (1,1)

auto (¢1.1, ©0,1) (0,0 | (0,1 | (1,1) | (1,0

AU (01,1, #1,0) (0,0) (1,0 | (1,1) | (0,1)

(#1,15 %1,1) (0,0) 11 (1, 1) (0,0)
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| End(Zo @ Z4)|, Aut(Zy @ Z4) |

Ly @ 7Ly = {(07 0)7 (07 1)7 (Ov 2)7 (0 3)7 (17 0)7 (17 1)7 (1, 2)7 (11 3)}
ord(0,0) = 1, ord(0, 1) = 4, ord(0, 2) = 2, ord(0, 3) = 4,

ord(1,0) = 2, ord(1,1) = 4, 0rd(1,2) = 2, ord(1,3) = 4.

Zatem
‘ Hom(Zg, Zy & Z4)| =4 i | MOI’]O(ZQ, Zo & Z4)| =3
oraz
‘ Hom(Z4, Zz (&) Z4)| =8 i ‘ Mono(Z4, Zz D Z4)| = 4,
wiec
|End(Zy @ Z4)| = |Hom(Zo @ Z4,Zo ® Za)| = 4 - 8 = 32.
Mamy
| o | 1] 2[5
[
Po,1 (0,0) (0,1) 0,2) (0,3)
0,2 (0,0) (0,2)
0,3 (0,0) | (0,3) | (0,2) | (0,1)
¥1,0 (O»O) (170)
P11 (0,0) | (1,1) | (0,2) | (1,3)
¥1,2 (070) (17 2)
P1,3 (0,0) | (1,3) | (0,2) | (1,1)
Zatem

IAUt(Z2 @Z4)| = IMOHO(ZQ D Za, 7L @24)‘ =3-4—-4=28.
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| End(Zo @ Z4)|, Aut(Zp & Z4) |l

0,1 (0,00 | (0,1) | (0,2) | (0,3)
%0,2 (0,0) (0,2)

0,3 (0,00 | (0,3) | (0,2) | (0,1)
#1,0 (0,0) (1,0)

¥1,1 (0,00 | 1,1 | (0,2 | (1,3)
1,2 0,0 | (1,2

¥1,3 (0,0) (1,3 | (0,2 | (1,1)

| eo oy |0y | ey ]| ao|ay]| e wy

(1,0, %0,1) (0,00 | (0,1) | (0,2) (0,3) | 1,0 | (1,1) (1,2) | (1,3)

(1,0, %0,3) (0,00 | (0,3) | (0,2) | (0,1) | (1,0) | (1,3) | (1,2) | (1, 1)

(1,00 ¥1,1) (0,0) 1,1 (0,2) (1,3) (1,0 (0,1) (1,2) (0,3)

(1,0, ¥1,3) (0,00 | (1,3) | (0,2 (1,1 | @0 | (0,3 (1,2) | (0,1)

(1,2, %0,1) (0,00 | (0,1) | (0,2) (0,3 | 1,2 | (1,3 (1,0 | (1,1)

(1,2, %0,3) (0,0 | (0,3) | (0,2) | (0,1) | (1,2) | (1,1) | (1,0) | (1,3)

(v1,2,%1,1) (0,00 | (1,1 | (0,2) 1,3) | 1,2 | (0,3 (1,00 | (0,1)

(1,05 %1,3) (0,0 | (1,3) | (0,2) (1,1 | 12 | (1) (1,0 | (0,3)
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| End(Z3 @ Z3)|, | Aut(Z3 & Z3)|

Zs & Zs = {(0,0), (0,1), (0, 2), (1,0), (1, 1), (1, 2), (2,0), (2, 1), (2, 2)}

ord(0,0) =1, ord(x,y) =3, (x,y) # (0,0).
Zatem

| Hom(Z3, Z3 & Z3)| = 9 i | Mono(Zs3, Z3 & Z3)| = 8,
e | End(Z3 @ Z3)| = |Hom(Z3 @ Z3,Z3 ® Z3)] =9 -9 = 81.
Mamy
Lo | =] 2

po1 || (0,0) | (0,1) | (0,2)

wo2 || (0,0) | (0,2) | (0,1)

¢10 || (0,0) | (1,0) | (2,0)

pr1 || (0,0 | (L1 | (22

pr2 || (0,0) | (1,2) | (1)

©2,0 (0,0) | (2,0) | (1,0)

@21 || (0,0 | (2,1) | (1,2)

@22 || (0,0) | (2,2) | (1,1)
Zatem

|Aut(Z2 @Z;;)l = IMOHO(ZQ D Za, 7Ly @Z4)‘ =8-8—-8-2=148.
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Dy = {Id, Oggo , O1g00 , Oa700 s Sk, Sty Sms Sn}-

ord(ld) = 1, ord(Oggo ) = 4, ord(O;gg0) = 2, ord(Oy7g0 ) = 4, ord(Sy) = 2, ord(S)) = 2, ord(Sm) = 2, ord(Sp) = 2.
Mamy Dy = N x K, gdzie

N = (Oggo) = {ld, Oggo , O1g90 , Oa790 } i K = (Sk) = {Id, Sk}
Wiadomo, ze N >~ Z4 i K >~ Z». Zatem
| Mono(N, Ds)| =2 i | Mono(K, D4)| = 5.

|| 1d=0% | Oue = O0ke

_ 02
Oig00 = Og00

_ 03
O2700 = O5p0

P Oggo Id Ogpo Oig00 Oyr00

0400 Id Oa790 O1gp0 Ogoo

| =5 | s =5t

Y0500 Id O1g00
s, Id Sk
Ps, Id S
Vs, Id Sm
¥s, Id S

Musimy sprawdzi¢ 2 - 5 — 2 = 8 par.
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[ v] s
Y01g00 ld | Oigoo
H \d ‘ Og90 ‘ 01800 ‘ G700 180

¥s, Id Sk

¥ 0gg0 'd | Oggo O1500 | O2700
vs, Id s,

©0y700 ld | Oyg0 | Opgp0 Og00
¥, Id Sm
¥s, Id Sn

(P0ggo » Y5 )

(
(#0gg0 »
(
(

(©0y790 > 5)): ¥

©0490 (Sk © Oggo © S,) = 0y6 (Oar00) = Oargo-
s, (Sk) © ©0ge0 (Og00) © s, (S, 1) = Sk © Oggo © Sk = Oprgo. v/

©0,700 (Sk © Og00 0 S 1) = 00,5 (Oz700) = Oggo -
¥5, (k) © 0,700 (Og00) © %5, (S, 71) = Sk © Oazgo © Sk = Oggo. v/

0,700 YSm): ¥

(00,700 ¥5n): ¥

Zatem
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YO, o00 Id 01800
| 4 | owo | om0 | oo 160
wsk Id Sk ,
#0ggo 'd | 9900 O1800 | Oap0
vs, || 1 s
#0y790 ld | Oyrg0 | Oigoo 0Oggo

VSm Id Sm
m K

vs, Id Sn

Mamy
Id = 1d old, Oggo = Oggo © Id, Oygg0 = Oyggo © Id, Opz00 = Opzgo © Id,
Sk =1d oSy, Sp = Oggo © Sk, Sj = O1g90 © Sk, Sm = Opzg0 © Sk
L9 | 9900 | 900 | o0 | Sk | S | Sm | 5o
(Y0400 > ¥5,) || 4 | ©900 O1g00 | Oxz0 | Sk S| Sm | Sa
(e0gg0 %s) || ™ | 9900 | O1go0 | Opr00 | Si | Sk | Sn | Sm
(L0400 * ¥5m) Id Oggo 04500 0,700 Sm | Sn s Sk
(£0g00 * ¥5p) Id | Oggo 01500 | Oa7g0 Sn | Sm | Sk s,
(0,700 %s) || ¥ | 9700 | O1g00 | Og00 | Sk | S | Sm | Sm
($0p00 - ¥s) || ' | Q200 | O1soc Oggo S | s | Sm | sa
(20,00 ¥sm) || ' | 9700 | Orgo0 Oggo Sm | Sn | Sk s
(90,700 ¥sp) || 14| Oazoe | Orgoo Ogpo So | Sm | S | Sk
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| Mono(Zy & Zy, Ds)| |

Dy = {Id, Oggo , O1g00 , Oa700 5 Sk, Sty Sms Sn}-
ord(ld) = 1, ord(Oggo ) = 4, ord(Oyg90 ) = 2, ord(Oa790 ) = 4,
ord(Sx) = 2,0rd(S;) = 2, 0rd(Spm) = 2, 0rd(S,) = 2.
Mamy Zy & Z> = N x K, gdzie
N ={(0,0),(1,0)} =((1,0)) i K={(0,0),(0,1)} =((0,1)).
Wiadomo, ze N ~ Z; i K ~ Z,. Zatem

| Mono(N, Ds)| =5 i | Mono(K, D4)| = 5.
| ©0 | a0 | ©.0 | ©1)
0100 Id O1g00 %0500 Id O1g00
s, || 1d Sk vs, || 1d Sk
s, || d s ws, || 1 s
s,y Id S bs,, Id Sm
es, || d S, ¥s, || 1d s,

Musimy sprawdzi¢ 5 - 5 — 5 = 20 par.
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| Mono(Za & Zy, Dy)| 1

H (0,0) ‘ 1,0 H (0,0) ‘ 0,1)
#0500 1d O1800 ¥0,g90 1d O1g00
s, 1d Sk s, 1d Sk |
@5, d s, s, 1d s,
@5 1d Sm b5 1d Sm ’ B h
es,, 1d Sn ¥s, 1d Sn
(Porgge 5) Porgee (0,1) + (1,0) — (0,1)) = poy.. (1,0) = Oygpe.

’l,[lsk (0, 1) o} WOIBOO (].7 0) o ’l[)sk (0, 1)) =5k o0 01300 oS = 01800' v
(SOOIBOO ) ws,)i 4
(01500 » ¥sm): v
(#0100 » ¥5n): ¥
(#8515 Y090 ): #5,(1,0) = S
0,500 (0,1) 0 95, (1,0) 0 90,0 (0,1) = Oigoo © Sk © Oygpo = Sk. v

(
(Sm> Y0590 )1 ¥
E@s" s Y0500 )!

P, ¥s,): s, (1,0) = Sk.
’(bsl(o, 1) o <p5k(1,0) o 1{15,(0, 1) =505 05 =5. Vv
(P55 Ysm): s, (1,0) = Sg.

Psm(0,1) © s, (1,0) 0 95,,(0,1) = Sm © Sk © Sm = 51 X
(s s,): X

Zatem | Mono(Zy @ Zo, Dys)| = 12.



