
RAY CATEGORIES, IV

BASED ON THE TALK BY DIETER VOSSIECK

Assumption.
Throughout the talk k is a fixed algebraically closed field.

Definition.
A locally bounded category A is called distributive if its lattice of
twosided ideals is distributive.

Remark.
A locally bounded category A is distributive if and only if the following
equivalent conditions hold:
(1) for all objects x and y of the category A the morphism space

A(x, y) is a uniserial A(y)-A(x)-bimodule,
(2) for each object x of the category A the endomorphism ring A(x)
is uniserial and for for all objects x and y of the category A the
morphism space A(x, y) is a cyclic module over the rings A(x) and
A(y).

Remark.
A locally bounded category A is not distributive if and only if the
category A has a full subcategory with a residue category of one of the
following forms:

•α 99 βee , α2, αβ, βα, β2,

• •
β

hh

α
vv

,

•α 99 •β
oo γ

ee , α2, αβγ, , γ2.

Definition (Kupisch).
For a distributive category A we denote by As the associated stem
category defined as follows. The objects of the category As coincide
with the objects of the category A. If x and y are objects of the category
A, then the morphism space As(x, y) consists of the sub-A(y)-A(x)-
bimodules of A(x, y). Finally, if x, y and z are objects of the category
A, and U and V are subbimodules of A(x, y) and A(y, z), respectively,
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then we define the composition V ◦ U by

V ◦ U := V U :=
{ ∑

i∈[1,n]

viui | n ∈ N ∧ ∀i ∈ [1, n] : vi ∈ V ∧ ui ∈ U
}

.

Example.
If A is the following category

• •αoo

σ

��
•β

oo , αβ, σ2,

then the stem category As is not a ray category.

Definition.
Let x and y be objects of a distributive category A. By a ray in A(x, y)
we mean an orbit inA(x, y) under the action of the groupA(x)××A(y)×

defined as follows:

(r, s) ∗ u := sur−1

for r ∈ A(x)×, s ∈ A(y)×, and u ∈ A(x, y).

Lemma.
Let x, y and z be objects of a distributive category A, and ~u and ~v
rays in A(x, y) and A(y, z), respectively. Then ~v~u is either a ray or a
subbimodule of A(x, z).

Definition (Bautista/Gabriel/Roiter/Salmeron).
For a distributive category A we denote by ~A the associated ray cat-
egory defined as follows. The objects of the category ~A coincide with
the objects of the category A. If x and y are objects of the category
A, then the morphism space ~A(x, y) consists of the rays in A(x, y). Fi-
nally, if x, y and z are objects of the category A, and ~u and ~v are rays in
A(x, y) and A(y, z), respectively, then we define the composition ~v ◦ ~u
by

~v ◦ ~u :=

{
~v~u if ~v~u is a ray,
0 otherwise.

Remark.
If X is a ray category, then the categories X and ~k(X) are isomorphic.

Definition.
For a ray category X and a 2-cocycle f ∈ Z2(X, k×) we define the
twisted linearization kf (X) as follows. The category kf (X) has the
same objects and morphisms as the category k(X). Moreover, if ν
and µ are composable morphisms in the category X, then we define
composition ν ◦f µ by

ν ◦f µ := f(ν, µ)νµ.
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Remark.
If X is a ray category and f is a 2-coboundary, then the categories
kf (X) and k(X) are isomorphic.

Lemma.
Let A be a distributive category such that ~A is either locally finite
or minimal representation infinite. If char k 6= 2, then there exists a
2-cocycle f such that the categories A and kf ( ~A) are isomorphic.

Proposition.
Let A be a distributive category such that ~A is either locally finite or
minimal representation infinite. If char k 6= 2, then A and kf ( ~A) are
isomorphic.

Proof.
It is enough to use the fact that the group H2( ~A, k×) is trivial in the
above situation.

Theorem.
Let A be a distributive category. Assume that char k 6= 2.
(1) The category A is locally representation finite if and only if the
category ~A is locally representation finite.

(2) The category A is minimal representation infinite if and only if
the category ~A is minimal representation infinite.

In particular, in the above situations the categories A and k( ~A) are
isomorphic.

Proof.
The crucial step of the proof is to show that the category ~A is represen-
tation finite provided the category A is representation finite. However,
it follows by induction on dim A that the category ~A can be at most
minimal representation infinite in the above situation, and the claim
follows form the previous proposition.

Remark.
The statements (1) and (2) of the above theorem are also valid if
char k = 2. Moreover, if char k = 2, then a distributive category A
is isomorphic to the linearization of its ray category, provided the cat-
egory A is minimal representation infinite.
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