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Abstract. It is proved that all special flows over the rotation by an irrational o with
bounded partial quotients and under f which is piecewise absolutely continuous
with a non-zero sum of jumps are mildly mixing. Such flows are also shown to
enjoy a condition which emulates the Ratner condition introduced in [20]. As a
consequence we construct a smooth vector-field on T? with one singularity point
such that the corresponding flow (¢¢)icr preserves a smooth measure, its set of
ergodic components consists of a family of periodic orbits and one component of
positive measure on which (¢¢):er is mildly mixing and is spectrally disjoint from
all mixing flows.

1. Introduction
The property of mild mixing of a (finite) measure-preserving transformation
has been introduced by Furstenberg and Weiss in [7]. By definition, a finite
measure—preserving transformation is mildly mixing if its Cartesian product with an
arbitrary ergodic (finite or infinite not of type I) measure-preserving transformation
remains ergodic. It is also proved in [7] that a probability measure—preserving
transformation T : (X, B, u) — (X, B, 1) is mildly mixing iff T has no non-trivial
rigid factor, i.e. liminf, o p(T""BAB) > 0 for every B € B, 0 < u(B) < 1. For
importance and naturality of the notion of mild mixing see e.g. [1, 4, 6, 15, 16, 22].
It is immediate from the definition that the (strong) mixing property of an
action implies its mild mixing which in turn implies the weak mixing property. In
case of Abelian non—compact group actions, Schmidt in [21] constructed examples
(using Gaussian processes) of mildly mixing actions that are not mixing. A famous
example of a mildly mixing but not mixing system is the well-known Chacon
transformation 7' (mild mixing of T follows directly from the minimal self-joining
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2 K. Froczek, M. Lemanczyk

property of T, [10]). However, none of known examples of mild but not mixing
dynamical system was proved to be of smooth origin (see [12] and [8] - discussions
about the three paradigms of smooth ergodic theory).

Special flows built over an ergodic rotation on the circle and under a piecewise
C'function with non-zero sum of jumps were introduced and studied by J. von
Neumann in [18]+. He proved that such flows are weakly mixing for each irrational
rotation. The weak mixing property was then proved for the von Neumann class
of functions but over ergodic interval exchange transformations by Katok in [11],
while in [9] the weak mixing property was shown for the von Neumann class of
functions where the C''—condition is replaced by the absolute continuity, however
in [9], T is again an arbitrary irrational rotation. The absence of mixing of T/ is
well-known; it has been proved by Kocergin in [14]. In fact, from the spectral point
of view special flows in this paper have no spectral measure which is Rajchman, i.e.
they are spectrally disjoint from mixing flows (see [5]).

The aim of this paper is to show that the class of special flows built from
a piecewise absolutely continuous function f : T — R with a non—zero sum of
jumps and over a rotation by « with bounded partial quotients is mildly mixing
(Theorem 7.2). One of the main tools, which yet can be considered as another
motivation of this paper, is Theorem 6.1 in which we prove that T7 satisfies a
property similar to the famous Ratner propertyt introduced in [20] (see also [23]).
It will follow that any ergodic joining of T/ with any ergodic flow (S;) is either the
product joining or a finite extension of (S;). In Section 7, the absence of partial
rigidity for 7/ will be shown. Finally these two properties combined will yield mild
mixing (see Lemma 4.1).

As a consequence of our measure-theoretic results we will construct a mildly
mixing (but not mixing) C'*°—flow (¢):cr Whose corresponding vector—field has one
singular point (of a simple pole type). More precisely, we will construct (¢;)tcg on
the two—dimensional torus, such that (¢;) preserves a positive C'*°—measure and
the family of ergodic components of (¢;) consists of a family of periodic orbits
and one non—trivial component of positive measure which is mildly mixing but not
mixing. More precisely, the non—trivial component of (¢;) is measure—theoretically
isomorphic to a special flow T/ which is built over an irrational rotation Tz = x4+«
on the circle and under a piecewise C*°—function f : T — R with a non—zero sum
of jumps. In these circumstances 77 lies in the parabolic paradigm (see [8]).

Some minor changes in the construction of the C*°—flow (¢)ter (Which uses some
ideas descended from Blokhin [2]) yield an ergodic C°°—flow which is mildly mixing
but not mixing and lives on the torus with attached Mobius strip. This flow will
enjoy the Ratner property in the sense introduced in Section 5.

* We thank A. Katok for turning our attention to this article.
1 The possibility of having the Ratner property for some special flows over irrational rotations
was suggested to us by B. Fayad and J.-P. Thouvenot.
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On mild mizing of special flows 3

2. Basic definitions and notation

Assume that T is an ergodic automorphism of a standard probability space
(X, B, ). A measurable function f : X — R determines a cocycle f()(-): Zx X —
R given by

f@)+ f(Tz)+ ...+ f(T™1z) if m>0
fFm(2) = 0 if m=0
—(f@™z)+ ...+ f(T'2)) if m<O.

Denote by A Lebesgue measure on R. If f : X — R is a strictly positive L'~
function, then by T = (th )ter wWe will mean the corresponding special flow under
f (see e.g. [3], Chapter 11) acting on (X7, Bf, uf), where X7 = {(z,5) € X xR :
0 <s < f(z)} and Bf (uf) is the restriction of B ® B(R) (1 ® A) to X/. Under
the action of the flow T/ each point in X/ moves vertically at unit speed, and we
identify the point (z, f(z)) with (Tx,0). More precisely, if (z,s) € X/ then

T (z,5) = (T, s +t — £ (),
where n € Z is a unique number such that
F(2) < s+t < fOHD ().

We denote by T the circle group R/Z which we will constantly identify with the
interval [0,1) with addition mod 1. For a real number ¢ denote by {t} its fractional
part and by ||¢|| its distance to the nearest integer number. For an irrational o € T
denote by (g,,) its sequence of denominators (see e.g. [13]), that is we have

1 1
—  <la-Prl < (1)
2¢ngn+1 qn gndn+1
where
=1 @ =a1, Gnt1=0n410n + Gn-1
po=0, p1=1, DPni1=any1Pn+Pn-1
and [0;ay,as,...] stands for the continued fraction expansion of a. We say that «

has bounded partial quotients if the sequence (ay,) is bounded. If C = sup{a, : n €
N} + 1 then

Lo lgaal < 1 1
q «
20q, ~ 2qn+1 " Int1  Gn

for each n € N.

3. Construction

In this section, using the procedure of gluing of flows which was described
by Blokhin in [2], we will construct the flow (¢;);cg that was announced in
Introduction.
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4 K. Froczek, M. Lemanczyk

Let & € R be an irrational number. We denote by (¢;)icr the linear flow
Yy (w1, 22) = (21 + ta, w3 + t) of the torus T2.

)

L

Figure 1

Let us cut out (from the torus) a disk D which is disjoint from the circle
S ={(#,0) € T? : « € [0,1)} and intersects the segment Ojg 1} = {(at,t) : ¢ € [0,1]}.
We will denote by S7 the circle which bounds D. Let a and b be points of S; that
lie on the segment Opg q) (see Fig.1).

~o_ ‘_91_ -
Figure 2. The phase portrait for the Hamiltonian
system H(z,y) = 1e**(y* + (z — 1)?); the portrait
is the same as for (2)

Now let us consider the flow (¢;);cr on the disk D = {(z,y) € R?: (z—1/2)%+
y? < (3/2)?} given by the system of equations (on R?\ {(0,0)})

de -y
dt — x24y?
dy _ x(z—1)+y? (2)

dt - r2+19y2
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On mild mizing of special flows 5

By the Liouville theorem, ()ser preserves the measure e**(z* +y*) dz dy. Let Sy
be the boundary of D. The flow (¢;) has a singularity at (0,0) and a fixed point
(1,0) which is a center (see Fig. 2). Moreover the set

B={(z,y) € D:e®(y?+ (x—1)?) <1, z >0}.

consists of periodic orbits. Let a and b be the points of intersection of EI and
the separatrices of (0,0). By Lemma 1 in [2], there exists a C'*°—diffeomorphism
g: S — S such that g(a) = @, g(b) = b, and there exist a C®-flow (¢;)icr on
M = (T\ D) U, D and a C*™-measure p on (T \ D) U, D such that

o (©t)ter preserves fi,

e the flow (¢¢)ier restricted to T\ D is equal to (1¢)ier,
e the flow (¢)ier restricted to D is equal to ({/;t)teR.

M splits into two (p¢)iecr—invariant sets B and A = M \ B such that B consists
of periodic orbits and A is an ergodic component of positive measure. Moreover,
the flow (¢;)icr on A can be represented as the special flow built over the rotation
Tz = z + a and under a function f : T — R which is of class C*° on T \ {0}. Of
course, f(x) is the first return time to S of the point € S = T. We will prove that
f:(0,1) — R can be extended to a C*° function on [0, 1], i.e. D™ f possesses limits at
0 and 1 for any n > 0. Moreover, we will show that lim,_,q+ f(x) > lim,_,,- f(z).
To prove it we will need an auxiliary simple lemma.

LEMMA 3.1. Let U C C be an open disk with center at 0 and h : U — C be an
analytic function such that h(z) # 0 for z € U. Let us consider the differential

equation
dz 1

dt — zh(z)

on U\{ON}. Then there exists an open disk UcU containing 0 and a biholomorphic
map £ : U — E(U) such that £(0) =0 and
dw

i
g

on £(U) \ {0}, where w = v2¢(2).

Proof. Let H : U — C be an analytic function such that H'(z) = —izh(z) and
H(0) = 0. Since H'(0) = 0 and H"(0) = —ih(0) # 0, there exists an open
disk U c U containing 0 and a biholomorphic map ¢ : U — 5((7) such that
H(z) = (£(2))? for z € U. Put w = v/2¢(2), z € U. Then w?/2 = (£(2))2 = H(z),
and consequently

dw . dz  iH'(z)
Ew—H(z)E— h(2) =1
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6 K. Froczek, M. Lemanczyk

Of course, the equation (2) can be written as & = i(z — 1)/z. By Lemma 1

(with h(z) = —17), there exist an open disk 0 € V C C and a biholomorphic map
F :V — F(V) such that the flow (F~1 o ¢; 0 F);cg on V is determined by the
dw

equation & = 1/w, i.e. by

3)

Figure 3

The trajectories of this flow are presented on Fig. 3. Denote by Sy = {rei : t €
[0,27]} a circle which is contained in V. Let 7 : S3 — R be the function of first
return time (counted forward or backward and staying inside S3) to Sa. It is easy
to check that

7(re't) = —r? cos(2t)
which is of class C* (indeed, % (w?) = 2 and the first return time satisfies

lw?(t)]? = r*). Let Sy = F(S2) and 7 : Sy — R be the function of the first
return time (counted forward or backward inside F(V')) to Sz. Then 7 is also of
class C*°. Consequently, f : (0,1) — R can be extended to a C*° function on [0, 1]
and

lim f(z)— lim f(x)> 7,

z—0t r—1—

where 7y is the time of the first positive return of the point 0 to itself via the
separatrice which starts and stops at 0. In this way we constructed a C°°—flow
with one singular point on the torus which

e preserves a C'°°—measure,

e possesses two invariant subsets A and B: A is an ergodic component of
positive measure and B consists of periodic orbits,

e the flow on A is measure-theoretically isomorphic to a special flow T/, where
T is the rotation by o and f : T — R is C* function on T \ {0} and

11m:v~>0+ f(CC) 7& hmw—»O_ f((E)
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On mild mizing of special flows 7

By cutting out the disk with the center at (1,0) and of radius 1/2 (it intersects
A but does not contain the point (0,0)) from the flow (¢;):cr and gluing a Mobius
strip endowed with the flow considered by Blokhin in [2, §3] we can obtain a C*°
flow (u¢)rer with one singularity on a non-orientable surface of Euler characteristic
-1 such that (u;) is isomorphic to the action of (¢;) on the component A.

4.  Joinings

Agsume that & = (S¢)ter is a flow on a standard probability space (X, B, ). By
that we mean always a so called measurable flow, i.e. we require in particular that
the map R >t — (f o Sy, g) € C is continuous for each f,g € L*(X,B, ). Assume
moreover that S is ergodic and let 7 = (T})icr be another ergodic flow defined on
(Y,C,v). By a joining between S and 7 we mean any probability (S; x T})ier—
invariant measure on (X x Y, B ® C) whose projections on X and Y are equal to
w and v respectively. The set of joinings between S and 7 is denoted by J(S,7).
The subset of ergodic joinings is denoted by J¢(S, 7). Ergodic joinings are exactly
extremal points in the simplex J(S,7). Let {A, : n € N} and {B,, : n € N} be
two countable families in B and C respectively which are dense in B and C for the
(pseudo—)metrics d, (A, B) = p(AAB) and d, (A, B) = v(AAB) respectively. Let
us consider the metric d on J(S,7) defined by

1

m,neN

Endowed with corresponding to d topology, to which we will refer as the weak
topology, the set J(S,7) is compact.

Suppose that A C B is a factor of S, i.e. A is an S—invariant sub—o—algebra.
Denote by p®4 1 € J(S,S) the relatively independent joining of the measure p
over the factor A, i.e. u®4 p € J(S,S) is defined by

(w04 n)(D) = [ {1z @ pz) (D) (o)
X/A

for D € B®C, where {uz : T € X/ A} is the disintegration of the measure p over
the factor A and T is the image of p by the factor map X — X/ A.

For every t € R by us, € J(S,S) we will denote the graph joining determined
by ps,(Ax B) = u(ANS_:B) for A, B € B. Then pug, is concentrated on the graph
of S; and pg, € J¢(S,S).

Let (t,)nen be a sequence of real numbers such that ¢, — +oo. We say that a
flow S on (X, B, p) is rigid along (t,,) if

w(ANS_y, A) — p(A) (4)

for every A € B, or, equivalently, us, — prqg weakly in J(S,S). In particular, a
factor A C B of S is rigid along (t,,) if the convergence (4) holds for every A € A.
It is well known that a flow is mildly mixing iff it has no non-trivial rigid factor
(see [7, 22]).
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8 K. Froczek, M. Lemanczyk

Definition. A flow S on (X, B, ) is called partially rigid along (t,,) if there exists
0 < u <1 such that

liminf u(ANS_; A) > uu(A) for every A€ B,

n—oo

or, equivalently, every weak limit point p of the sequence (us, )nen in J(S,S)
satisfies p(A) > u, where A = {(z,z) e X x X : z € X }.

The proof of the following proposition is the same as in the case of measure—
preserving transformations and can be found in [17].

PROPOSITION 4.1. Let S be an ergodic flow on (X, B, u). Suppose that A C B is a
non—trivial rigid factor of S. Then there exist a factor A’ O A of S and a rigidity
sequence (t,) for A" such that ps, — p®a p weakly in J(S,S).

Recall that in general the notions of (absence of) partial rigidity and mild mixing
are not related. For example, the Chacon transformation is partially rigid (see e.g.
[19]) and mildly mixing. On the other hand the Cartesian product of a mixing
transformation and a rigid transformation is not mildly mixing and has no partial
rigidity. Under some additional strong assumption we have however the following.

LEMMA 4.1. Let S be an ergodic flow on (X, B, n) which is a finite extension of
each of its non—trivial factors. Then if the flow S is not partially rigid then it is
mildly mizing.

Proof. Suppose, contrary to our claim, that there exists a non—trivial factor A of
S which is rigid. By Proposition 4.1 there exist a factor A" D A and a rigidity
sequence (t,) for A’ such that

ps,, — H®a pweakly in J(S,S). (5)

Since S is ergodic and it is a finite extension of S|4/, there exists a natural number
k such that every fiber measure uz, T € X/A’ is atomic with k atoms each of
measure 1/k, where {uz : T € X/ A’} is the disintegration of the measure p over
the factor A’. Then

pean)= [ (mom@a@= [

1 1
— (@) = —,

aE) =+
which, in view of (5), gives the partial rigidity of S and we obtain a contradiction.
O

5.  Ratner property
In this section we introduce and study a condition which emulates the Ratner
condition from [20].

Definition. (cf. [20, 23]) Let (X,d) be a o—compact metric space, B be the o—
algebra of Borel subsets of X, p a Borel probability measure on (X,d) and let
(St)ter be a flow on the space (X,B,u). Let P C R\ {0} be a finite subset and
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On mild mizing of special flows 9

to € R\ {0}. The flow (S¢)ier is said to have the property R(to, P) if for every € > 0
and N € N there exist kK = k(¢) > 0,0 = 0(e, N) > 0 and asubset Z = Z(¢, N) € B
with p(Z) > 1 — ¢ such that if z,2’ € Z, 2/ is not in the orbit = and d(z,z') < 4,
then there are M = M(z,z’), L = L(z,2’) > N such that L/M > k and there
exists p = p(x,2’) € P such that

#{n e ZN[M, M+ L] : d(Sni, (), Snto+p(@’)) < e}
L

Moreover, we say that (Si):cr has the property R(P) if the set of all s € R such
that the flow (S;):cr has the R(s, P)—property is uncountable.

>1—c.

Remark 1. In the original definition of M. Ratner, for ¢ty # 0, P = {—to,t0}. In
our situation a priori there is no relation between ¢ty and P. Analysis similar to
that in the proof of Theorem 2 in [20] shows that R(tg, P) and R(P) properties are
invariant under measure-theoretic isomorphism.

We now prove an extension of Theorem 3 in [20] that brings important
information about ergodic joinings with flows satisfying the R(P)—property.

THEOREM 5.1. Let (X,d) be a oc—compact metric space, B be the o—algebra of Borel
subsets of X and 11 a probability measure on (X,B). Let P C R\ {0} be a nonempty
finite set. Assume that (Si)icr is an ergodic flow on (X,B,u) such that every
automorphism S, : (X, B, u) — (X, B, 1) for p € P is ergodic. Suppose that (S;)ier
satisfies the R(P)—property. Let (T;)ier be an ergodic flow on (Y,C,v) and let p be
an ergodic joining of (St)ter and (Ti)icr. Then either p = p @ v, or p is a finite
extension of v.

Remark 2. Let S be an ergodic flow on (X, B, u). Assume that for each ergodic
flow 7 acting on (Y,C,v) an arbitrary ergodic joining p of & with 7 is either
the product measure or p is a finite extension of u. Then S is a finite extension
of each of its non—trivial factors. Indeed, suppose that A C B is a non—trivial
factor. Let us consider the factor action S|4 on (X/A, A, ) and the natural joining
pa € J(S,S|4) determined by pa(B x A) = (BN A) for all B € B and A € A.
Clearly, the action S X (S|4) on (X x (X/A),B® A, pu) is isomorphic (via the
projection on (X, B, 1)) to the action of S. Since the measure p 4 is not the product
measure, by assumptions, the action S x (S|4) on (X x (X/A),B&A, j1.4) is a finite
extension of S| 4.

To prove Theorem 5.1 we will need two ingredients. The proof of the following
lemma is contained in the proof of Theorem 3 in [20].

LEMMA 5.1. Let (Si)ier and (Ti)ier be ergodic flows acting on (X,B,u) and
(Y,C,v) respectively and let p € J(S,T). Suppose that there exists U € B® C
with p(U) > 0 and 6 > 0 such that if (z,y) € U, (2',y) € U then either x and z’
are in the same orbit or d(x,x’') > 6. Then p is a finite extension of v.

The following simple fact will be used in the proof of Theorem 5.1 and in the
remainder of the paper.
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10 K. Frgczek, M. Lemaniczyk

Remark 3. Notice that if

] Mol 1 M+L
Vi Z xa(T"z) — p(A)| < e and ML+l Z xa(T"z) — p(A)| <e
n=0 n=0
then Ml
1 . M
T n;WXA(T z) — p(A)| < 2 (1 + L) .

The proof of Theorem 5.1, presented below, is much the same as the proof of
Theorem 10 in [23].

Proof of Theorem 5.1. Suppose that p € J¢(S,7) and p # u ® v. Since the flow
(St x T})ter is ergodic on (X x Y, p), we can find ¢y # 0 such that the automorphism
Sty X Tty : (X XY, p) — (X XY, p) is ergodic and the flow (St):er has the R(tg, P)—
property. To simplify notation we assume that ¢ = 1.

Since the ergodicity of S, implies disjointness of .S, from the identity, for every
p € P there exist closed subsets A, C X, B, C Y such that

p(S_pA, x By) # p(A, X By).

Let
0 < e:=min{|p(S_pA4, x Bp) — p(4, x Bp)| : p € P}. (6)

Next choose 0 < &1 < ¢/8 such that u(A;' \ A4,) < ¢/2 for p € P, where
At ={z€ X :d(2,A) < e1}. We have

lp(Ap x By) — p(AL ¥ By)| = p(AL x By \ Ap X By)
< p((45 \A4p) X Y) = pu(A7 \ Ap) <e/2

and similarly
P(S—pAp X Bp) = p(S—p(A}}') X By)| < /2

for any p € P.

Let k := k(e1)(> 0). By the ergodic theorem together with Remark 3, there exist
a measurable set U C X x Y with p(U) > 3/4 and N € N such that if (z,y) € U,
p€ P, m> N and l/m > k then

m-+l

! € &
7 Z XAZI X By (Skvaky) - p(Apl X BP) < §7 (8)
k=m
1 m+l ;
7 IC:ZWLXS—pAIJXBp(Skx; Tky) - P(S_pAp X Bp) < g (9)

and similar inequalities hold for A, x B, and S_,(AS!) x B,

Next, by the property R(1,P), we obtain relevant 6 = (g1, N) > 0 and
Z=17Z(€e,N)eB, u(Z)>1—e.

Now assume that (x,y) € U, (2/,y) € U, z,2’ € Z and 2’ is not in the orbit of z.
We claim that d(x,z') > §. Suppose that, on the contrary, d(z,z’) < §. Then, by
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On mild mizing of special flows 11

the property R(1, P), there exist M = M(z,2'), L = L(z,2’) > N with L/M > &
and p = p(z,2’) € P such that (#K,)/L > 1 — &1, where

K,={ne€Zn[M,M+ L] :d(Sn(x), Spip(z)) <e1}.

If k € K}, and Sy1,7" € Ay, then Spx € ASt. Hence

1 M+L
7 > Xs_papx8, (Skr’, Try)
k=M
#LN[M,M+ LI\ Kp) 1 /
< 7 + T D Xapx5,(Skip’, Tiy) (10)
KER,
M+L
<e/8+ 7 > Xastxs, (Ska, Try).
k=M

Now from (9), (10), (8) and (7) it follows that

M+L
> Xs_pa,xB, (Skr’, Try) +¢/8
k=M
M+L
e/4+ 7 k_ZM Xazt x B, (Sk@; Try)

1

p(S—pAp x By) < 7

IN

< €/2+ p(AL x By) < e+ p(Ap x By).
Applying similar arguments we get
p(A, x By) < e+ p(S_pAp X Bp).

Consequently,
[p(Ap x Bp) — p(S—pAp x Bp)| <,

contrary to (6).

In summary, we found a measurable set Uy = UN(Z (g1, N)xY) and (g1, N) > 0
such that p(Uy) > 3/4 —e; > 1/2 and if (x,y) € Uy, (2/,y) € U; then either = and
a’ are in the same orbit or d(z,2’) > §(e1, N). Now an application of Lemma 5.1
completes the proof. m|

We end up this section with a general lemma that gives a criterion that allows
one to prove the R(P)-property for special flows built over irrational rotations on
the circle and under bounded and bounded away from zero measurable functions.

While dealing with special flows over irrational rotations on T/ we will always
consider the induced metric from the metric defined on T x R by d((z, s), (y,t)) =
o = yll + Is — 1.

LEMMA 5.2. Let P C R\ {0} be a nonempty finite subset. Let T : T — T be an
ergodic rotation and let f : T — R be a bounded positive measurable function which
is bounded away from zero. Assume that for every e > 0 and N € N there exist
k=#k(e)>0and 0 < =10(s,N) < e such that if z,y € T, 0 < ||z — y|| < 4, then
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12 K. Frgczek, M. Lemaniczyk

there are natural numbers M = M (x,y) > N, L = L(x,y) > N such that L/M > &
and there exists p = p(x,y) € P such that

1
m#{Mﬁng M+ L:|f™(z) - f™(y) +p| <s} >1-—e.
Suppose that v € R is a positive number such that the instance automorphism
TJ; : TF — T/ is ergodic. Then the special flow TS has the R(v, P)-property.

Proof. Let ¢, C be positive numbers such that 0 < ¢ < f(z) < C for every x € T.
Let p stand for Lebesgue measure on T.
Fix 0 < e and N € N. Put

&1 = min _« £
L 8(v+C)'16)"
Take #" = k(1) and let k := S#’. Let us consider the set

X(e):= {(ﬂc,s) cT/: % <S<f(l‘)—§}.

Since pf/(X(e)°) = /4 and T is ergodic, there exists N(¢) € N such that
uf(Z(£)¢) < &, where Z(¢) is the set of all (x,s) € T/ such that

KR £

< J—
1+K8

‘;#{o <k <n: T (w5) ¢ X))~ (1)

for each n > N(g). Take § = d(e1,2ymax(N(g),N)/c) < 1. Let us consider
a pair of points (x,s),(y,s’) € Z(e) such that 0 < d((z,s),(y,s")) < ¢ and
x # y. By assumption, there are natural numbers M’ = M (x,y), L’ = L(x,y) >
2ymax(N(g), N)/c such that L' /M’ > £’ and there exists p = p(z,y) € P such
that

#A’
1—
+1-
where A’ = {M' <n < M'+ L :|f™(z) — f™(y) + p| <e1}. Then
#A//
T>1_4€1’ where A" ={M'<n<M +L:neA' n+1€A'}. (12)
Pt (M") LM
Y A 2 Rk BN R A A0}
Y
Then

L fETMy) eI/
T = Tan e L 2 A 2
M fM)(z)—s = CM

But s < f(z) and M’, L’ > 2ymax(N(e),N)/c, so
(M) () — (M'-1) r_ ’
fM)(x) —s < f (Tz) > (M —1) S cM

M = > >
o v v 2y

> max(N(e), N)

and )t
T L L
Lf(L’x)fyZny>N' (13)
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On mild mizing of special flows 13

Now M > N(e), L/M > &k, (z,s) € Z(e) (that is (x,s) satisfies (11)) so, by
Remark 3, we have

%#{Mgk<M+L;T,g‘7(x7s) ¢ X)) <= (14)

Suppose that M < k < M + L. Then ky + s € [fM)(z), fM+L)(2)) and there
exists a unique M’ < my < M’ + L/ such that ky + s € [f™)(x), D (z)).
Suppose that

k€B:={M<j<M+L:T](2,s) € X(e) and m; € A"}.
Then
FO) () +e/8 < s+ ky < fmtD(z) —¢/8.
Since my, € A” and |s' — s| < § < €1, we have
sS+ky+p = (s+k)+ (s =) +p< f (@) +p—c/8+0
SO () 4+ (F D (@) — f D (y) +p) —e/8 + &

< fUmD(y) —e/8 420, < fmTY(y)
and
SHky+p = (s+ky)+( —8)+p>f () +p+e/8—10
FU (y) + (f () = f (y) +p) +e/8 — &1
> fUm(y) +e/8 =26 > fImH(y).
Thus
Tl (0.8) = (T™*a,s + by — [ ()
and
T o (0,8') = (T, s + ky +p — [T (y)).
Hence

AT, (. 5). T, 1 (0. 8")
= lly =2l +1(s' =) + (f" (@) = ™) (y) +p)| <O +e1 <261 <e.
It follows that
Bc{keZN[M,M+L):d(T] (x,5).TL, (y.5)) <<} (15)

Iftke (Zn[M,M+ L)\ B then either T,f,y(x,s) ¢ X(e) or my ¢ A”. Since for
every m € N the set {k € N: my, = m} has at most C/y + 1 elements, we have

L—#B< #{M <k <M—|—L:T,gv(3:,s) ¢ X(e)}+ <§—|—1> (L' — #A").
Hence by (14), (12) and (13) we obtain

Lo#p<ont(Sa1)aer < (44850, L§(5+5)L<5L.
2 ¥ 2 c 2 2

Consequently (#B)/L > 1 — ¢, and (15) completes the proof. O
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14 K. Frgczek, M. Lemaniczyk

6. Ratner property for the von Neumann class of functions

We call a function f : T — R piecewise absolutely continuous if there exist
Bi,..., Bk € T such that f|p, 3,,,) i an absolutely continuous function for
J=1....k (Br+1 = B1). Let dj := f*(ﬁ]) - f+(ﬂj)7 where fi(8) = hmy%ﬁ* f().
Then the number

>~

S() =3 = [ flays (16)

is the sum of jumps of f.

Let T : T — T be the rotation by an irrational number a which has bounded
partial quotients. We will prove that if f is a positive piecewise absolutely
continuous function with a non—zero sum of jumps, then the special flow T/ satisfies
the R(to, P)—property for every ty # 0, where P C R\ {0} is a non—empty finite
set.

LEMMA 6.1. Let T : T — T be the rotation by an irrational number o which has
bounded partial quotients and let f : T — R be an absolutely continuous function.
Then

sup sup  |f"(y) — [ (x)] — 0
0<n<gs+1 [ly—z||<1/gs

as s — oQ.

Proof. We first prove that if 7" is an irrational rotation by « then

sup  sup |f(y) = f(2)[ -0 as s — oo (17)
0<n<gs |ly—z|/<1/qs
for every absolutely continuous f : T — R. We recall that (17) was already proved
to hold in [3] (see Lemma 2 Ch.16, §3) for C'—functions.
Let f: T — R be an absolutely continuous function. Then for every € > 0 there
exists a C'-function f. : T — R such that

sup | f(x) — fe(2)| + Var(f — fo) < /2.

xz€T

Suppose that 0 < n < ¢g; and 0 < y — x < 1/gs. Let us consider the family of

intervals Z = {[z,y], [Tx,Ty],...,[T" tz, T" y]}. For every 0 < i # j < n we
have

[T*x = T72|| = llgs—rce]| >

2q,’

by (1). It follows that a point from T belongs to at most two intervals from the
family Z. Therefore

(PP () — £0 (@) — (F () — £ ()
< SIS - L)T) — (f — f)(T)|

=0
1

3 e
Il

IN

VaI'[Ti%Tiy](f — fa) < 2Var(f - fs) <eE.

=0
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On mild mizing of special flows 15

Since this inequality holds for every € > 0 and the convergence in (17) holds for f.,
by a standard argument, we obtain (17) for f.

Suppose that « has bounded partial quotients and let C' = sup{a,, : n € N} + 1.
Since every 0 < n < gsy1 can be represented as n = bgs + d, where b < azy; and
d < gs_1, we have

sup sup  [f(y) — fM@) <C swp sup [fT(y) - f (@),
0<n<qst1 [ly—=[|<1/gs 0<n<gs [ly—z||<1/qgs
which completes the proof. m|

Let T : T — T be the rotation by an irrational number o which has bounded
partial quotients and let C' = sup{a,, : n € N} + 1. Suppose that f : T — R is
a positive piecewise absolutely continuous function with a non—zero sum of jumps

S =S(f). Put
D:={ndy+...4+npdp : 0<nq,...,n <2C +1}.
Since D is finite, we can choose p € (0,|S]) \ (D U (—=D)). Then 0 ¢ sgn(S)p — D.

THEOREM 6.1. Suppose that T : T — T is the rotation by an irrational number o
with bounded partial quotients and f : T — R a positive and bounded away from
zero piecewise absolutely continuous function with a non—zero sum of jumps. Then
the special flow T has the property R(v, (sgn(S)p— D)U(—sgn(S)p+ D)) for every
v > 0.

Proof. Without loss of generality we can assume that f is continuous from the right.
A consequence of (16) is that we can represent f as the sum of two functions fy;
and f,., where f,. : T — R is an absolutely continuous function with zero mean
and fp : T — R is piecewise linear with f,(v) = S for all x € T \ {1,..., Bk}
The discontinuity points and size of jumps of f and f,; are the same. Explicitly,

k
foi(z) = Zdz{x —Bit+ec
i=1

for some c € R.
Let C =sup{a, : n € N} + 1. Fix e > 0 and N € N. Then put

K ( )_¥ min (5 L
T ke ) 200 C2 )

By Lemma 6.1, there exists sg such that for any s > sy we have

n n €
s sw ) - [0 @) < 5 (18)
0<n<gs1 [ly—zl|<1/qs
and
min (k(e),1) - g5, > N. (19)
Then put
p
6(e,N) = ——.
N = S
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16 K. Frgczek, M. Lemaniczyk

Take z,y € T such that 0 < |jx —y|| < d(¢, N). Let s be a (unique) natural number
such that » »
o <llz—yl < o
|S]gs+1 1Sgs
Then s > sg. Without loss of generality we can assume that x < y. We will also
assume that S > 0, in the case S < 0 the proof is similar. Let us consider the

sequence (f]g?) (y) — fz()?) (x))neN. We have

(20)

£ @) = 15 (@)
k
= P - 1Y@+ di{y +na— i} — {z +na - §;})

=1

= 0w - 1@+ Z di(y — = = X(z ) ({8; = na})).
It follows that for every n > 0 we have
£P@) = £ (@) = nS(y — z) — d, (21)
where

{1<i<k,0<j<n:{Bi—ja}te(,yl}

Take 1 < ¢ < k. Suppose that {8; — ka}, {6; — la} € (z,y], where 0 < k,l < gs41
and k # [. Then

1 1
= - > >
108: — kat) = {8 — 1o} = lgsa] > 5 > 5o

It follows that the number of discontinuities of f;?s“) which are of the form 3; — jo
and are in the interval (z,y] is less than

QCqSIy—x|+1§20|%|+1§2C+1.

It follows that the elements of the sequence (d,,)%* belong to D. In view of (21)
and (20) we have

FY(y) — £ (2) + dy, = 4sS(y — ) < p

and
P () = £ (@) 4 g, = gsa1S(y — ) > p.

Moreover, for any natural n we have
1 nt1 p
< @) = AW b = @) = 7)) = S -2 <
Hence, there exists an integer interval I C [gs, ¢s+1] such that

n n — 9
‘fgsl)(x) —flgz)(y)‘Fdn —-pl < 3 fornel
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On mild mizing of special flows 17

and

. € . € 1
|| > min %st%ﬂ—qs > min 250 C2 “Qst1-

Since s > sg, by (18) we have
lf™(z) — f™(y) +d, —p| <eforn el
Note that if (™ and f("t1) have the same points of discontinuity in the interval
(x,y] then d, = dpn4; and since f(%+1) has at most k(2C + 1) discontinuities in
(z,y], we can split I into at most k(2C + 1) integer intervals on which the sequence
(En)ne 7 is constant. Thus we can choose d € D and an integer subinterval J C I
such that d, = d for n € J and
1 € 1
J>—— min = =) g1 = K(E)  Gora.
Iz tees Ty min <2pc’ 02) Qo1 = A(E) - Gt
Therefore
[f™ (@) = f(y) = (p—d)| <eforne J

Now let M, L be natural numbers such that J = [M, M + L]. Then

L

LW e,

M QS+1

M >qs>qs, >N and L >|J| > k(e)gs+1 > k(€)gs, > N,

by (19). Since the special flow T/ is weakly mixing (see Proposition 2 in [9]), the
automorphism T{ is ergodic for all v # 0, and hence an application of Lemma 5.2
completes the proof. O

Since special flows built over irrational rotations on the circle and under piecewise
absolutely continuous roof functions with a non—zero sum of jumps are weakly
mixing (see [9]), from Theorems 5.1 and 6.1 we obtain the following.

COROLLARY 6.1. Suppose that T : T — T is the rotation by an irrational number
o with bounded partial quotients and f : T — R is a positive and bounded away
from zero piecewise absolutely continuous function with a non—zero sum of jumps.
Then any ergodic joining p of the special flow (th)te]R and an ergodic flow (T})ier
acting on (Y,C,v) is either the product joining, or p is a finite extension of v.

Problem. Tt would be interesting to decide whether in the family of special flows
over the rotation by an irrational o with bounded partial quotients and under f
which is piecewise absolutely continuous with a non—zero sum of jumps we can find
some with the minimal self-joining property.

7. Absence of partial rigidity

LEMMA 7.1. Let T : (X,B,u) — (X,B,u) be an ergodic automorphism and
f € LY(X, i) be a positive function such that f > c > 0. Suppose that the special
flow TS is partially rigid along a sequence (t,), t, — +oo. Then there emists
0 < u <1 such that for every 0 < ¢ < ¢ we have

liminf p{z € X : Jjen |f9 () — ta] <} > w.

n—oo
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18 K. Frgczek, M. Lemaniczyk

Proof. By assumption, there exists 0 < u < 1 such that for any measurable set
D c X' we have
liminf p/ (D N Tft7lD) > upf (D).

n—oo

Fix 0 <e <ec Let A:= X x [0,¢) and for any natural n put
B, ={z e X :3jen |f9(x) —t,| <e}.

Suppose that (z,s) € AN TictnA. Then 0 < s < ¢ and there exists j € Z such that
0<s+t,— fU(x) <e It follows that —e < t,, — fU)(z) < ¢, hence z € B,.
Therefore AN TftnA C B, x[0,¢) and

eliminf u(B,) = liminf uf (B, x [0,¢)) > liminf u/ (AN TftnA) > up! (A) = eu

n—oo n—o0 n—o0

and the proof is complete. O

THEOREM 7.1. Let T : T — T be an ergodic rotation. Suppose that f: T — R is a
positive and bounded away from zero piecewise absolutely continuous function with
S(f) # 0. Then the special flow T/ is not partially rigid.

Proof. Let ¢, C' be positive numbers such that 0 < ¢ < f(z) < C for every z € T.
Let p stand for Lebesgue measure on T. Assume, contrary to our claim, that (¢,),
t, — +00, is a partial rigidity time for 7. By Lemma 7.1, there exists 0 < u < 1
such that for every 0 < ¢ < ¢ we have

liminf p{z € T: Jen |f9 () — t.] < e} > . (22)

Without loss of generality we can assume that S := S(f) > 0, in the case S < 0
the proof is the same. Suppose that (3;, i = 1,...,k are all points of discontinuity

of f. Fix
Sc? c
i - . 2
0 <e<min (SQkC(c+Varf)+502)u’4> (23)

Since f' € L*(T, p), there exists 0 < § < e such that p(A) < § implies [, || dp < e.
Moreover, by the ergodicity of T' (and recalling that S = [ f’ du) there exist A. C T
with p(Az) > 1— 9 and mg € N such that

S
S <y (24

for all m > mg and x € A..

Then take any n € N such that ¢, /(2C) > mg and t,, > 2. Now let us consider
the set .J, . of all natural j such that |f)(x) —t,| < ¢ for some = € T. Then for
such j and = we have

tn4+e>fO@)>¢j and t,—e< fU9(x) <Yy,

whence
tn/(2C) < (th —€)/C < j < (tn+e)/c < 2t,/c (25)

for any j € J, ; in particular, j € J, . implies j > my.
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On mild mizing of special flows 19

Let j, = max.J, .. The points of discontinuity of fUn) ie. {8 — ja},1 <i <
k,0 < j < jn, divide T into subintervals Il(n)7 . ,I,g?i. Some of these intervals can
be empty. Notice that for every j € J, . the function f () is absolutely continuous
on the interior of any interval Ii("), i=1,...,kjn.

Fix 1 <4 < kj,. For every j € J, . let Ii(,?') stand for the minimal closed

subinterval of F which includes the set {z € Ii(n) | f9(x) —t,| < e}. Of course,

Ii(z.) may be empty. If IZ-(E) = [21, 2] is not empty then

(fD)—(z2) = (f D)+ (21)]
j

f/(j)

5 <
(n) -
L J

<

2¢ _4Ce

Now suppose that x is an end of I( ™) and y is an end of I( 2 with j # 5. From
(23) it follows that

/ 1 dp s | [ PO d| = 159 () - £ (@)
>1fD(y) = O =119 ) = tal = 1fD (@) = ta] (27
>c— 2e > g

Let K;={j € Jne: Ii(z) # (} and suppose that s = #K; > 1. Then there exist
s—1 pairwise disjoint subintervals H; C I(n) l=1,. — 1 that are disjoint from
intervals I (n) ij»J € K;and fill up the space between those intervals. In view of (27)
we have [, |f' |Gn) dp > ¢/2 for 1 = 1,...,s — 1. Therefore, by (26) and (27), we
obtain

f’(J) 4Ce  4Ce 8Ce c

< = — _— —_ 1 —_

Z /(n) ] = 7 tn tn + ctn (s )2
< Ace 8052 / () (28)
< 4 .

4Ce 8Ce .

< =42 "Gn) dyy.
S Tt o 1] i

Since p(AS) < §, we have

kjn k.]n
f/(J) )
>3 . < LT [ 0w
i=1 jek, /15 nA tn {5 g, T na (29)
20 . 20 ic
< 5 /9 dp < T oJne S e
n Ag n C
As g
JTL
By ={r€T:Jjen [fP (@)~ ta| <e}c |J J LV,
i=1jeK;
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20 K. Frgczek, M. Lemaniczyk

by (24), (28), (29) and (25) we have

kjn f/(J)
2 <
QM(BnmAE) - ZZ/(MOA
i=1jeK,
kin 119 kjn
< LT e [
i=1j€eK; i=1j€eK; ﬁA”
4C 8C . 4C
< kju——+ t—g/ |£10) dp+ e
8kCe 405 1605 6kC
< - +— 171 (c+ Var f)e.

Finally, from (23) we obtain

32kC
Sc?

contrary to (22). a

w(Bp) < u(By, NAL) + p(AD) < (c+ Var fle + € < u,

Collecting now Theorems 6.1, 7.1 and Lemma 4.1 together with Remark 2 we
obtain the following.

THEOREM 7.2. Suppose that T : T — T is the rotation by an irrational number o
with bounded partial quotients and f : T — R is a positive and bounded away from
zero piecewise absolutely continuous function with a non—zero sum of jumps. Then
the special flow (T, f)teR is mildly mizing.

Applying now the construction from Section 3 we have the following.

COROLLARY 7.1. On the two—dimensional torus there exists a C®—flow (¢¢)ter
with one singular point (of a simple pole type) such that (i) preserves a positive
C*—measure and the set of ergodic components of (o) consists of a family of
periodic orbits and one mon—trivial component of positive measure on which the
flow is mildly mizing but not mizing. Moreover, on that component (p;) has the
Ratner property R(P) for some nonempty finite set P C R\ {0}.
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