MUTATION ORBITS OF TRIPLES WITH MARKOV
CONSTANT 4

BASED ON THE TALK BY ANDRE BEINEKE

NOTATION.
We define maps p1, g, 13 : R — R3 by

/,Ll(.%',y, Z) = (Z/Z - 55,3/72), MQ(xawa) = (l‘,l’Z - Y, Z)7

and

/13(137:% z) = (x,y,xy - Z)

Moreover, we denote by .# the subgroup of G(R?) generated by 1,
M2, H3-

DEFINITION.
We say that (z,y,2) € R3 is cyclic if x,y,2 > 0.

DEFINITION.
We say that (z,y,2) € R?® is mutation cyclic if the elements of .# -
(x,y, z) are cyclic.

NOTATION.
We define maps 7y, 7o, 3 : R3 — R by

m(z,y,2) =z, mo(z,y,2) ==y, m3(z,y, 2) == 2.
LEMMA.
Let (z,y,2) € R3.
(1) If min(z,y, 2z) < 2, then (x,y, z) is not mutation cyclic.
(2) If min(x,y,2z) > 2, then there exists at most one k € {1,2,3}

such that ug(z,y, 2) < (x,y, z). Moreover, if this is the case, then
mi(z,y, 2) < mp(x,y, z) for all ¢ € {1,2,3}, i # k.

DEFINITION.
We say that (z,y,2) € R? is minimal if uy(z,y,z) > (z,y,2) for all
ke {1,23).

PROPOSITION.
If (x,y, z) € R? is minimal and cyclic, then (z,y, 2) is mutation cyclic.
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DEFINITION.
For (z,vy,2) € R we define the Markov constant C(z,y, z) by
C(x,y,2) =2+ 3> + 2° — 3wyz.
LEMMA.
If (x,y,2) € R® is minimal, cyclic, and z > y > 2, then
Clr,y,2) < —(2 = 2)y* + 22 < —2° + 322
PROPOSITION.

If (r,y,2) € R® and z,y,z > 2, then the following conditions are
equivalent:

(1) (z,y,2) is mutation cyclic,
(2) Clz,y,2) <4,
(3) m(z,y) <z <mt(x, y) where

m*(w, y) -’By +/(2? —4)).

COROLLARY.
If (r,y,2) € R? is minimal, cyclic, and C(z,y,2) = 4, then up to a
permutation (z,v, z) equals (a, a,2) for some a > 2.

LEMMA.
Let (z,y,2) € R3 be mutation cyclic such that there is no triple in
M - (z,y,z) which is minimal. Then lim, oo (Zn, Yn, 2,) = (2,2,2)
for a (unique) decreasing sequence (z,, Y, 2,) such that (zo,yo, 20) =
(x,y,2) and, for each n € N, (T,41, Yni1, 2ns1) = px(z,y, z) for some

ke {1,2,3}.
DEFINITION.
We define polynomials P,, n € N, by

Py:=2  P:=X, Pui:=X-P,—P, i, ncN,.

LEMMA.
We have the following.

(1) deg P, =n for each n € N.
(2) Puoym = PPy — Py, for all n,m € N such that n > m.
(3) P = Pp(P,) for all n,m € N.

PROPOSITION.
If a € R, a > 2, then the elements of .#Z - (a,a,2) are, up to a
permutation, the triples (P,yn(a), P,(a), Py(a)) for n,m € N with

ged(n,m) = 1.

COROLLARY.
Let (z,y,2) € R be mutation cyclic with C(z,y,z) = 4. Then .#
(x,y, z) contains a minimal element if and only if P,(y) = P,(z) for

some n, m € N.
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