AUSLANDER ALGEBRAS

BASED ON THE TALK BY LINGLING YAO

The talk was based on Section VI.5 of Representation Theory of Artin
Algebras by Auslander, Reiten and Smalg.

DEFINITION.
Let > be an Artin algebra. The dominant dimension dom. dimy, A of a
Y-module A is the supremum of the set of ¢ € N such that I, ..., I;_;

are projective for a minimal injective resolution
0—-A—-Iy—1,— -
of A.

DEFINITION.
An artin algebra I is called an Auslander algebra if gl. dimI" < 2 and
dom. dimp I" > 2.

DEFINITION.
Let A be an artin algebra and let € be the full subcategory of mod A.
A A-module M is called an additive generator of € if add M = ¥.

REMARK.
There exists an additive generator of mod A for an artin algebra A if
and only if A is of finite representation type.

NOTATION.
If M is a module over an artin algebra A, then I'y; := Endy (M)°P.

REMARK.
If M is a module over an artin algebra A, then Homy (M, —) induces an
equivalence between add M and the category of projective I'j,-modules.

REMARK.
If M and N are modules over an artin algebra A such that add M =
add N, then I'); and I'y are Morita equivalent.

LEMMA.
Let M be an additive generator of mod A for an artin algebra A.
() If P L Py — X — 0is a projective presentation of X €

mod I';, then there exists an exact sequence 0 — Ay — A; LN
Ap of A-modules such that g = Homy (M, h).
(2) gl.dimI'y, < 2.
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PROPOSITION.
Let M be an additive generator of mod A for an artin algebra A.

(1) If A is semisimple, then A and I'y; are Morita equivalent.
(2) If A is not semisimple, then gl. dimI'y, = 2.

LEMMA.
Let M be an additive generator of mod A for an artin algebra A.

(1) If I is an injective A-module, then Homy (M, I) is an injective
I'y-module.

(2)If 0 = A — Iy — I, is a minimal injective resolution of a
A-module A, then

0 — Homy (M, A) — Homy (M, Iy) — Homu (M, I)

is a minimal injective resolution of Homy (M, A).

(3) AT'p-module N is projective-injective if and only if there exists
an injective A-module I such that N ~ Homy (M, I).

(4) Homp (M, —) induces an equivalence between the category of
injective A-modules and the category of projective-injective I'y;-
modules.

PROPOSITION.
Let M be an additive generator of mod A for an artin algebra A which
is not semisimple.

(1) gl.dimI"y; = 2 = dom. dimr,, ['5/.
(2) A ~ Endr,,(D(M))°>.

REMARK.

If M is an additive generator of mod A for an artin algebra A, then
D(M) and Homy (M, D(A)) are isomorphic I'p-modules.

LEMMA.
Let ¥ be an artin algebra.

(1) If pdy; A = n < oo for a ¥-module A, then Ext§,(A,3) # 0.
(2) Suppose gl.dim¥ = n < co.

(a) ldg X =n.

(b) If

0—-YX—Ily—---—1,—0

is a minimal injective resolution of ¥, then @ie[O o) Lo is an
additive generator for the category of injective A-modules.

PROPOSITION.
Let @ be an additive generator for the category of projective-injective
Y-modules for an artin algebra ¥ such that gl. dim ¥ = 2 = dom. dim ¥,
and A := Endg(Q)°P.

(1) A is of finite representation type but not semisimple.
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(2) ¥ ~ End, (D(Q))*.

THEOREM.
Let

Z = {(A, M) | A is representation finite, but not semisimple
and M is an additive generator of mod A},
and
% = {(I',@) | I is not semisimple Auslander algebra
and @ is an additive generator
of the category of projective-injective I'-modules}.
Then
2 > (A, M) — (Endy (M), D(M)) € &

and

% > (I',Q) — (Endr(Q)°®, D(Q)) € &

are mutually inverse bijections (modulo isomorphism).



