THE DIMENSION OF A TRIANGULATED CATEGORY
& REPRESENTATION DIMENSION OF EXTERIOR
ALGEBRAS

BASED ON THE TALKS BY ANGELA HOLTMANN

The talks were based on the paper Representation dimension of exterior
algebras by Raphaél Rouquier.

DEFINITION.
The weak representation dimension w.rep.dim ./ of an abelian cate-
gory o is the smallest [ € N, [ > 2, such that there exists M € &
such that for each L € o7 there exists a complex

c:---—-0—-06,— - —06,—0—---

such that C,,,...,C, € addM, L is a direct summand of H°(C),
HYC)=0foralld€Z,d#0,and n —m <[ —2.

REMARK.
Auslander’s lemma implies that w.rep. dim A < rep. dim A for an alge-

bra A.

REMARK.
The representation dimension is not invariant under derived equiva-
lence.

NOTATION.
For a triangulated category 7, M € 7, and | € N, we define (M),
inductively as follows: (M), := add{M|[n] | n € Z} and (M), is
the additive closure of the category generated by L € .7 such that
there exists a distinguished triangle M’ — L — M" — M'[1] with
M'" e (M), and M" € (M),.

DEFINITION.
The dimension dim .7 of a triangulated category 7 is the smallest

d € N such that there exists M € .7 with .7 = (M)g41.

REMARK.
If F:7 — % is a triangle functor between triangulated categories

such that . = add(F.7), then dim.¥ < dim .7. In particular, if F' is
a derived equivalence, then dim .7 = dim ..
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PROPOSITION.
If A is an algebra, then

dim 2°(A)/ perf A < min{LL(A) — 1, w.rep.dim A — 2}.

PROOF.
The proof is based on the fact proved by Rickard that for each M €
P*(A) there exists L € mod A and n € Z such that M ~ L[n] in
P(A)/ perf A.

PROPOSITION.
If A is an algebra, then

dim 2°(A) < min{gl. dim A, rep. dim A}.

PROOF.
We first prove that dim 2°(A) < gl. dim A. Let

0O—-P —---—F—>A—0

be the minimal projective resolution of A over its enveloping algebra.
It follows that r = gl. dim A. Since P ®4 C' € (A); for each projective
module P over the enveloping algebra of A and C' € 2°(A), it follows
that C' € <A>T+1.

For the second inequality let M be a generator-cogenerator of M such
that rep. dim A = gl. dim M. We have an essentially surjective triangle
functor #°(add M) — 2°(A), hence dim 2°(A) < dim J#°(add M).
Moreover, add M ~ proj End4(M)°P and

2 (proj End 4 (M)°P) ~ 2°(End 4 (M)°P).
Consequently,
dim 2°(A) < dim #*(add M) = dim #°(proj End (M )°P)
= dim 2°(End4(M)°?) < gl. dim End 4(M)° = rep. dim A.

PROPOSITION.
If A is selfinjective, then rep. dim A < LL(A).

THEOREM.
If n € N, then rep. dim A(k") =n + 1.

REMARK.
The proof of the theorem makes use of differential modules. For an alge-
bra A by a differential A-module we mean a pair (M, d) consisting of an
A-module M and d € Ends(M) such that d> = 0. The cohomology of
a differential A-module (M, d) is by definition Ker d/Imd. The class of
exact sequences of differential A-modules which split as sequences of A-
modules establish a structure of an exact category in the category of dif-
ferential A-modules. It is a Frobenius category, the corresponding sta-
ble category is called the homotopy category of differential A-modules.

A morphism of differential A-modules is called a quasi-isomorphism if
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it induces an isomorphism of the cohomologies. The localization of the
homotopy category with respect to the quasi-isomorphisms is denoted
Zdiff(A). We have an obvious forgetful functor Z(A) — 2diff(A)
which induces an isomorphism [, . Ext’ (X,Y) ~ Homgair(X,Y).



