THE COMBINATORICS AROUND AN INFINITE
IDEMPOTENT MATRIX

BASED ON THE TALK BY DOLORS HERBERA

First we recall the following theorem.

Theorem (Prihoda). Let R be a ring and P and Q) be projective right
R-modules. Then P and Q are isomorphic if and only if P/P - J(R) ~
Q/Q - J(R), where J(R) is the Jacobson radical of R.

Let E be a countable column-finite idempotent matrix with coef-
ficients in a ring R. If P := E - RM™ then P is a projective right
R-module. Moreover, every countably generated projective right R-
module is of this form. Let

I:=) R-E(i,j)-R
i,jEN
We call the ideals of this form trace ideals. For k € N we put
I ==Y R-E(,j)

1,JEN
i<k

Since E? = F, for each k € N there exists [ > k such that [} - I} = I}.
Consequently, there exists a chain

Lhch<chcC---
of finitely generated left ideals such that

InJrl : In = In
for each n € N and
[:U%
neN

We have the following theorem.

Theorem (Whitehead). A two-sided ideal I of a ring R is a trace ideal
if and only if there exists a chain

LChLCLC
of finitely generated left ideals such that

[nJrl : [n = In
for each n € N and
I=J1.
neN
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As a consequence of the above theorem we obtain the following facts:

(1) If I and I" are trace ideals, then [ = I’ if and only if I+ J(R) =
I'+ J(R).

(2) If I is a trace ideal and R/J(R) is noetherian, then I = L - R
for a finitely generated left ideal L such that L? = L.

(3) If I is a trace ideal and M is a countably generated right pro-
jective R/I-module, then there exists a countable column-finite
matrix F such that M ~ P/P - I and

=Y ReEG) R
i,jEN
where P := E - RW,

Now assume again that E is a countable column-finite idempotent
matrix with coefficients in a ring R and P := F - R™. For k € N we
put

Ly:=Y E(i,j)-R.
i,jEN
i>k
Using again the assumption E? = E we obtain that for each k € N
there exists [ > k such that

LI, =L
Consequently, there exists a chain
LyDLiDLyD--
of right ideals such that
Lny1 - Ly = Lyt

for each n € N. Moreover, P/P - L, is finitely generated for every
n € N and for every ideal K such that P/P - K is finitely generated
there exists n € N such that K O L,. There exists unique minimal
element in the set Z(P) of ideals K of R such that P/P - K is finitely
generated if and only if the sequence

LoD Ly DLy D ---

becomes stationary.
Assume now that for every chain

Lo2 L1 2Ly 2
of right ideals such that
Ln+1 . Ln - Ln+1

for each n € N, becomes stationary. This condition is satisfied for
example for integral group rings of finite groups. For each countably
generated projective R-module P we denote by L p the minimal element
in Z(P).
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Theorem (Prihoda). Assume in addition that R is noetherian. If P
and @) are countably generated, then P and @ are isomorphic if and
only if Lp = Lg and P/P - Lp ~Q/Q - Lp.

For a ring R we denote by V(R) the set of the isomorphism classes of
a countably generated projective right R-modules. It is a commutative
monoid with an addition given by direct sums.
Now assume that R is semilocal, i.e.
R/J(R) ~M,, (D) x -+ x M, (Dy)

for some division rings D, ..., D, and positive integers nq, ..., n.

For each i € [1, k] we fix a simple M, (D;)-module V;. Then for each

projective right R-module P there exist sets I, ..., I such that
P/P-JR) ~V" @ oV

Thus we may associate to P the element (|[;],...,|l;|) the monoid
(N*)k, where N* := N U {co}. This assignment induces a monomor-
phism dim : V(R) — (N*)* of monoids. The following theorem de-
scribes the submonoids of (N*)*¥ which can be obtained as the images
of the maps of the above form.

Theorem (Herbera/Prihoda). Let ny, ..., ng be positive integers. If
M is a submonoid of (N*)* such that (ny,...,ny) € M, then there
exists a semilocal noetherian ring R such that

R/J(R) ~ M,, (D) X -+ x M,, (Dy)

for some division rings Dy, ..., Dy and dim(V(R)) = M if and only
if there exists matrices D, Ey and Eo with nonnegative integral coeffi-
cients and a vector m with nonnegative integral coefficients such that

M={re (N :E  -v=Ey -2 and D-2 € N*-m}.

As an application of the above theorem we obtain that there exists
a semilocal noetherian ring R such that

R/J(R) ~ My(Dq) x Do
for some division rings D; and Dy and
dim(V(R)) = ((2, 1), (00, 00), (0, 00), (1, 00)).
Indeed,
<(27 1)7 (007 OO)? (07 OO), (17 OO)> = {(xay) € (N*)2 cr+2-y=3- y}'
Similarly,
((2,1), (00,00),(0,00)) = {(2,y) € (N)?:2+2-y=3-yand 2 | z}.



