NON-REVERSIBILITY AND SELF-JOININGS OF HIGHER
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ABSTRACT. By studying the weak closure of multidimensional off-diagonal
self-joinings we provide a sufficient condition for non-isomorphism of a flow
with its inverse, hence the non-reversibility of a flow. This is applied to special
flows over rigid automorphisms. In particular, we apply the criterion to special
flows over irrational rotations, providing a large class of non-reversible flows,
including some analytic reparametrizations of linear flows on T2, so called
von Neumann’s flows and some special flows with piecewise polynomial roof
functions. A topological counterpart is also developed with the full solution
of the problem of the topological self-similarity of continuous special flows
over irrational rotations. This yields examples of continuous special flows over
irrational rotations without non-trivial topological self-similarities and having
all non-zero real numbers as scales of measure-theoretic self-similarities.
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1. INTRODUCTION

Given a (measurable) measure-preserving flow 7 = (T}):er on a probability

standard Borel space (X, B, ;1) one says that it is reversible (or time reversible) if T is
isomorphic to its inverse with a conjugating automorphism S : (X, B, u) — (X, B, i)
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being an involutiorﬂ ie.:

(1.1) TioS =80T, for eacht € R
and
(1.2) S? = Id.

As far as we know, in ergodic theory, this problem was not systematically studied
for flows. In case of automorphisms first steps were taken up in [I3]. In that paper
it has been shown that for an arbitrary automorphism 7" with simple spectrum
all isomorphisms (if there is any) between T and T—! must be involutions. The
same result holds for flows: a simple spectrum flow isomorphic to its inverse is
reversible, in fact, implies (1.2)) Another class of flows in which (1.1)) puts
some restrictions on the order of S is the class of flows having so called weak
closure property: each element R of the centralizer C(7) is a weak limit of time-¢
automorphisms, ie. R = limy_,o T3, for some t;; — oo, namely, we must have
St =1d ﬂ Moreover, if S? # Id then 7 is not reversibldﬂ

It is easy to observe that isomorphisms between T and 7! lift to isomorphisms of
the corresponding suspension flow (see Section [2|for the definition of the suspension
flow) and its inverse. Moreover, as observed e.g. in [5], each isomorphism between
the suspension flow and its inverse must come from an isomorphism of 7" and T!.
In [13], there is a construction of an automorphism T satisfying the weak closure
property, isomorphic to its inverse and such that all conjugations between T and
T~! have order four. By taking the suspension flow over this example we obtain
an ergodic flow having the weak closure property, being isomorphic to its inverse
and such that all conjugations satisfying are of order four, so this flow is not
reversible.

The problem of reversibility is closely related to the self-similarity problem (see
[6], [9]). Recall that s € R* is a scale of self-similarity for a measure-preserving flow
T = (Ti)ter if T is isomorphic to the flow 7 o s := (Tst)ier. We will denote the
multiplicative subgroup of all scales of self-similarity by I(7) C R*. The flow 7 is
called self-similar if (7)) € {—1,1}. Of course, if 7 is reversible then —1 € I(7).

1Tt should be noticed that, in general, even if 1) and are satisfied for some S then we can
find S’ which is not an involution but satisfies (1.1)) [I3]. For example, take T'(z,y) = (z+a,z+y)
on T2. Then T~ (z,y) = (x — o, —(z — &) + y) and S(z,y) = (—z, = + y) settles an isomorphism
of T and its inverse. Of course S? = Id. On the other hand if we set o~ (z,y) = (z,y + ) then
04T = Toy and 048 = So. Hence (Soy)T = T~ (So,). But (So,)" = 8" (m0d g, 50 we
obtain a conjugation which is of infinite order (if «y is irrational).

Another example can be given by taking first a weakly mixing flow (S¢):cr and then considering
Ty = St x S—¢ in which (z,y) — (y,z) yields reversibility of 7. On the other hand, W(z,y) =
(S1y,x) also settles an isomorphism of 7 and its inverse and since W2 = S; x 81, W is even
weakly mixing.

2 The proof from [13] goes through for flows.

One more natural case when isomorphism of 7 and its inverse implies reversibility arises if we
assume that the centralizer C'((T})) is trivial, i.e. equal to {T; : ¢t € R} and the R-action t — T}
is free. Indeed, as in [13], we notice that whenever S satisfies then S? belongs to C(T), so
52 = Ti,. Now, clearly Ty, S = STy, and since T3, S = ST_¢,, we have T, = Ty, and hence
to = 0 by the freeness assumption.

3We borrow the argument from [13]: C(T) > S? = limg_, 00 T%,, and since T3, S = ST_4, , by
passing to the limit, $3 = S—1.

4Again, borrowing the argument from [13], suppose that S’ satisfies . Then SS’ € C(T),
so S8’ = limg— 00 Tt Since T3, S = ST—¢,, (SS')S = S(SS')~!, whence (S')2 = S~2, but
S4 =Id, so S? = (5")2.

Note that it follows that if 7 satisfies the weak closure theorem, is isomorphic to its inverse
and is not reversible then it has a 2-point fiber factor, namely {B € B : S?B = B}, which is
reversible.
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The papers [40], [41] concerning some particular rank one automorphisms were
historically the first to show that the non-isomorphism of an automorphism and its
inverse can be detected on the level of 3-self-joinings by studying the weak closure
of 3-off-diagonal self-joinings (see also [6]). By taking the suspensions of Ryzhikov’s
automorphisms we obtain flows non-isomorphic to their inverses.

One of the purposes of this paper is to generalize Ryzhikov’s approach and
present potential asymmetries in the weak closure of higher dimensional off-diagonal
self-joinings when we change time in the suspension over a rigid automorphism. We
recall that one of possibilities to show the absence of self-similarities for a non-rigid
flow is to show that in the weak closure of its 2-off-diagonal self-joinings there is
an integral of off-diagonal joinings, and this approach was fruitfully used in [9] to
study special flows over irrational rotations.

In Section we extend techniques introduced in [8] for 2—joiningf| to the class of
higher order joinings, see Proposition [3.7] This is necessary because the 2-joining
method breaks down when we try to prove the non-isomorphism of the flow and its
inverse. Indeed, in our method (similarly to [41]) we seek integral type self-joinings
which are sufficiently “asymmetric” and are in the weak closure of off-diagonal self-
joinings. Then, the asymmetry should result in the non-isomorphism of a flow and
its inverse. Such a method cannot work on the level of 2-self-joinings because it is
spectral. Therefore, to distinguish between the flow and its inverse, we will apply
r-joinings (for r > 3), see Proposition and its consequences.

In Section |4 using Corollary (i.e. the 3-joinings approach), we prove that
any von Neumann flow is not isomorphic to its inverse for almost every rotation in
the base.

In Section |5, the approach developed in Section [3|is applied to special flows T
built over irrational rotations Tz = = 4+ a on the circle and under C"~'-roof func-
tions (r is an odd natural number) which are polynomials of degree r on two com-
plementary intervals [0, 5) and [5,1) (0 < 8 < 1). Here to show non-isomorphism
of T/ with the inverse, we need to study r + 1-joinings and we prove that for a.e.
3 the flow T/ is not isomorphic to its inverse, whenever « satisfies a Diophantine
type condition (along a subsequence, see )

In Section [6] the 3-joining approach turns out to be sufficient to construct an
analytic area-preserving flow on the two torus which is not isomorphic to its inverse.
In other words, we show that we can change time in an ergodic linear flow (which
is always reversible) in an analytic way so that the resulting flow is weakly mixing
and not reversible. We use the AACCP method introduced in [23]. Additionally,
slightly modifying the construction, we prove that the resulting flow has no rational
self-similarities. In fact, we obtain disjointness (in the Furstenberg sense) of any
two different rational time automorphisms. This kind of investigations is partly
motivated by Sarnak’s conjecture on orthogonality of deterministic sequences from
Mbobius function through disjointness, see [3].

In Section [7} we come back to automorphisms, and as in [41], we show that the
3-joining method can be applied to a class of rank one automorphisms having a
subsequence of towers of Chacon’s type. We show that they are not reversible (we
recall that rank one automorphisms have simple spectra).

In Section B we deal with topological self-similarities of continuous time changes
of minimal linear flows on the two torus. Each such flow is topologically conjugate
to the special flow T/ build over an irrational rotation Tz = x4 a on the circle and
under a continuous roof function f : T — R,. We show that if T is topologically

5We use the term 2-joinings for short, however only 2-self-joinings that are in the weak closure
of off-diagonal joinings are used in this method. The same remark applies for joinings of higher
order.
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self-similar then « is a quadratic irrational and f is topologically cohomological to
a constant function. It follows that if a continuous time change of a minimal linear
flow on the two torus is topologically self-similar then it is topologically conjugate
to a minimal linear flows as well. As a byproduct, we obtain an example of a
continuous flow 7 on the torus which has no topological self-similarities and the
group of scales of self-similarity (for 7 treated as a measure-preserving system) is
equal to R*.

For the problem of topological reversibility and its generalizations in the class of
topological Markov shifts, see [26].

First historical examples of automorphisms non-isomorphic to their inverses were
provided by Anzai [2], Malkin [30] and Oseledets [35]. Moreover, the property of
being isomorphic to its inverse (the more, reversibility) is not a typical property.
As shown by del Junco [16] (for automorphisms) and by Danilenko and Ryzhikov
[6] (for flows), typically we have disjointness with the inverse action. But there
are quite a few natural classes of flows which are reversible. Let us go through a
selection of known examples.

A) All ergodic flows with discrete spectrum are reversible. This follows
easily from the Halmos-von Neumann theorem, see e.g. [4] (the fact that each iso-
morphism must be an involution is a consequence of the simplicity of the spectrum
of such flows).

B) All Gaussian flows are reversible. Indeed, each Gaussian flow is determined
by a one-parameter unitary group U = (Uy)iecr acting on a separable Hilbert space
H such that there is a spectral decomposition

(1.3) H=@R(z,) with 04, > 04, > ... and 0, (4) =0y, (—A)

n=1
for each Borel subset A C R and n > 1 (and o0, is assumed to be continuous), see
[19], [27], [28]. Now, the action & on R(z,) is isomorphic to the action V(™):

V() (@) = 2" f(z) for f e L2(R,0,,),

so I,f(z) = f(—z) is an involution which settles an isomorphism of V(") and its
inverse. Then, up to isomorphism, I = @, I (") is an involution which settles an
isomorphism of &/ and its inverseﬁ and it extends to a measure-preserving isomor-

phism of the corresponding Gaussian flow (7}) and its inverse, see e.g. [28].

C) Some horocycle flows are reversible. Let I' C PSLs(R) be a discrete
subgroup with finite covolume. Then the homogeneous space X = I'\PSLs(R)
is the unit tangent bundle of a surface M of constant negative curvature. Let us
consider the corresponding horocycle ﬂouﬂ (ht)ter and geodesic flow (gs)secr on X.
Since

(1.4) gshigyt = he—2s, for all s,t € R,

the flows (ht):er and (he—2s¢)ter are measure-theoretic isomorphic for each s € R,
so all positive numbers are self-similarity scales for a horocycle flow.
We will now show that some horocycle flows are reversible. Let now J denote

the matrix
1 0
J- (O _1> |

6Notice that the same argument works for an arbitrary Koopman representation Uy = Ur,. In
other words, an arbitrary Koopman representation is unitarily reversible.

TWe have hy(Tz) =T - (x [ ol D and gs(Tz) =T - (z [ Y D

e
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Clearly, J ¢ SLy(R). However, if I' satisfies I' = J~I'J then J will also act on
T\PSLy(R):
J(Tx) = J ' Tad = (J'TI)J e =TT 1ol
Moreover,
J hyd = h_y
and since J yields an order two map, we obtain that in this case the horocycle flow
is reversible. It follows that I((h¢)ier) = R*.

Corollary 1.1. In the modular case I' := PSLy(Z) C PSL2(R), the horocycle flow
(ht)ter is reversible.

There are even cocompact lattices I' which are not “compatible” with the matrix
J. In this case a deep theory of Ratner [38] implies that in particular (h;):ecr is not
measure-theoretically isomorphic to its inverse.

Let us come back to the horocycle flow (ht):cr on the modular space '\ PSLz(R),
I' = PSLy(Z). By Corollary this flow is reversible. Moreover, C((h¢)icr) =
{h¢ : t € R}. Indeed, first note that

{a € PSLy(R) : al'a™! =T} =T.

In view of the celebrated Ratner’s Rigidity Theorem (see Corollary 2 in [37]), it
follows that C'((h¢)ter) is indeed triviaﬂ Hence, we obtain the following more
precise version of Corollary [1.1] (cf. footnote [2)).

Corollary 1.2. In the modular caseI' :== PSLo(Z) C PSL2(R) we have C((hy)ier)
= {h: : t € R}. Then, each S establishing isomorphism of (hi)ier with its inverse
s an involution. Moreover, S = hy, o J for some tg € R.

D) All Bernoulli flows are reversible. This is done in two steps. If the entropy
is infinite then (via Ornstein’s isomorphisms theorem [32]) we have a Gaussian
realization of such a flow and we use B). If the entropy is finite then (again via
[32]) we can consider the geodesic flow on I'\PSLs(R). Then

K'¢K=g_,foralltcR, where K = (_01 (1)> .

This establishes an isomorphism between (g;):er and (g—¢)ier via an involution
(K? = Id as an element of PSLy(R)) ﬂ and hence the isomorphism of (gst):er and
(9—st)ter for each s € R\ {0}.

E) Geodesic flow revisited, Hamiltonian dynamicsm In this case we ob-
tain always reversibility, because each such flow acts on a tangent space following
geodesics: the configuration space consists of pairs (z,v) (z — placement, v — speed)
and the involution is simply given by

(z,v) — (z,—v).

8The general result of Ratner states that elements of the centralizer are the composition of hig
with the automorphism given by T'z + T'(ax), where al'a~! = T.

9An alternative proof of reversibility of Bernoulli was pointed to us by J.-P. Thouvenot. Indeed,
consider the shift T: {0,1}% — {0,1}% given by T((n)nez) = (Tn+1)nez, where {0,1}% is
equipped with the product measure p = P®Z with P({0}) = P({1}) = 1/2. Then the map
I: (zn)nez — (T—n)nez is an involution conjugating T" with T~!. Moreover, there is a roof
function f constant on each of the cylinder sets {(zn)nez: o = 0}, {(Zn)nez: o = 1} such that
the special flow T/ is Bernoulli [33]. Now, it suffices to apply Remark below to conclude that
T7 (as well as TS o s for each s € R\ {0}) is reversible. For the infinite entropy case it suffices to
consider the infinite product T x T x ...

10This was pointed out to us by E. Gutkin.
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The authors would like to thank the referee for the comments improving the
presentation of the results of the paper and also for suggesting us one more natural
class of reversible flows given by special flows over reversible interval exchange
transformations (see Remark .

2. SPECIAL FLOWS

Assume that T is an ergodic automorphism of a standard probability Borel space
(X, B, ). We let B(R) and Ar stand for the Borel o-algebra and Lebesgue measure
on R respectively.

Assume f: X — R is an L' strictly positive function. Denote by 7/ = (th)teR
the corresponding special flow under f (see e.g. [4], Chapter 11). Recall that such
a flow acts on (X7, Bf, uf), where X7 = {(z,5) € X xR : 0 < s < f(z)} and
BY (uf) is the restriction of B ® B(R) (1 ® Ag) to X7/. Under the action of 77 a
point in X/ moves vertically at unit speed, and we identify the point (z, f(x)) with
(Tz,0). Clearly, T/ is ergodic as T is ergodic. To describe this R-action formally
set

f@)+ f(Tz)+ ...+ f(TF1z) if k>0
B (z) = 0 if k=0
—(f(TFa)+...+ f(T7'z)) if k<O.

Let us consider the skew product 77 : X x R — X x R,

T j(z,r) = (Tw,r - f(x))
and the flow (o¢)ter on (X x R,B® B(R), 4 @ Ag)
o(xz,r) = (x,r +1).
Then for every (z,7) € X/ we have
(2.1) T/ (z,7) = T"; o oy(z, 1) = (T"a,r +t — f™)(2)),
where n € Z is unique for which f)(z) <r 4t < f*+ ().
Remark 2.1. Recall that if T" is an ergodic automorphism of a standard probability

Borel space (X, B, i) is aperiodic. Moreover, any special flow T/ is also aperiodic,
i.e. for every t # 0 we have pu/ ({(z,s) € X/ : T/ (z,5) = (x,5)}) = 0.

Remark 2.2. The special flow T/ can also be seen as the quotient R-action (o¢)ser,
oi(z,r) = (2,7 +1) on the space X x R/ =, where = is the T_ j-orbital equivalence
relation, T_y(z,7) = (Tx,—f(x) + r). Indeed, o, 0 T_y = T_f o 0y, so oy acts on
the quotient space. Moreover, the quotient space X x R/ = is naturally isomorphic
with X7 by choosing the unique point from the T_ ¢-orbit of (x,7) belonging to
X7, Finally,

(Tf)t (35,7’) = (T—f)k Jt(x7r)
for a unique k € Z.

Using Remark we will now provide a criterion for a special flow to be iso-
morphic to its inverse.

Remark 2.3. Assume that T is isomorphic to its inverse: ST = T~!S. Assume
moreover that

(2.2) f(Sz) = f(z) = hz) — h(Tx)

for a measurable h : X — R. We claim that the special flow T is isomorphic to its
inverse and is reversible if S2 = I'd and h(T'Sz) = h(z). Indeed, first notice that

(2.3) (T-f) " =Ty
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Set
9(x) = f(z) — h(Tz)
and consider Sy _1 : X xR — X xR,

Sy (@,7) = (S, g(x) — 7).

Note that S, _; is measurable and preserves the measure p ® Ag. It follows imme-
diately that

(2.4) Sg—100s=0_408, _1 foreach t€R.

All we need to show is that S, _; acts on the space of orbits, that is, it sends a
T_ s-orbit into another T_ -orbit. For that, it is enough to show that

(2.5) Sy 10T o (S, 1) " =(T_5)"".
Now, in view of , the equation is equivalent to showing that
F(T718) + g(2) = g(T) + f(x)
which indeed holds as by (replacing x by T'z) we have
f(8Tx) = f(Tx) = h(Tw) — h(T*x),
so f(T~18Sx) — f(Tz) = W(Tx) — h(T?z), whence
F(T'S2) = f(w) = f(Tx) — f(x) + h(Tw) — h(T%x) = g(Tx) — g(x),

so indeed Sy _1 settles an isomorphisms of TS and its inverse.

For the second part, we simply check that under the assumption S$? = Id, we
have g(Sz) = g(«x) if and only if h(z) = h(TSx).

Finally, notice that in the original functional equation we can consider RS
instead of S with R € C(T) (note however that even if S* = Id we may now have
(RS)? # Id).

To illustrate Remark first consider the special flow over irrational rotation
Tr=xz+aonT=]0,1) with the roof function f of the form

f(z){ b for z€]0,a)

¢ for z€la,l),

where 0 < a < 1 and b,c¢ > 0. Then take Rz = z + a and Sx = —x. Note that RS
is involution and check that fo Ro S = f, which by Remark means that T is
reversible.

Here is another application of Remark [2.3]

Remark 2.4. Let T : [0,1) — [0,1) be an m-interval exchange transformation
(see e.g. [42]) based on the symmetric permutation, i.e. T transforms the i—th
interval to an (m + 1 — ¢)-th interval for ¢ = 1,...,m. Denote by A; > 0 the
length of the i-th interval. Let us consider the roof function f :[0,1) — Ry which
is constant over each exchanged interval. Then the special flow T7 is reversible.
Indeed, remark that 77! is also an m-interval exchange transformation based on
the symmetric permutation for which the length of the i—th interval is A, 11_; for
i=1,...,m. It follows that 7~! is metrically isomorphic to T via the involution
Sz =1—x. Moreover, foT ! = foS. Therefore, f(Sx) — f(z) = h(z) — h(Tz)
with h(z) = f(T'z) = f(Sz) and h(TSz) = f(Sz) = h(z). In view of Remark
2.3, this yields the reversibility of T7.

This gives rise to a class of reversible linear flows on a translation space of each
genus > 1 (see [42], Lemma 2.12).
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If we take f = 1 then the resulting special flow is called the suspension flow of
T. Note also that special flows are obtained by so called (measurable) change of
time of the suspension flow (see [4]). It is easy to see that

T} (@, r) = (T2, {t + ) [
Recall that a sequence (g,) of integers, ¢, — 00, is called a rigidity sequence for

T if T — Id (similarly we define a real-valued rigidity sequence for flows). Note
that whenever (g,,) is

(2.6) a rigidity sequence for T, it is a rigidity sequence for the suspension.

Directly from Remark it follows that the suspension of the reversible automor-
phism yields a reversible flow.

Remark 2.5. Similarly as the functional equation defines an isomorphism of
T7 with its inverse, if S € C(T) in then
(2.7) f(Sz) = f(z) = g(x) — g(T)
with g : X — R measurable, yields an element of C(7). Indeed, consider the skew
product

Sg: X xR — X xR, Sg(x,r) = (Sz, 7+ g(x)).
Then S, commutes with the flow (o0¢):er and, by , with the skew product T_ .
It follows that S, can be considered as an automorphism on X/ = (X x R)/ =
with commutes with the special flow T'/.

The following lemma tells us that whenever the centralizer of T/ is trivial, we
can solve the functional equation (2.7) only in a trivial way.

Lemma 2.6. Assume that T is ergodic and C(T') = {T} : t € R}. Suppose that
SeC(T) and g : X — R is a measurable function such that

(2.8) foS—f=g—goT.
Then there exist k € Z and tyg € R such that
S=TF and g=to— f®.
Proof. By Remark the automorphism
Sg: X xR — X xR, Sg(x,r) = (Sz, 7+ g(x))
can be considered as an element of C(7f). By assumption, there exists ¢y € R such
that S, = Tt{] on X7. Therefore, there exists a measurable function k: X x R — Z
with
(82,7 + g(2)) = Syl 1) = T (@, 7+ o) = (T3, 1 + 10 — FHE (7)),
S0
Sz =TF=" and  g(z) =ty — fEED(2)).
It follows that k does not depend on the second coordinate, i.e. k(x,r) = k(z)
(indeed, f*1)(z) # f*2)(z) whenever ki # ks) and Sz = T*®)z. Thus

TRy = TSy = STx = TFTD) (Tr) = THTD+y,

By the ergodicity of T, k o T = k and hence k is constant, which proves our
claim. 0

3. JOININGS AND NON-ISOMORPHISM OF A FLOW WITH ITS INVERSE

In this section we will present a method of proving non-reversibility by studying
the weak closure of off diagonal self-joinings (of order at least 3).

L11.] stands for the integer part of a real number.
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3.1. Self-joinings for ergodic flows. Assume that 7 = (T})ier is an ergodic flow
on (X, B, u). For any k > 2 by a k-self-joining of T we mean any probability (T} x
... x Ty)¢er-invariant measure A on (X*, B®¥) whose projections on all coordinates
are equal to u, i.e.

AMX X ... x X xA; x X x...xX)=p(4;) foranyl<i<kand A, € B.

We will denote by Ji(7) the set of all k-self-joinings for 7. If the flow (T} x ... x
Ty)¢er on (X*,)\) is ergodic then ) is called an ergodic k-joining.

Let {B,, : n € N} be a countable family in B which is dense in B for the (pseudo-)
metric d,(A, B) = u(AAB). Let us consider the metric d on Ji(7') defined by

1
dAN) = > g A(Bay XX Buy) ~N(Bp, X ...%x Byp,)|.
ni,...,ngEN
Endowed with corresponding to d topology the set Jx(7) is compact.
For any family Si,...,Sk_1 of elements of the centralizer C'(7") we will denote

by ps,,....s._, the k-joining determined by
1Sy se 1 (A1 X o x Ap_y x Ag) = p(STT A N NS Ak N AR)

for all A;,..., Ay € B. Since pug,, .. s, , is the image of the measure y via the
map x +— (S1z,...,Sk—12,x), this joining is ergodic. When all S; are time t;-
automorphisms of the flow, then pg, ... s, , is called an off-diagonal self-joining.

For any probability Borel measure P € P(R¥~1) we will deal with the measure
Jri pr,, .1, AP(t1,. .. tg_1) defined by

/kal Ty, Ty, dP(ty, . tio1)(A) = /RH ey, s, (A)dP(ty, . ti)

for any A € B®*. Then Jri BTy, T, dP(t1,...,tk—1) € Jp(T). In the follow-
ing section we will provide a criterion of having such an integral self-joining in the
weak closure of off-diagonal joinings for some special flows.

Similarly, we also consider joinings between different ( ergodic) flows, say 7 =
(Tt)ter and S = (Si)ier. Following [10], we say that 7 and S are disjoint if
J(T,8)={n®v). We write 7 LS.

3.2. A sufficient condition of existence of integral joinings in the weak
closure. Let G be a locally compact Abelian Polish group. Assume that || - || is
an F-norm inducing a translation invariant metric d on G. Denote by G the one-
point compactification of G. Assume moreover that T : (X, B, pu) — (X, B, p) is
an ergodic automorphism and F,, : X — G, n > 1, is a sequence of measurable
functions such that

(3.1) (Fy)«p — P € P(G)

sx-weakly; P(G) stands for the set of probability Borel measures on G. The following
result is a natural generalization of Lemma 4.1 from [g].

Proposition 3.1. Under the above assumptions, suppose moreover that
(3.2) F,,oT — F,, — 0 in measure.
Then for each ¢ € C(G), h: X — G measurable and j € L' (X, B, i) we have

lim [ (Fu(x) + h(x))j(x) du(x) = /X /G &g + h(x))j(x) dP(g)dpu(z).

n—oo X
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Proof. We will first assume that h = 0. In order to prove the above weak conver-
gence we need to show that

(3.3) lim | o(F,(@))j(x) dulz) = 0

n—oo X

for each j whose mean is zero. Now, since the functions of the form ko T —
k with k € L'(X,B,u) are dense in the latter subspace we need to show that
limy, oo [ O(Fn(z ))(k(Tx k(z))du(z) = 0. We have

/X (Fn(@))i(x / O (Fp(2) (T) dpa / O(Fo (T))k(Tx) dp(x)
- /X (Fa(2)) — $(Fn(T))) k() du(x).

Now, since ¢ is uniformly continuous and bounded and ([3.2)) holds, (3.3]) follows.
Suppose now that h = > | h; - 14, is a simple function (h; € G and the sets
A;, 1 < i < m form a measurable partition of X). We have

/X OLn(2) + hla))i(x) ) = 3 /X O(Fo(2) + hi)j (1)1, () dps(z)

H;\/C;(yb(g‘khi)dp(g)/ (G- 14,)(z)dp(z)
//¢9+h (x) dP(g)dp(x).

All we need to show now is that for each € > 0 we can find a measurable h, : X — G
taking only finitely many values so that

(3.4) \ [ 6@+ 1)) (o)~ [ 9 ) + D)) )

and

5| [ oo+ neNite duto) - [ olo+ )it duto
X b's
Given € > 0 we select § > 0 so that
lg1 — g2l <6 = [6(91) — dg2)| </(2ll3llLr)-
Then select > 0 so that whenever u(A) <

/A (@) dpu() < /(41 6lo0).

Finally choose h. : X — G measurable so that h. takes only finitely many values
and

<e

< €.

in({z € X ¢ ho(w) = b)) = 6}) <.
We have

\ / S(Fo(x) + h(2))j(z) du(z) — / H(Ful() + he(2))j (&) dpu(z)
X X

< [6lloo s ()] ()

’)
{zeX: ||he(x)—h(x)| 25}

€ .
+ Sl du(a) < .
{zeX: ||he(z)—h(z)|| <5} 151 22

We established (3.4) and (3.5) follows in the same manner. O
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Lemma 3.2. For allty,...,tq—1 € R and all measurable sets Ay, ..., Aqg C XT we
have

d—1 d—1
uf <ﬂ(Tf)tiAiﬂAd> = Z L@ AR (ﬂ (T_)¥ioy, Ar) mAd>.

=0 Kook seeka—1 €T =0
Moreover, the sets ﬂ?;ol (T-f)¥i0y, A;) N Ag, (ko,...,kq—1) € Z% are pairwise
disjoint.
Proof. Given (to,...,tq_1) € R? and (x,r) € X/,

(T, (z,r) = (T_§)* 0oy, (2,7) for a unique k; € Z for 0 <i < d— 1.
Hence if we fix i € {0,...,d — 1} then

T/ (i) = | TFor, (A) N X
k€EZ

The sets on the RHSE of the above equality are pairwise disjoint and they corre-
spond to the images via Tt]: of the partition of X/ into pairwise disjoint sets on
which the action of Tt{ corresponds to T* #0t;, k € Z. Therefore (remembering that
Ay C Xf)

d—1 d—1
N Tl (A)nAa= () | TFou,(A) N Ag
=0

i=0 k; €7
d—1
— U (ﬂ (T-f)¥ 04, As) mAd>.

ko,k1,....ka—1€Z \i=0
It follows that the above representation corresponds to the partition of the space X ¥
into countably many subsets Xl{o,...>kd_17 (ko,...,kq_1) € Z¢, on which, for each i =
0,...,d—1, (T7),, acts as (T_)*0,,. Moreover, since (T7),, is an automorphism,
the images (T_s)*ioy, (ka()auwkd—l) are pairwise disjoint for (ko,...,ks_1) € Z%
and the result follows. O

Lemma 3.3. Suppose that Ag,...,Aqg C X X R are measurable rectangles of the
form A; = B; x C; for 0 <i<d. Then

d-1
P AR (ﬂ ((T-p)*As) N Ad)

i=0
d—1
:/ AR (ﬂ (C’i + f(*ki)(x)) N C’d> du(x).
N remoss \ag
Proof. We have (z,r) € ﬂ?;ol(T_f)ki(Bi x C;) N By x Cyq if and only if
(z,7) = (T*ys,ri — f*) (i) with  (y;,7:) € B; x Cj
for0<i<d-—1and (z,7) € By x Cy4. Thus

d—1
(z,7) € [)(T-p)¥(Bi x C;) N By x Cy
1=0
if and only if
d—1 d—1
ve()THBNB, and re() (Ci - f(ki)(T’kix)) Ny
1=0 =0

12This is the abbreviation of right hand side; similarly we use LHS.
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Since f")(T~"z) = —f(=™)(z) for any m € Z, the result follows. O
As an immediate consequence of (the second part of) Lemma and Lemma

we obtain the following result.

Remark 3.4. For fixed ty,...,tq—1 € R and k;, € Z with 0 < iy < d —1 and for
all measurable sets 4; C X/ of the form A; = B; x C; where 0 < i < d we havﬂ

d—1
Z R AR <ﬂ (T_f)k"atiAi n Ad> < p® Ar ((T_f)kio T, Aio N Ad)

k; €7, 5710 i=0

= / N Ar ((CZ-O +ti, + fTR0) (@) N cd) du(x)
T"0 B;;NBg

< /X AR((C¢O+%+ f(*kio)(a:))ﬂcd) du(z).

Suppose that f € L?(X,u) and (g,)nen is a sequence of integer numbers such
that the sequence (féq"))neN is bounded in L*(X, u), where fo := f — [ fdp.

Lemma 3.5 (Lemma 4.4 in [8]). For every pair of bounded sets D,E C R there
exists a sequence (ay)kez of positive numbers such that

® D ez @k < +00,
° [y Ar ((D - féq")(m) + f® (@) N E) du < ay, for eachn € N and k € Z.

Remark 3.6. For any [y, € Z we have
FOH (g) — 1y = (O (@) — 1y + fUD(Tha) = £V (@) + 02 (Th).

Proposition 3.7. Suppose that f € L?(X, i) is a positive function with fX fdp=
1 and there exists ¢ > 0 such that f*) > ck for a.a. © € X and for all k € N
large enough. Let (q},)n>1 be rigidity sequences for T' for 0 < i < d —1. Moreover,

suppose that the sequences (féq:’)) are bounded in L?(X,p) for 0 <i<d-—1
n>1

and

(3.6) (féqg), cey éqi_1)>* () — P weakly in P(RY).
Then

61 Wy [ PG )

Remark 3.8. Before we pass to the proof let us see the assertion of the proposition
in case of the suspension flow, i.e. f = 1, that is, fo = 0. In this case P is the Dirac
measure at zero of R, so in we have a convergence to the diagonal (d+1)-self-
joining Agy1. This can be see directly in view of (2.6)); indeed, all sequences (¢, ) are
rigidity sequences for the suspension flow and hence yield convergence of the LHS
in to Agyi. It follows that Proposition provides a class of (measurable)
change of times of the suspension flow, so that the LHS in weakly converges
to the integral of off-diagonal (d + 1)-self-joinings given by the limit distribution
in .

If T is rigid and reversible, then so is its suspension. We will see later the the
changes of time described in Proposition [3.7] may lead to non-reversible flows.

13Here and in what follows D ki€, i, TEANS Doy
€2,
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Proof. First notice that all we need to show is that holds for all measurable
rectangles A; C X/ of the form A; = B; x C; (0 < i < d) such that C; are bounded
for 0 <i <d.

Setting

d—1
@R 7= 1D AR (ﬂ () () oy 45) 0 Ad>
=0
forn € N, ko, ... ,kq—1 € Z, by Lemma 3.2] we have
d—1
(3.8) ! (m (TF) i As N Ad> = > Ay
i=0 ko,....ka_1€Z

Since o_gi (A;) = B; x (C; — q},), using Lemma and Remark [3.6, we obtain

d—1
Forhacr = g O
Mhovehus ™ /ﬂf_ol T*’“r‘I%Bde)\R <D) Ci—au+ ST @) Cd) du(z)
(3.9) o
= ) () (k) i
- /ﬂ;'i=ol T*qu%Bde)\R (ZOO Cot o (@) + fEAT )0 Cd) dp(z).

Using again Remark foralln €N, kg, ...,kq—1 € Z we have

d—1
ZOwuxkd—l ::/ )\R m (C’L - C]Z + f(k+q:l)($>) N C'd du(x)
n;‘l;ol T=ki B;NBg i=0
(3.10) o |
= / Az (ci+ F30) () + f<k1v>(Tq2x)) N Cy | du(z).
N{Zy T=*i B;NBq i=0
We claim that
(311 lim (af, s, =Yk, ) =0 forall ko,....ki €7

Notice that in formulas (3.9) and (3.10) describing aj, ;. ~ and b . respec-
tively we have

d—1 _
@) = X (ﬂ (G di+ S5 @) 1 Cd) < (Ca).

=0

Therefore,

n " —
L ko,...,kd,1| = ‘/d ) . wndlt*/d ) wndll’
N{Zy T~* 9% B;NBy N¢Zg T~*i B;NBy

< xe(Cy) u((ﬁl T—ki=4 B, N Bd) A ( dﬁl 7% BN Bd))
1=0 1=0

and (g},)n>1 for 0 <i < d — 1 are rigidity sequences for T', this gives (3.11).



14 K. FRACZEK, J. KUEAGA-PRZYMUS, AND M. LEMANCZYK

Let ¢ > 0 and fix 0 < igp < d — 1 and k;, € Z. By Remark 3.4 and Remark [3.6]
for any n € N we have

Z a’ZOv---vkd—l < / AR((OiU - q"iLO + f(kioJrqu)(x)) N Od) d,u(x)
k;j €Z,57#10 X

- / X ((Cio + 1) (@) + F50 (19 2)) A Cy) dp(a)
X .
_ /X Xe ((Cio = (@) + 1400 (@) 1 Q) ().

Therefore, by Lemma [3.5] there exists M > 0 such that for any 0 < iy < d—1 and
neN

Z Z Alyooba s < 4€d'

|kig|>M k;€Z,j#i0

It follows that

(3.12)
Z aZOwHykd—l < Z Z Z azo,m,kd,_l < 5/4.

max(|kols...,|ka—1])>M 0<io<d—1 |kiy|>M k; €Z,j#io

Let us consider F, : X — R%, F,(z) = (F%(x), ..., Fi~!(x)) with
Fi(z) = f4%)(z) + f*)(T%g) — f%)(z) for i=0,...,d—1

and (ko, ..., kq_1) fixed. Since (¢},)n>1 is a rigidity sequence for T', f(#:) 0T — f(k)
tends to zero in measure when n — oo for every ¢ = 0,...,d — 1. Therefore, ({3.6)
implies (F),).p — P weakly in P(R%). Moreover,

FioT—F' = (foT*)oT% — (foT*) for i=0,....d—1,

so F,, oT — F,, — 0 in measure. Now using Proposition with G = R? and (3.10))

we obtain

(3.13)
Z:Ov---;kd—l

d ) .
/mle B BAR( (Oi+féq")(m>+f(k”(T%m))mcd)du(x)
i=o T™FiB;NBq

I
ST
La L

_ / (N (@ Fi@) + (@) 0 Ca)dule)
4L 7k B;NBy

=0

d—1
= /RdAR( N (C¢+ti+f(’“)(x))ﬂOd>dP(t0, o ta)dp(x)
1=0

N¢Zy T—*i B;NBy

= Cko,....ka—1
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for each kg, ..., kq—1 € Z. By Fubini’s theorem and Lemma [3.3| we have
(3.14)
Cko,....ka—1
d—1
_ / / N () (Corttit £ (@) NG ) da(z) dP(to. . 1a1)
R JN¢Z) T*i B;NBy i=0
d—1
= ‘/Rd n AR( m (T,f)_kiati (Bi X Cz) N (Bd X Cd))dp(to, R ,tdfl)
i=0
d—1
= /Rd JURe) )\R( m (T,f>_k"’0'tiAi N Ad>dP(t0, coyta—1).
i=0

Moreover, by Lemma 3.2

koye-rs kq_1€7Z
d—1
315 = > / p@=( ((T-5) o1, 4i 0 Ag)dP(to, ... ta—1)
Ko, ka_1€Z? R? i=0
d—1
:/ ,U,f(ﬂ(Tf)tiAiﬂAd)dP(to,...,tdfl).
R i=0

Increasing M, if necessary, we can assume that

(3.16) Z Chgyr ka1 < /4.

max(|kol,...,|ka—1])>M
Combining (3.11]) with (3.13) we get
aZOy---yk'd—l — Chy,...kq_, forall ko,...,kq_1 € Z.

Therefore, there exists N € N such that for all n > N and ko,...,kq_1 € Z with
max(|ko|, ..., |ka-1]) <M

ap - l<—°
Fho,owikams — Choreka—al S 9o ya

In view of (3.12)) and (3.16)), it follows that
‘ Z aZO,.A.,kd,l - Z Cko,....ka—1

ko,..., kq—1€Z ko,..., kqa—1€Z
n
S § : ako,“.,kdfl + § : ck07~--,kd—1
max(|kol,...,|ka—1|)>M max(|kol,...,|ka—1])>M
n
+ § |ak‘,o,...,k471 - Ck07---1kd—1| <e&.
max(|kol,...,|ka—1]) <M
By (3.8) and (3.15)), this completes the proof. d

3.3. FS-type joinings and non-isomorphism of a flow with its inverse.
From now on we assume that all flows under consideration are ergodic and aperiodic.

For any & = (gg,...,e4-1) € {0,1}? := {0,1}¢\ {(0,...,0)} and for any vector
7= (z0,...,74_1) € R? let

.f(f:‘) =coXo + €11+ ... FEG-1Tg—1-
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If we look at the assumptions of Proposition we see that for any choice of

£=(c0,---,64-1) € {0,1}¢ setting G, := (¢°,q},...,q%"1) we have

(€ is a rigidity sequence for T and (@.(2)) is bounded in L2.
(@n(8)) 1 glaivy seq 0

= n>1
we can assume that

(@n(8)) (0.1}
<(f0 >5€{071}/d>* - Q € P(R ) when n — oo.

For any ¢ € R{®1" denote by ug € Jya(T7) the off-diagonal 2¢-self-joining
defined the family of elements of the centralizer {Tt—f : £ € {0,1}?}, this is

AT 4)=w( ) )

£e{0,1}4 ge{0,1}4

we make the convention that # o) = 0 for any ¢ € R{0:1}, Hence, in view of
Proposition [3.7]

/ ;-
(3.17) H@n(@)c oy /R{o,lw HopdQ(D).

Recall that given @ = (ao,...,a4—1) € R% by the finite sum set FS(a) of a we
mean

FS(a) ={ag,a1,...,a4-1,a0 +a1,a0 +az,...,a0 + a1 +... +aq_1}
= {a(s) : £ € {0,1}"}.

The off-diagonal joinings on the LHS of have certain symmetry property
(explored below) which, when assuming isomorphism of the flow with its inverse,
should result in a certain symmetry property of the limit measure (). Hence, if
the expected symmetry of Q does not take place we obtain that the flow is not
isomorphic to its inverse. We now pass to a precise description of the symmetry of
@ in a more general situation.

Assume that 7 = (T})¢er is an ergodic and aperiodic flow on (X, B, ). Suppose
that there exists a sequence (Gn)n>1 in R%, and a probability Borel measure Q €

P(R{071}/d) such that
(3.18) @ () eeponya /R{Oyl}/d p-dQ(t) in Jya(T).

Note that, because of the aperiodicity of T, for distinct £, 5 € R{%1}" the measures
i, iz are orthogonal. Therefore, the integral in represents the ergodic
decomposition of the limit measure.

We also assume that 7 and 7 o (—1) are isomorphic, i.e. for some invertible
S (X,B,p) — (X,B, )

(3.19) SoTyoS ' =T_, foreach tcR.

The map S : X — X induces a continuous (affine) invertible map S, : Jpa(7T) —
J2a(T) such that

S*(p)< I1 Aé) ::p( I1 S’1A5—> for A.eB, ze{0,1}

ee{0,1}4 ee{0,1}4
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Moreover, for any € R{0:1}"

1 a)=m( II s7a)=n( N Tos'4)

€e{0,1}4 €e{0,1}4 £€{0,1}4
= M(S_l ﬂ Tfﬁg) = M( ﬂ Tt_gAE_) = M_ft( H Ae‘)
£e{0,1}4 £e{0,1}4 ge{0,1}4
Thus
(3.20) Sy (ng) = p—i-

By the continuity of S,

S ('u(‘j"(g))ée{o,l}’d) - S*(/R{o,l)/d MffdQ({)) - /R{o,l}/d S*(M*f) dQ(E)
In view of ([3.20)), it follows that
(3.21) (=0 ()eegonya /R{O)lyd g dQ(1).

Let us consider the involution
I:{0,1} = {0,134, I(eoy...,€a-1) = (1 —€0,...,1 —€q_1),
— rd rd — — — —
g : RO, gEOIT 9((t5>56{0,1}’d) = ((t(1,“.,1) - tI(é))gg{oJ}/d)‘
Thus, by m
H(=a.(8)) ee{o, 1}’d( H Ai) - ,LL( ﬂ Tin(é)Ag)

se{0. 1} ze{0,1}4
ﬂ T Gn (8)—Gn(1,...,1 ) ( ﬂ 7q” (é))A§>
£e{0,1}¢ celony
( ﬂ qun(e)AI(e)) = H(gn () )eeqo, 1}/4( H Ar 8))
£e{0,1} ey
— R{O, 1}/d (se;{I;[l}d Al(e ) dQ(E) (0,174 N(Ee{rol}d T{gAI(g)) dQ(f)
Lt [ o) 220
N /]R{o,l}/d (ee{((l}dT ..,.,1)—51(5))145) dQ(t)
B /HMOJ}'d Ha@ (E—e{l;ll}d Aé) dQ(f)

in the last line we use the fact that ¢, 1) =7z = 0 for €= (0,...,0). In view of

(3.21)), it follows that
/ L PTE dQ(t) = / L PTE dé*Q(ﬂ
R{0,1}/ RrR{0,1}/

By the uniqueness of ergodic decomposition, we get 0,(Q) = Q. In this way we
have proved the following result.

Proposition 3.9. Assume that T = (T})icr is an ergodic and aperiodic flow on
(X,B,u). Assume that T satisfies . If the measure Q is not invariant under
the map 0 : RO RO ypen (T})ter is not isomorphic to its inverse. In
particular, (T3)ier s not reversible.
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Remark 3.10. Suppose additionally that the flow 7 is weakly mixing. Then each
its non-trivial factor is also weakly mixing, so it is ergodic and aperiodic. For each
such factor is evidently valid. It follows that the absence of isomorphism to
the inverse is inherited by non-trivial factors of 7.

Two particular cases follows. First, consider the case d = 2. Then the space
R{%:1}"* is identified with R3 by the map RO} 5 ¢ (t(l,l)’t(l,o)»t(o,l)) € R3.
The the map 6 is identified with 6 : R3 — R3, 0(t,u,v) = (t,t —v,t — u).
Corollary 3.11. Assume that T = (T3):er @s an ergodic and aperiodic flow on
(X, B, ). Assume moreover that

KTy 4 an Trn Tan H/ pr_ 1,1, dQ(t, u,v)
R3
for some probability measure Q € P(R3). If the measure Q is not invariant under
the map (t,u,v) — (t,t —v,t —u) then T is not isomorphic to its inverse.
Now suppose that g, = (gn, - - .,¢n). Then g, (£) = |€|gn, where |&] = 1+ -+&4.
Let us consider the maps
. md 0,1}'¢ d—1\ _
o: R® — R{ ' ’ Q((IJ)]ZO) - (zd—‘gl)ge{o’l}lda
0 : Rd — Rd, a(to,tl, e ,tdfl) = (to,to - tdfl, N ,to - tl).

Then g o6 = 6 o p. Moreover, if

(3.22) I g, Tia—1yay v Tan 7 /Rd W g Ty Ty, AP (t0s - ta—1)

for some P € P(R?) then (3.18) holds for a measure Q = o.(P) € PR,
Moreover, 6,(Q) = @ implies p.0.(P) = 0+(P), and hence 0,(P) = P. As a
conclusion from Proposition [3.9] we obtain the following.

Corollary 3.12. Assume that T = (T})ier is an ergodic and aperiodic flow on
(X, B, i1). Assume that (3.22)) is valid for a measure P € P(R?). If the measure P
is not invariant under the map 0 : R* — R then T is not isomorphic to its inverse.

Finally consider d = 2.

Corollary 3.13. Assume that T = (Ti):er @s an ergodic and aperiodic flow on
(X, B, ). Assume also that

HToq, T, — /2 Hr_y T dQ(t,u)
R

for some probability measure Q on R2. If the measure Q is not invariant under
O(t,u) = (t,t — u) then (Ti)ier is not isomorphic to its inverse. In particular, if
(0,2) € R? is an atom of Q but (0,—x) is not then T is not isomorphic to its
inverse.

In next three sections we will deal with special flows built over irrational rotations
on the circle. Such flows are always ergodic and aperiodic (see Remark , SO we
can apply the results of this section for proving the absence of isomorphism with
their inverses.

4. SPECIAL FLOWS OVER IRRATIONAL ROTATIONS NON-ISOMORPHIC TO THEIR
INVERSES

In this section we will discuss non-reversibility property for special flows built
over irrational rotations on the circle and under piecewise absolutely continuous
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roof functions. For a real number ¢ denote by {t} its fractional part and by ||¢|| its
distance to the nearest integer number.

We call a function f : T — R piecewise absolutely continuous if there exist
Bi,--., 0Bk € T such that f[g, s,,,) is an absolutely continuous function for j =

L...,K (Bx+1 = ). Let dj := f_(Bj) — f+(B)), where fi.(8) = lim, 5+ f(y).
Then the number

K
(4.1) S(f) ::Zdj:/qrf’(x)dx

is the sum of jumps of f. Without loss of generality we can restrict ourselves
to functions continuous on the right. Each such function can be represented as
f = for + fac, where foc : T — R is an absolutely continuous function with zero
mean and

K
fo(x) = Zdz‘{z —Bi} +d.

In this section we will prove non-reversibility for special flows T/ built over almost
every irrational rotation Tx = x 4+ « and under roof functions f with S(f) # 0.
Such flows are called von Neumann flows.

We need some auxiliary simple lemmas.

Lemma 4.1. Let (X,) be a sequence of random variables (each one defined on a
probability space (2, F, 1)) with values on R?. Assume that for n > 1 we have a
partition {A} : k =1,...,K} of Q such that u(A}) — 6, when n — oo for each
k=1,...,K. Assume moreover that for each k =1,... K

(Xn)«(pap) — Py when n — oo

weakly in the space of probability measures on R? (uc stands for the relevant con-
ditional measure: puc(A) := u(ANC)/u(C)). Then

K
(X)) = D 0P
k=1

Proof. Assume that ¢ : R — R is continuous and bounded. Then

K
L #0806, ) 0= [ oK)t = 3 n47) [ G060 iy

— N6k [ o(t)dP(t).
O

Lemma 4.2. Let (X,,) and (C},) be sequences of random variables (each one defined
on a probability space (L, Fn, t1n)) with values on RY. Assume that (X,)«(pin) — P
and C,, tends uniformly to the constant function ¢ € R%. Then

(Xn + Cn)*(:un) - (TC)*(P)a
where To(z) = z + ¢ in R™.

Proof. Fix s € R%. By assumption

/627\'1'5-X71 dﬂn N eeris~t dP(t)
Q Rd
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Moreover,

‘/eZWiS‘(X”+C”‘)d/Ln—/ 627ris~(t+c) dP(t)‘
Q R4
= ‘ / 627fi8~(Xn,+Cn—C) d/'[/n - / eQﬂis't dP(t)‘
Q Re

. ‘/em.xn dun_/ ezm‘s~th(t)‘+27r|s|/ C,y — | dP(D).
Q Q

Rd

It follows that
/ e2m‘s~(Xn+Cn) dﬂn _ e2m‘s~(t+c) dP(t) — / 627rz's~t d((Tc)*(P))(t)7
Q Rd R4

which completes the proof. O
The following lemma holds.

Lemma 4.3. Let (X,) be a sequence of random wvariables (each one defined on
a probability space (U, Fn,pn)) with values on R such that (X,)«(un) — P.
Assume that A : R — R? is continuous. Then

(A(Xn)), (n) — As(P).
Remark 4.4. Directly from the definition it follows that {z + y} = {« + {y}} for
each z,y € R. Moreover, whenever a,b € T = [0,1), we have

{z4+a—-b} —{z—b} =a—1p_apn(z)
for € T, where [{b—a},b) is understood as an interval on the circle (if d > e then
[d,e) =[d,1)U[0,€)). Indeed, {z+a—b} —{x —b} = {a+{z—b}} — {x — b} and
for0<t<lwehave {a+t}—t=aif0<t<l—-aanda—1forl—a<t<l1.
For any irrational number a = [0;a1,az,...) € T denote by (pn/gn)n>0 the

sequence of convergents in continued fraction expansion of « (see e.g. [21] for basic
properties of continued fraction expansion of «).

Lemma 4.5. The set A C [0,1) of those « irrational for which for each € > 0 there
exists 0 < § < e such that

Qo | gnp ]| — 6
along a subsequence ny = ny(e) is of full Lebesque measure.

Proof. We have

s <dallgnoll < —
P — n || gn& .
2 Ap+1 +1 nle Ap41
The result follows directly from the ergodicity of the Gauss map G : [0,1) — [0,1)
(see e.g. [7]). O
Assume that f(z) = Zfil di{r — B;} +d. Let Tz = x + « and suppose that
{gna} = |lgna||. The case where {g,a} = 1 — ||gna]| can be treated in a similar
way. We have
Qn,_l
Ji (@) = fi7) () = fO (T ) = [0 @) = BT (o T — f) (T9a).
j=0

Moreover, in view of Remark [£.4]

K
J(Ty) = fly) = D_di({y + ana = Bi} = {y = Bi})
K = K
= Zdi {y+ llgnell = B} = {y = 8:}) = > di (llgnerll = 1, —jgal.00 (¥)) -

=1
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Thus
qn—1

K
(4.2) f(qn)(anx)_f(%)(g;) = Qanﬂa”(Zd) Zd Z 1[51.,”%04”751.)(.7;‘4-.]'04).
i=1

Moreover, since [s, s+ ||gn]|) is the base of a Rokhlin tower of height ¢, 11, we have

gn—1
(4.3) Z 1[B'i_HQnaHaﬁi)(m +ja)=0 or 1.
§=0
Given n > 1 and € € {0,1}¥, taking into account (4.3), set
gn—1
(44)  A'=QzeT: Y 1p_jgalo(@+ije)=¢ for i=1,... K
3=0
Then, in view of (4.2)), for x € A we have
(4.5) F@N (T z) — [0 (@) = gullgnal S(f) - Ce,

where C, = ZZK:1 d;e; (note that Cy = Co,..., 0) = 0).

Suppose that the roof function f : T — R is a piecewise absolutely continuous
function and let us decompose f = fu + fac. Suppose that g,|gn| — 6 > 0
and p(A") — p, for e € {0,1} (sets A" are defined accordingly to the function
fp)- By Koksma-Denjoy inequality (see e.g. [24]), ||(fpl)(()qm)||Sup < Var f, thus the
sequence ((( fpl)gq"))*(,u A?’))n>0 of distributions is uniformly tight. By passing to
a further subsequence, if necessary, we can also assume that

(4.6) ((F6™) (rap) = P. whenn — .
Recall that (see e.g. [15])
(4.7) 158 [ sup — 0

Set X,, = (fégq”),féq")) : T — R2. Then

(£677, 167 = (2006 + A5 o T = ) () + (£20), £20)
In view of (3), for z € A7
(48)  Xu = (2006, ()6™) + @allanallS() = Ce0) + (F52, 727
Let A:R — R? Ax = (2z,7). Thus
Yo i= (20508, (F)§™)) = Ao £,

so by Lemma and (4.6)),

(4.9) (Yn), (nap) — Ax(Fe).

Since X, = Yo + (ullanallS() = Ces0) + (F527, £} on Az, (fE2), £t)
uniformly tends to zero (see (4.7)) and ¢, ||gnc| — &, in view of Lemma [4.2] EEL

(4.10) (Xn), (1az) = (Tiss(p)—c.,0)) , Ax(Pe)-

Therefore, by Lemma [4.1]

(4.11) (Xn), () = > pe(Ts(p-c.0), Ax(Pe) =: P.
ec{0,1} ¥

e apply the lemma for p, = pan, Xn = Yn and Cn = (qnllgna||S(f) — C¢,0) +
(f(Z‘In) f(qn))
ac yJac .
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On the other hand (see Proposition [3.7)), lim,, . (Xy), (1) = P, so

(4.12) Z pe (Tiss(r)-c.0)), Ax(Pe) = P.
ee{0,1} K

Theorem 4.6. If a € A (see Lemma and S(f) # 0 then the special flow T'
is is mot isomorphic to its inverse.

Proof. Take § > 0 so that K¢ < 1, ¢,||lgna|| — ¢ (by passing to a subsequence, if
necessary) and

§ <min{|Cc| > 0,e € {0,1}*}/(2S(f)]).
Suppose now that the special flow T7 is reversible. By Proposition and
Corollary [3.13] 6. P = P, where 6(t,u) = (t,t — u). Using [£.12), since
OoTioyoA=T_coyoAoTy,
we have

0.P= Y pe(T—ss(pc.0), A (Tssp-c.), (Pe).
e€{0,1}¥

Each measure of the form (T(c70)) , AP’ (with P" a probability on R) is concentrated
on the set

R.:={(2z+c,z) : z € R}.

Clearly, R.N R = () for ¢ # ¢'. If for some € € {0,1}*, p. > 0 and 65(f) —C. # 0,
since 0, P = P, there must exist € € {0,1}% such that

pe >0 and —6S(f) + C. = 6S(f) — Co,

whence
(4.13) C.+ C = 255(f).
Then
gn—1
0= {reT: Z l[gi,uqna”ﬂi)(x +ja)=0 fori=1,...,K}
=0
={zeT: (V0<j<q)VI<i<K) z+jad[B— |anal,B:)}
qn—1 K gn—1 K
ﬂ ﬂ T\T(8; — llgnall, 3:)) =T\ |J JT718i = llgnall, 8:)-
j=0 i=1 7=0 =1
It follows that
gn—1 K
— u(Ag) = p U U r- J = llgnell, 8i) | < Kaullgna,
7j=0 i=1

so ju(Ag) > 1 — Kqyullgna|| and therefore
liminf u(Ag) > 1— K6 > 0.

Thus pg > 0 and 65(f) — Cy = dS(f) # 0, it follows from (4.13)) (applied to € = 0)
that there exists € € {0, 1} such that

Ce+ Co =265(f),

whence 2‘|§5})| = ¢ which yields a contradiction to the definition of 4. O
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4.1. Non-isomorphism with the inverse in the affine case. Given a special
flow T for which [, fdu=1,T™,T% — Id, assume that

(5t g 1) — P

with || £ 2, | £z < C. In view of Proposition [3.7] and Corollary we

have:
f
— dP(t,u,v).
1f,.1d, /Rs Hs, gt o, AP(EU0)

For each (a,b,c) € R? we have

N?f

Tn+dn

Pla,bc) = lim [ e2riafd™ W @+ofg™ @ efi™ @) gy ().

n—oo X
Denote 0(t,u,v) = (t,t — v,t — u) and note that
(4.14) 0.(P) = P if and only if P(a,b,¢) = P(a+ b+ ¢, —c, —a).
Moreover

Pla+b+ec,—c,—b) = lim e2mi((atbre) ) —ef ) ) dp
n—oo X
(4.15)

— i 627”,(afémwn>+bférn>+cféqn>+(b+c)(f<rn)qun,f(rm))
n—oo X

dp,

note that f(n) o T4 — frn) = flan) o Trn — flan),
Consider now the affine case
f@)y=z+c¢, Te=2x+«

with fo(z) = z— % and a = [0; a1, as,...]. Our aim is to get a larger set of ’s than
those resulting from Theorem for which the special flow 77 is not isomorphic
to its inverse..

Proposition 4.7. If there exists a subsequence of denominators (qx, )n>1 of & such
that qx, +1llqr, | — & € (1/2,1) then T is not isomorphic to its inverse.

Proof. To simplify notation we will write n instead of k,,.
Suppose that 77 is isomorphic to its inverse. In view of Corollary and

[T, if (f5 ), 57+ f§7)) — P then Pa,b,¢) = Pla+b+ ¢, —c, —a) for
each a,b,c € R. We have

Gn+1—1

F () — £ (@) = 3T (F(TP2 + gaa) — f(T72))

§=0
and, by Remark 4] f(y + gna) — f(y) € £|gne|| + Z for any y € T. Thus
fo (@) = £ (@) = Zqusaanall + Ma(@) with M, () € Z,
It follows that

o e(a ) (a ) . .
2mil(fy" " () — Y (@) _ 2milgn i lanall _, gE2wils

for each integer I. By our standing assumption, e £ 1. Taking into ac-
count (4.15) we obtain that

ﬁ(a, b,c) = 13((1 +b+c¢, —a,—c)= eizm(bJrc)“IB(a, b, ¢) whenever b+ ¢ € Z,

hence

~

(4.16) P(1,-1,-1) =0.
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On the other hand, the function
féqn+1+qn)(x) . féqnﬂ)(x) _ féq")(ﬁ) _ féqnﬂ)(anx) _ féqnﬂ)(x)
= £qn+t1 HQHO‘H + Mn(x)’

o
Pt = i | [ e sto)
? ) n—oo T
= lim |6i27riqn+1|\qn04|\| -1
n—oo
This implies |P(1, —1, —1)| = 1 which gives rise to a contradiction to (4.16). O
pn,+l+pnGn+1(O¢)

Remark 4.8. Since a = (see e.g. [7]), we have

Gn+1+qn G ()

1 1
14 1 i < gnt1llgnell < 1+ 1 il
An+1 An42 an+1+1 anqa+1
and
1 1
. T T < Gnt1llgna]| < 1 T 1
an+l+ﬁ an+2+ﬁ an+1+i an+2+ﬁ

Therefore

Got1llge,all =1 & ag, 41+ ak,+2 = +o0
and

Gkot1llge,all = 1/2 & ak,41 = ag,42 =1 and ay,,, ag,+3 — +00.

The set of excluded irrational rotations £ C T in Theorem consists of all
irrational a for which the set of limit points of the sequence (gn41|gne|)n>1 is
{1/2,1}. Therefore o € E if and only if the set of limit points of the sequence
(@n + ang1)n>1 is {2,400} and if there exists a subsequence (ag, )n>1 such that
ar, = ak,+1 = 1 then ay, _1,ax, +2 — +oo.

n

Remark 4.9. A natural question arises whether we could apply choosing
a sequence of pairs of denominators, say we consider ¢, ,qx,, 7 > 1 when « is
Liouville in the sense that the sequence of partial quotients tends to infinity. This
approach seems to fail whenever f is of bounded variation . Indeed,

o) o T — (31| < lgy, o[ Var f§") < gy, || Var fo

and g, ||q,, a|| — 0 whenever « is a Liouville number.

5. PIECEWISE POLYNOMIAL ROOF FUNCTIONS

Let 7 > 1 be an odd number and let 0 < 8 < 1. In this section we will study
the problem of isomorphism to the inverse for special flows T/ built over irrational
rotations Tz = z + « on the circle and under C"~!-function which are polynomials
after restriction to intervals [0, 3) and [§, 1).

Let us consider a C"~!-function f : T — R, such that D"~!f is a function linear
on both intervals [0, 8) and [5, 1) with slopes 1 — 8 and — 0 respectively. Therefore,
D71f is an absolutely continuous function whose derivative is equal to

D'f =1 =B)lpp — Bl = Los — -
Thus f restricted to each interval [0, 3) and [, 1) is a polynomial of degree r with
leading coefficients (1 — 3)/r! and —3/r! respectively. Since D"~ f is absolutely

~

continuous and D" f is of bounded variation, the Fourier coefficients satisfy f(n) =

O(1/|n|"*1).
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If the irrational number « is slowly approximated by rationals, more precisely
liminf,, o0 ¢"717¢||gna|| > 0 for some € > 0, then f is cohomologous to a constant
function, so the special flow T is isomorphic to its inverse. In this section we deal
with rotations satisfying

0 < limsup g, || gna]|.
n—oo

Remark 5.1. Note that we can not expect the non-reversibility of T for any £.
Indeed, suppose that 3 = {ka + '}, where k € Z and ' = 0 or 1/2. Then

D7f(.’I}) = 1[O,ko¢)(x — ﬁ/) — {kOé} + 1[0#;/)(1') — ﬁ/
and
Lio,ka) () — {ka} = {z — ka} — {z},

hence, the cocycle 1jg ya)(z — B') — {ka} is a coboundary. Denote by g : T — R,
5 : T — R the unique functions with zero mean such that D"g(z) = 1o xa)(z— ') —
{ka} and D"s(x) = 1j9 gy (z) — . Then f(z) = g(x) +s(z). Let Sz = 1 —x. Since
D"s(Sx) = —D"s(x) and r is odd, we have s(Sx) = s(z). As D"g is a coboundary,
the cocycle g is a coboundary. It follows that the special flow 77 is isomorphic to
T7°. By Remark the latter flow is reversible and hence T is reversible.

The main result of this section (Theorem [5.3]) establishes some technical condi-
tions on a that gives non-isomorphism of T/ to its inverse for almost every choice
of 3e€T.

Remark 5.2. In the proof of Theorem [5.3] we will use simple properties of the
following standard difference operator. For any i > 0 let us consider the difference
operator

Ay RO S RIGO=R A 0(2) = g(z + h) — g(x).
For every natural r denote by A} : Rl*8 — RI®0="h] the r-th iteration of the
operator Aj. By induction and using (,",) + () = (Tzl), we have the following
standard formula

k=0
Moreover, if g is a polynomial function of degree r with leading coefficient a, then
A} g is a constant function equal to 7la,h".

Theorem 5.3. Suppose that « is an irrational number for which there exists a
subsequence of denominators (qi, )n>1 such that

1

2 r+1 — .
(5.2 i lar,all = € (0.5 )

Then for almost every 3 € T the special flow TS is not isomorphic to its inverse.

Proof. By Weyl’s theorem (see Theorem 4.1 in [24]), for almost every 8 € T the
sequence ({qr,3})n>1 is uniformly distributed in [0, 1). It follows that there exists
v € (0,1) \ {1/2} and a subsequence (qx, ) such that {qy, B} — v. To simplify
notation we will write n instead of k;,. Assume also that {g,a} = ||gnc|. The case
where {g,a} =1 — ||g,a|| can be treated in a similar way.

Suppose that T is isomorphic to its inverse. Since fA(n) = O(1/In|™*1), in view
of Corollary 3.1 in [1], the sequence ( féq;+1))n>1 is bounded in L2. Therefore, by
passing to a further subsequence, if necessary, we can assume that

4y

1)gr+1 r41 . -
R N >*(,u)HP in PR,
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Since D" f = (1 — B)10,3) — B1j3,1), by the Koksma-Denjoy inequalityﬁ (see [24]),
r * r dn
|(D f)(qn)(x)| S Qann (OZ) Var[o,l)(D f) S 1 + — .

The function (D" f)(") takes values only in the set Z — ¢, 3 and {g,8} — v € (0, 1).
Since ¢n/qn41 — 0, it follows that for all n large enough (D" f)()(x) is equal to

1 —{gnB} or —{¢, 0} for every z € T.
Let

gn—1 qn—1

Ay =T\ (U 771 = ¢+ Daillanal, 1] |J T8 = (r + D lanall, 8]).
j=0 =0

Thus, by (5.2),

(5.3) 1(An) 21 =2(r + Dgngyllgne]| — 1= 2(r + 1) > 1/2.

Moreover, for every © € A, the point 0 and  do not belong to any interval

Ti [z, Tr+D%" 2] for all 0 < j < gp. It follows that (D" f)(@) on [z, TC+Da" g

is constant and equal s — {¢,8} for some s € {0,1}. Therefore, for every y €

[z, 779" 2] and 0 < j < ¢, we have

Ty € [T g, TI+r 0" 1] [, TV 2],

SO
q,—1

(D" NG ) = Y7 (D7) (TIy) = g (s~ {4 ).
5=0
Therefore, for every x € A, there exists s = s(x) € {0, 1} such that D’”(féq’TLJrl)) =

r1
qr (s — {gnB}) on [z, 2 + rq] ||gnel]], so éq” ) restricted to [z, 2 4+ rh], with h =
qllana|l, is a polynomial of degree r with leading coefficient ¢/ (s — {g.(3})/7!. In
view of Remark [5.2] it follows that

i(—lY"“ (,2) s (R ) = i(—l)“’“ (2) @) (2 4 kh)

k=0 k=0
= A £ (@) = (s(@) — {gnBY)RT = (s(2) — {gnBY) (€2 lgna]))

Moreover,
r+1

1 r+1 P
> (T

k=1
r1—k (71 = (an™) (pigr+t
(kM) S e
1=0

1

I
5
+

>
Il
—

r r+1
41 r41 o f(r+1
— féqn )(qun ,T) § : (_1)7"+1 k ( ) )

1=0 k=1+1
S S (D) + ()
0 k k-1
=0 k=l+1

s

(0 () @ ) = (5(0) = LB i el

=0

15Dj;” is the discrepancy of the sequence {0, c, ..., (gn — 1)a}.
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For s =0,1 set ¢ := (s — {qnﬁ})(q:;“”qna”)r and let

) 1 r4+1
Ay ={ve (—1)’*1*(7“2 ) @) = er}.
k=1
By passing to a further subsequence, if necessary, we can assume that
(5.4) p(AR) = o, pu(AL) =,
. r4+1 . r4+1
(5.5) (f Y (wan) = Poe () () — Py

in P(R") and
r rl 1 . -
(5.6) (o0 1) (ag) — P i PRTY).
Since A4,, = AY U AL by (5.3), we have
vot+ur >1-2(r+1)k>1/2.

Set vo :=1 — vy — v1. Let us consider the following maps:

0:R™T SR G(xg,21,...,2,) = (20,0 — Tpy ..., T — T71)
" 1
A:R" — RT+17 A(xbeu s 7xT) - (Z(_l)k+1 (’r —]: )mk“rh cee 7(E’r> )
k=1
R.:R™™ SR Ru(zg,21,...,2,) = (20 + ¢, 21,...,1,),
T 1 r
B.:R"—=R", B.(z1,...,2,) = (Z(—l)k+1 (T—I: )xk — Tpg1-1 + c)
k=1 =1
Then
(5.7) QoR.ocA=R_.0AoB,.

Indeed, equation ((5.7)) is valid directly for last r coordinates. The zero coordinate
of the LHS of (5.7)) is

T

LHS, := Z(—l)k“ (T Z 1) T+ c.

k=1
The zero coordinate of the RHS of (5.7)) is

RHS := —c+ i(q)l“ <7" le 1) (i(nkﬂ (7' Z 1) Tp — Tpy1-1 + c> .
=1

k=1
Since r is odd,

ZTR—U”1 < T 1) - TZH(—DI+1 ( j 1) +2=—(1-1)""42=2,

=1 =0

thus

T

_ - kr1 (7 +1 w1 fr+1
RHSO——c+2c+2];(—1) <k >azk—2(—1) (l Tpi1g

=1
s 1
—c+ ];_1(—1)’“+1 (“]; )xk — LHS,,

which completes the proof of (5.7]).
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Since
r+1
ra1)g" 1 ram 1 r+1 r+1 k" T1
( 0((+)q” )’ O(qn )""7 éq" )): <Z(_1)k< k )f(g in )707~.-70>
k=1
. r+1 r+1 r+l 1
(S (),
k=1

by the definitions of maps A, R. and the set AJ, it follows that for any x € A? and
s = 0,1 we have

r1)om L r4+1 . r+1

(6% @), S5 @) = Ry 0 A (@), S ().
Since additionally ¢ — (s —y)k" as n — oo for s = 0,1, by Lemmas
and combined with (5.4), (5.5)), (5.6]), we have

r1)q A

€ R/ L €%) N 1)
— 19 (R_,Yﬁr)*A*(Po) + vy (R(lfw)n““)*A*(Pl) + vy - Ps.

Therefore,
(58) P=1uvyy- (R,VHT)*A*(P()) + vy (R(l_,y),{r)*A*(Pl) + vy Py

As T/ is isomorphic to its inverse, by Corollary 0.(P) = P. In view of (5.7),
it follows that the measure P is equal to

(5.9) vo-(Ryrr)sAs(B_yir)«(Po) 411 (Ro(1—y)ir )« As (B —y)er )« (P1) +1v2-0.(Pa).
Since vy +v1 > 1/2 and and hold, we have

P(R_yxr 0 A(R") U R(1_4)r 0 A(R")) > 1/2,

P(Rywr 0 A(R") U R_(1_y)nr 0 A(R")) > 1/2.

As v #0,1/2, the sets {—yx", (1—~)k"} and {y&", —(1 —~)x"} are disjoint. Hence
the sets R 0 A(R") U R(1_4),r © A(R") and Rpr 0 A(R") U R_(1_).r © A(R")

are disjoint, contrary to (5.10]). This completes the proof of non-isomorphism of 7'
and its inverse. 0

(5.10)

6. ANALYTIC FLOWS ON T?

6.1. Non-isomorphism with the inverse. Let us recall that that analytic spe-
cial flows over irrational rotations are precisely analytic reparametrizations of two-
dimensional rotations and that (in case of ergodicity) they have simple spectra [4],
so if they are isomorphic to their inverses, they are automatically reversible.

The aim of this section is to provide analytic examples that are not reversible.
For this aim we briefly recall the AACCPE constructions [23] (see also [29] for some
modifications).

An AACCP is given by a collection of the following parameters: a sequence
(My)k>1 C N together with an infinite real matrix ((dg1, ..., dknm,))k>1 satisfying

for each k > 1
My,
> dii =0.
i=1

Set Dy, = max{|dy;| : ¢ =1,..., My}. Then we select a sequence (gj),>1 of positive
real numbers so that

o0 oo 1
Zw/skMk < 400, Z&k <1, e < D—’%, k=1,2,....
k=1 k=1

16The acronym comes from “almost analytic cocycle construction procedure”.
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Finally, the completing parameter of the AACCP is a real number A > 1.
The above AACCP is said to be realized over an irrational number « € [0,1)
having the continued fraction expansion

a=[0;a1,as,...]

if there exists a strictly increasing sequence (ny)r>1 C N such that for each k > 1

we have DM )
Ny, kiV1E
2n;+1 > 2, AN ——— < Y
20, +142n,, 2

where Ny, is the degree of a real non-negative trigonometric polynomial Py, satisfying
1
/ P.(t)dt=1 and Pi(t) <eg fort e (ni/2,1),
0

where we require the numbers 7 > 0 to satisfy

€ 1 1
b and @—— < —ng.
q2’ﬂk a/2nk+1q2nk

4Mym <

Recall now that
C2nk- = { [0; {anka}) ) T[Oa {q2nka})a v 7Tq2nk+1_1 I:Oa {QanO[}>}

and

Zan = { [{ank-‘rla}v ]-)aT[{ank—Ha}v 1)a s 7Tq2nk71 [{ank—FlO‘}v 1)}

are two disjoint Rokhlin towers fulfilling the whole interval [0, 1). It follows that if
we set

Ik = [07 {Gan-,Jrl(Jana}% Jf = T(t_l)qznk [07 {Qana})7 for t= 1u ey 2041,
then

A2n;, +1
_ k
L= |J 7
t=1

and Iy, is the base of a Rokhlin tower of height ¢a,, occupying at least 1 — —2

A2np +1

of the space.
Using the above parameters for . over which the AACCP can be realized, one
defines a real valued cocycle
Y= Z Pk
k=1

as follows. In I; we choose consecutively intervals wy 1,...,wg a, of the same
length A\ € (nk,2nx), each of which consists of (the same) odd number e, > 3 of
(consecutive) intervals th. In general, the intervals wy, ; and wy, ;41 can be separated
by a certain number of intervals of the form J¥. Denote by J. fk the middle interval

Jf in wy ;. Then we set
(:L’) . dip; ifze Jfk s
Pk 10 otherwise.

Note that I;,1 C JF, so the supports of o, k > 1 are pairwise disjoint.
The following two results have been proved in [23].

Proposition 6.1. The set of « € [0,1) over which an AACCP can be realized is
residual.

Proposition 6.2. The cocycle ¢ defined above is cohomologous to an analytic
cocycle.

Moreover, we will also make use of the following observation from [23].
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Lemma 6.3. For an arbitrary AACCP and o over which it is realized, the cocycle

¢ is constant on each interval T'Iy, i =1,...,qon, — 1, k > 1. Moreover, for each
k>1
G2n;, —1
(6.1) Z ¢lrig, =0.
i=1

We now proceed to our special construction. We assume that
M, = 4M, ,g — 00.
Moreover, we assume that
(6.2) Q2n,+1 = ex My
with e > 3 odd, k > 1 and

e

1
M; < Cy
1

[y

(6.3)

E

K3

for a constant C7 > 0. The intervals wy; are then defined as consecutive unions
of e, (consecutive) subintervals of the form JF. Fix tg,up € R. For each k > 1 we
then set

(64) (dkz) = ( (to, Uup, —Uo, —to), ey (to, Up, —Ug, —to) )

M, times

Proceeding as in [29] and using (6.1]), by construction, we have

(

, (exqzn,,) .
(p(ek(hnk) — ¥y k" — (0 in measure,

5)
6.6)
((p 26kq2nk) (ekQan)>

1
i (5(t0+u0,t0 + 6(0 ’LL[)) + 5 —ug— to,*’uo + 5(0 7t0 ) 9
(6.7)
1
(¢(2€kq2nk)7 @(equnk)>* 1 (5(to+uo,to + 5(0 ug) T 5 —ug—to,~uo) T 5(0 —to) )
Moreover,
(6.8) {exgon, o} — 0 when k — oo.

We now proceed similarly as in [29] and notice that if we set C := |to| + |ug| then
for each k£ > 1 we have

(6.9) ]wﬁf’“‘“”)

<C.
Since the support of » ;- . ¢; is included in Iy41 and for each z € [0,1),

#{z,Tx,..., T*2wz} N Iq) <1,

we also have

(6.10) ‘ 3 k)

i>k+1

<C.

Finally, for i = 1,...,k — 1 we have ¢; = 0 on I}, so in view of l.i (ekq%") =0

except for the set

q2n,, —1 €rq2an, —

0,1\ |J TV and U TJJa%kH o
=0
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Moreover, by (6.1]), for every x € T and m > 0, i > 1 we have

M;
o™ (@) < Y ldigl < CM,

Jj=1

In view of (6.2) and (6.3)), it follows that

N O ) = ) ) 12
[(Ze) ™ = eXren({zelon: (o)™ @ £0})
=1 =1 =1

k—1 9 . 1/2 =
< C’Z M, ( + k ) <20 M; < const.
p— a2nk+1 a2nk+1 .

This together with and (6.10) implies
(6.11) ”@qunk)

’ < const.
2

The cocycle ¢ is clearly bounded (and of zero mean) and by Proposition it is
cohomologous to an analytic function fy : T — R (of zero mean). Then for each
sufficiently large constant d > 0 we have

p+d>0, f:=fo+d>0

and moreover the special flows T¢*? and T are isomorphic. In view of , (6.11),
Proposition [3.7|and (6.7) we obtain that for some constant ¢ > 0 (¢ = [ fdpu)

1
p+d 2, ptd p+d p+d p+d
(6.12) TEH e TEbn, A (“ et et T Prgggrathrers  perath Id,Tfjj)'
Since T¥*? and T/ are isomorphic and (6.12)) holds,
(6.13)
f L, ! f
Hiops . 1 (MTf ) +N1d’T1{O + Hops

2cepdzn, >t CekI2ny, to+ugtt ~ug—tg

f
T +'uId,TftO> )

Lo
Now, the limit measure

1
P:= 4 (6(to+u0’t0) + 6(0#0) + 5(*110*'50;*"0) + 6(0’*'50))

:khm <é2equnk), éequnk)) (1)

is not “symmetric” in the sense that (0, ug) is its atom, while (0, —ug) is not provided
that ug # 0 and ty # fug and therefore under these additional assumptions, by
Corollary T/ is not reversible. In this way we have proved the following result.

Corollary 6.4. There is an analytic weakly mizing flow on T? (preserving a smooth
measure) that is not reversible.

Remark 6.5. If instead of f (constructed above) we consider f. := 1+ ¢f for
small enough & > 0 then the corresponding special flow T/< can be interpreted as
arbitrarily small analytic change of time in the linear flow by (a, 1) on T2

Now, note that (f.), = efo. Hence

(57 (g ) () = (o), P =2 P,

where M. (z,y) = (ex,ey). It follows that P. has the same asymmetries as P and
therefore T7< is not reversible. Therefore, for some « irrational there are arbitrarily
small analytic changes of time in the linear flow by («, 1) on T? which yield weakly
mixing and non-reversible flows.
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Remark 6.6. If in (6.4)), for each k& > 1, we consider the following pattern

(6.14)

(dii) =

((a,b, e,0,b), ., (a,b,¢,b,b), (—a, —b, —¢, —b, —b), ..., (—a, —b, —¢, —b, —b)

M! /2 times M /2 times
then
(f" ) ™) () = P
and
( 5361@%%),fé%kq%k)’féekq%k))* (1) — Q.

We have

1
P= 10 (5(a+b,a) + 5(b+c,b) + 5(b+c,c) + (5(257(;) + 5(a+b,b)

+ 0(—(a+b),—b) T O(—(btc),—b) T O(—(b+c),—c) T O(—2b,p) + 5(—(a+b),_b))

and

1
Q= 0 (5(a+b+c,a+b,a) + 0(2b4e,presd) T O(2btc,bte,e) T O(at2b,26,6) T O(at2b,a+b,b)

+ O(—(atbtc),—(atb),—b) T O(=(2b+¢),—(b+c),—b) T O(—(2b+c),—(b+c),—c)
+ 0(—(a+26,—2b,0) T 6(f(a+2b),7(a+b),fb))-

It follows that P is invariant under the map (z,y) — (x,2 — y) and therefore
we cannot apply Corollary but @ is not invariant under the map (z,y, z) —
(x,z — z,z —y), so by Corollar the resulting flow is not reversible.

Note however that Corollary is sufficient for non-reversibility of T/ if instead
of (2exqan, , €xGon, ) We consider (4exqan, , 2€kq2n,, )-

Problem. When 7 = (T}):cr is weakly mixing then the method of showing non-
isomorphism of 7 and its inverse passes to non-trivial factors (see Remark .
Since all flows non-isomorphic to their inverses considered in the paper are are
weakly mixing, in fact, their non-trivial factors are also non-isomorphic to their
inverses. A natural question arises if whenever the weak closure joining method
applies, 7 is disjoint with its inverse.

6.2. Absence of rational self-similarities. In this section we will show that the
construction presented in Section can be easily modified so that we obtain an
analytic weakly mixing flow on T2 such that no rational number is its scale of self-
similarity (in particular, it is not reversible). It remains an open question whether
irrational numbers can be scales of self-similarity for analytic flows (preserving
smooth measure)lﬂ on T2.

We will now recall a result which will ensure that a rational number is not a
scale of self-similarity of an ergodic flow.

Proposition 6.7 (|29]). Let T = (Ty)ier and S = (St)ier be flows on (X, B, )
and (Y,C,v) respectively. Assume additionally that T is weakly mizing and S is
ergodic. Moreover, suppose that for a sequence (tx) C R with t;, — oo

pr, = [wr dPO) and vs, — [ s dQO).
R R

171n [25] it is shown that on on each compact orientable surface of genus at least 2 there
is a smooth (non-singular) non-self-similar flow. It is unknown whether these constructions are
non-reversible. It is also unknown whether a smooth non-self-similar flow can be constructed on
T2
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If P #£ Q then the flows T and S are disjoint in the sense of Furstenberg.

Notice that when 7 and S are disjoint, then for each » € R* the flows 7 or and
S o r are also disjoint (indeed, J(7,S) = J(7 or,S or)). Therefore, the following
result holds.

Corollary 6.8. Let a,b € N. Assume that T = (T})ier s a weakly mizing flow on
(X, B, ). Assume also that for some tj, — oo

P / pr ., dP(t)  and i, — / e, dQ(H).

for some probability measures P and Q on R. If P # Q then T L T o (b/a).

We will now show what sequence of numbers (di;) to use in the construction of
a weakly mixing non-reversible analytic flow (preserving a smooth measure) on T?
instead of the one in to fulfill, for each natural a < b, the assumptions of the
above corollary. To this end we partition N = N_; ; Ua<b;a7bEN Ngp so that N_; ;
and each set N, is infinite. For £ € N_; ; we repeat the construction described in
Section [6.1] so that the resulting flow will not be reversible.

Take (a,b) € N2. By reversing the roles of a and b, we may assume that a < b.
We will consider only k € N, ;. Assume that M), = bM,g and set

(ds) = ((to,fbt_—ol,...,fbt_ol),...,(to,fbt_ol,...,fbt_ol)).

b—1 times

M times

It follows that for the analytic flow 7 = (T});er on T? constructed in such a way
as in Section [6.1| we have (with ¢ = [ fdpu)

. a b—a
o M Taceyan, _/R”T"‘ d(g%_b%)to + 57;—1t0)(t)

a b—a
:/R“T-M A5 i+ 75 D)0

and

k—>oil,}’€nENaYb 'LLTbcekq%Lk = Hia = /I:QILLTit ddo(t)

In view of Corollary|[6.8] this yields 7 L 7 o(a/b) for arbitrary natural a < b. Since
—1 ¢ I(7) and I(7) is a multiplicative subgroup of R*, we have QN I(7) = {1}.
Hence, we have proved the following result.

Corollary 6.9. There is an analytic weakly mizing flow (preserving a smooth mea-
sure) on T? that is not reversible and such that no rational number is its scale of
self-similarity.

7. CHACON’S TYPE AUTOMORPHISMS NON-ISOMORPHIC TO THEIR INVERSES

The results of this section were essentially proved in [40] and [41] El We include
a detailed proof of Theorem below to see a relationship between our methods
and earlier works by Ryzhikov.

18Formally, in [40] and [41] different sequences are considered and two limit joinings (not of the
above form) are considered, but the essence of the argument is the same. Note that Proposition
is a natural automorphism counterpart of Corollary
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Proposition 7.1. Assume that T is an ergodic automorphism on (X, B, pu). As-
sume also that

#T24n7T(1n — /2 /,LT—a7T—b dP(a,b)
Z

for some probability measure P on Z?. If the measure P is not invariant under
0(a,b) = (a,a — b) then T is not isomorphic to its inverse. In particular, T is not
reversible.

In this section we consider some rank one automorphisms in construction of
which along a subsequence we repeat a Chacon’s type construction [I7]; we will
obtain non-reversible rank one automorphisms.

Recall briefly a rank one construction (see e.g. [3I]). For a sequence of positive
integers (ry,)nen with all 7, > 2 and (sgn), e sﬁf))neN with all sgn) non-negative
integers we define a rank-one transformation by giving an increasing sequence of
Rokhlin towers (C,)nen such that each C,, consists of ¢, pairwise disjoint intervals
of the same length (each such interval is called a level of C,). More precisely,
Cp = {Cn1,Cna,--Cng.}, the dynamics T is defined on Y% ;" C,,; so that T
sends linearly C), ; to Cy, j41 for j =1,...,q, —1. The tower C,; is obtained first
by cutting C,, into r,, subcolumus, say C, (i), 1 < i < r,, of equal width, placing

(n)

s;  spacers over each subcolumn C, (%) and finally stacking each subcolumn C, (%)

on the top of Cp,(i + 1) for 1 < i < r, in order to complete the definition of
Cpi1- The tower C,, 11 has the height ¢, 11 = rngn + D" s The ordering of

i=15i
levels in C), 41 is lexicographical from the left to the right. The dynamics T on
g’:ﬁl*l Chn+1,i is completed by sending linearly C 41,4, to the first spacer over
the first subcolumn C),(1), sending this spacer to the one above it, etc., and when
reaching the top spacer we send it to Cp 41,4, +1. We keep going the same procedure
for the remaining columns and stop at the top spacer over C,,(r,). In this way we
obtain a measure-preserving transformation 7' defined on a standard Borel space
(X, B, u) although, in general, p is only o-finite. Provided that the number of
spacers is not too large [3I], 1 can be assumed (and this is our tacit standing
assumption) to be a probability measure.

We will now describe the details of our particular rank-one construction. Fix
an even positive integer r > 4 and an increasing sequence (ng)gen. Suppose that
Tn, =7 and rp, 11 — oolﬂ and in the construction we place one spacer over Cy, (%)
for r/24+1 <4 <rand over Cp, 41(i) for [rp,+1/2] +1<i <7rp, 41

Theorem 7.2. Under the above assumptions the constructed rank-one automor-
phism T is not reversible.

Proof. We claim that

T /Z2 pp—a p-» dP(a,b),

where

(7.1) PL,0) = 1, P(6(1,0)) = P(1,1) =

Once we have shown this, the claim will follow by Proposition Since every

19T he assumption on the spacers over the subcolumns Cry+1(i) for [rn, 11/2]+1 <i <y 11
at step ny + 1 of the construction yields some form of “rigidity”. This condition can be modified.
What is important, is that we prevent the image of a single level of tower Cy, under T"9"k from
being “too scattered”.
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FiGURE 1. Illustration of the proof in the case r = 6.

measurable set can be approximated by unions of levels of sufficiently high towers,
it suffices to show that

brtan oy (AL X AR AR = [ e -0 (AQL x AR x A[3) dP(a.b),

for A[1], A[2], A[3] being single levels of the tower Cy, for arbitrarily large kg € N
and the measure P satisfies . Since the towers are arbitrarily high, the levels
Al[1], A[2], A[3] can be assumed not to be any of the first 3 bottom levels. Fix
ko € N and let A[1], A[2], A[3] be single levels of the tower Cy, . Without loss of
generality we may assume that C, ~is at least of height 4. For each k > k¢ the
sets A[1], A[2], A[3] become finite disjoint unions of levels of tower C,, :

(7.2) All] = O AW, A2l = 0 AW 1], A3] = O A®[3]]
=1 =1 =1

for some [;; > 1. Moreover,

for any 1 <1 < I’ <}, there are at least 3 levels

(7.3)
of tower C,,, between A™)[t, 1] and A" [t 1] for t = 1,2, 3.
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FIGURE 2. A part of Figure [I] magnified.

Let € > 0. We claim that for k > kg sufficiently large and for A®) being a level
of tower C),, which is not one of the first 3 levels we have

T*Qlu(A(k))’ <5U(A(k))’

JTS— (A(k) < AR « A(k)) —
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igarany, pram, (A®) x A®) 5 TA®) — %M(A(’“))‘ < ep(AWM),
(74)  |pigoran, pran, (A% x AR x T2AR)) — Qiru(AUf))‘ <ep(AW),
garan, i, (A®) x TAW x TAW) 1 (A9)| < en(a®),
(

figzrany gram, (A®) x TA®) x T2AW)) — 2 ( A(k))) < ep(A®),
T

,U,T2ank T (A(k) X TQA(k) X T3A(k)) — ﬂﬂ(A(k))‘ < EM(A(k))

The proof of all of these inequalities goes along the same lines, we will prove only
the fifth of them, i.e.

r—3

(75) ‘ILLTQank ’Tran (A(k) X TA(k) X TZA(k)) — /J(A(k))‘ < €M(A(k))

(the proof of (7.5) contains all elements of the proofs of the other inequalities
in (7.4)). To make the notation simpler we will write C' for the tower C,,, and we
will also change the notation for the subcolumns. Now, tower C,, is cut into r
subcolumns of equal width, denoted from left to right by C?, 1 < i < r, with one
spacer placed spacer over subcolumns C? for 7/2+1 < i < 7. Then each of C? is cut
into s subcolumns of equal width, denoted from left to right by C%J, 1 < j < 1, 11,
with one spacer placed over subcolumns C™/ for [T"’“T“} +1<j<ry,+1- Let

A® = AW A o AD) = A0 o
for1<i<randl<j<ry, 1.
Notice that we have

T AR = A% for 1 <i<r/2

(76) (k) i+1
T A, AlJrl forr/24+41<i<r-—1
and
o Tim A%) = T—lAg’“? Lfor1<j< V"g“} :
. T AY) = 7-24%) | f [MTH} Y 1<) <rper — 1.
Moreover
k k 1
@8) pa\( U aPu U al))=s(al), )= n(a®).
1<i<r—1 1<j<rn, +1—1 nmit2

We also have

T2 AN = A%, for1<i<r/2—1,
(7.9) T2am A o= 714k P
T2anAg’2 = T_2A§7;+2 forr/241<j<r-—2
and
T2 AW, =720 for1 << [T”k“} :
(7.10) . o _— 2
720 AW, =73 A%) | for [—"*; |41 < -1
and
(7 11) Tzan Ai’ifj) 1A;k])+1 for 1 S] < |:rnk2,+1:| 7

T2n, Af]fj) 2,42’“J)Jrl for [T"’CT“} +1<j<rn41— 1L
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Moreover
k Kk Kk
(7.12) pu | AW\ U AE u U Af« )1] U Afn‘)
1<i<r—2 1<j<rp, 1-1 1<j<rp, +1-1
o (4® *) ) _ 2 ( (k>)
=M (Ar_l,rnkJrl) + 1% (AT,Tnk+1 - Trnk-l,-lu A .

Using all of the 7?7 7.6 and egs. (7.7) and (7.8)) we obtain
1
(7.13) [ T AR \ U T-P2AF) | ~ M‘i# (A(k)>
p2€{0,1,2} e t2
and using egs. (7.9)—(7.12))

(7.14) p T2 A® N | 7AW | < 2 M(AW).
p3€{0,1,2,3} "Tni+2

We will show now that ([7.5) is true. We have
AR 7T AR A 7272 AK)

@ (A(k) n Tank( U a%u Ai’f})) A T2, AKF)

1<i<r—1 1< <y 11—1
i e ) k i A
- ( U A(+)1 U U Af g)+1) N T2 AW
r/24+1<i<r—1 1Sj§{r”’“%}
(%) k)
= ( U AU U Ag,jﬂ)
7/24+1<i<r—1 1< [ et
2724 (k) (k) (k)
ﬂTqu< U AU U A 1, Y U ATJ)
1<i<r—2 1<j<rp, +1-1 1<j<rp, +1-1
@.Co.cm e “
= ( U Ay U U Ay g+1)
r/2+4+1<i<r—1 lgjg{n”;+1]
(k) (k k)
n ( U 4 +2 U U 4 )+1 U U Aé,j+1)
r/2+1sisr—2 1<j< [ [ ] +1<i<rn -1
= U Agk) U U Al,j,
r/243<i<r 2Sj§[rn’§+l]+1
where () and (#x) hold up to a set of measure —% (A(k)) (AR,
respectively. Therefore up to an error of absolute value at most - (A(k))

o o, (A®) x TA® x T2A00) = py (T2 AW (T~ 140) T2A<k>)

= o (A® A TT AR A 7220 A

~u|l U APu Yy Al

r/243<i<r . Tng+1
/2+3sis 2<j< [ 41
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—r/2-3+1 Tl p1-2+41
:TN—?’_‘_.M(A(IC))_~_ [~ ] + + - (AB)
r TTn,+2
Tnpt1 r—3 k
- 4 'M(A(k)) + [ 5 ] A(k)) _ 2_7«3/‘(A(k))7 ) ) 2|7, 41
2r TThg+2 T3 (AR — 2ka+1'u(A( )), 2 froests

i.e. (7.5) indeed holds. In a similar way, all of the inequalities ([7.4) hold. We
obtain

‘ igzany pam, (A[1] x TA[L] x T?A[1])

- r;ﬂguT_Q,T_l (A[1] x TA[1] x T*A[1]) ’

173

g ans (LU A9 00) x ( LZJ TAML, 1) x LZJ T2AM[L,1)))
=1 =1

=1

- T2_7,3MT27T1((Q A1) (U TA®[1, 1)) x (U T2A[L, 1))

=1 =1

173
<2
=1

- rz’r?’umfl (A<k> [1,1] x TA®[1,1] x T2A® 1, z]) ‘

T— (A(k)[l, [] x TA®[L,1] x T2AW]1, z})

173
3 e o (AP X TAB[L Y] x 7240 1,17)
=1 1<I/,1"" <l
#{LU U>1

Ly

r—3 k k 2 4(k

+ > Y pre (AP x TAW[L 1] x T2AW[1,17))
I=1 1<V, <y,
#{LU 1>

Ir

ppaan o, (AL x TAB[L 1) x T2A91,1])

=1
r—3
2r

173
3 Y s o (AW X TAWL ] < T2AG[1,17])
I=1 1<1',1"<l,,
#0117 >1

Ik
r—3
=D DD ,u(TQA(’“)[l,l]mTzA(’“)[l,l’]OTQA(k)[l,l“])

m (T2A<k>[1, NNT2AM [, 1N T2AM, 11)‘

I=1 1<, <l
#{,U1>1

g
=5 [ptgone g (AP 1] x TAB[L 1] x T2A01, 1) - - ;3 u(A®[L1)]

=1

173
3 Yt o (AW X TAWL ) < T2AG 1, 17])
=1 1<1',1" <l
#0171

I
= Zkeu (A(’“) 1, l})
=1
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Ik
30 b pme (AP0 < TAWL1] x T2A01,17)

I=11<1"<ly

l”;ﬁl
Uy
30 e o (ALY x TAP[L V) x T2AW[1,1)
I=11<1'<l,
U'#£1

lg
T DR ST (A(k)[l,l] x TA®[1,1] x T2A<k>[1,l”])
=<t 1<,
R

= ep(A[L])

Ik
+y0> (T—Q‘M AP AT~ TA® [, nT2AM1, z"])
=1 1<1"<ly,
l”#l
12
+> 3w (T*Q‘Iw ABL AT~ TAW[L, 1] A T2AR1, z])
I=11<'<ly,
l//#l

.
+> Y (T*qu AW AT TA®[1, 1] A T2 AW, z"])
=1 1<l 1" <l
V1A

Ik
<ep(A)+> Y g (T*?w AW N T2AW], m)

I=11<1"<ly,

l//¢l
Ik
+23 Y (T*ankAU“) 1, N T~ TA®[L, z’])
1=1 1<1'<Iy
l’;él

+Z > u(A®p 7T AN [,7)

I=11<1" <l

l”;ﬁl
+2Z 3 ( A®[L, AT T AP, l])
=1 1</ <l
U4l

lg
AID+>. > w (A('“)[Ll] n TQq"'kTZA(k)[l,l”])

1"=11<i<ly,
l#l//

Ik
+23 3 & (A(k)[l, [N T TAWIL, z'])

Ir=11<I<ly
AU

A1) + i M(( U A(k)[l,l]> ﬂTQq"kT2A(k)[17l”])

=1 1<I<ly,
l#l”
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+2§:u(( U A(k)[l,l]>ﬂTq"kTA(k)[l,l'D

=1 1<i<ly
1A
13), (7-14), (7. L U
EREE a4 3 2y + 2y L uap, )
o T2 = T2
= (5 + 7"7“nk+2> (A1)
Hence
fig2an, pan, (A[1] x TA[1] x T2A[1])
7.15 . .
(7.15) R QT?’MN,TA (AL % TAD] x T2A0)) = 2T3M(A[1])
In a similar way
pepan, g, (A[1] x A[L] x A[1])
(7.16) r—2 r—2
— 5k (AN < A[L] > AL]) = ——p (A1),
fgan,, pany, (A[L] x A[1] x TA[1])
(7.17) 1 1
= b (AL AL x TA[L]) = oop (A1)
fip2any, gan,, (A[1] x A[1] x T2A[1])
(7.18) 1 ) 1
— oohrz 2 (Al > Al x T2 A[l]) = —p (AQ]),

firson, g, (AL x TA[L] x TA[1)

7.19
(7.19) . %MTA,, (A[1] x TA[1] x TA[1]) = %u(A[l]%

fipan, pan, (A[1] x T2A[1] x T A[1])

7.20
(7.20) - %MT,S,TA (A[1] x T2A[1] x T3A[1]) = %u (A[L]).

Let I = {(0,0),(0,1),(0,2),(1,1), (1,2),(2,3)} . Since

r—3+7°—2+ 1 n 1 +1+ 1 _1
2r 2r % 2r 1 2r

we have

uka,ank( U A[l]xTPZAMxTPBAm)w(Am.

(p2,p3)€l

Notice that for (py,ps) & I such that T?2 A[1] and T?s A[1] are levels of tower Chy,

A[1] x TPz A[1] x TPs A[1] C A[1] x ( J 772AQ] x TP3A[1]) .

(p2,p3)€l
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Therefore

MT2an ’TQHk (A[l] X Tp;A[l] X Tp/SA[l])

< gy qon, ( Al1] x ( U 7740 x TPSA[1]>C)

(7.21) (p2,p3)€l
= 1 (A[L]) = fig2an, pan, (Am x ( U 77an < TpsA[l]»
(p2,p3)€l
— p(A[l]) — p (A[1]) = 0.
Let now
r—2 1 1 1 r—3 1
P = “or d0,0) + 55(1,1) + 55(2,2) + ;5(1,0) + o d2,1) + 55(3,1)-

Notice that for (ph,p4) & I such that TPz A[1], T?s A[1] are levels of tower Chy, We
have

(7.22) / - (A[l] x TP A[1] x TP’sAm) dP(a,b) = 0.
ZQ
Using eqgs. (7.15)—(7.22) we obtain
fipoan, gam, (A[1] X A[2] x A[3]) — /Z e o (AT x AR % A3]) dP(a,b).

This implies ((7.1)) and the claim follows. [l

Remark 7.3. In the same way, one can show that some rank one flows are not
reversible. The construction of such flows is similar to the rank one automorphisms
considered in the above theorem. They are also determined by a sequence of integers
(rn)nen which denote the number of subcolumns at each step of the construction.
Now, the role of spacers is played by rectangles placed above the subcolumns.
The additional assumption in the “flow version” of our theorem is that along the
subsequence (ny) the rectangles are of fixed height and at steps ng,ng + 1 the are
placed over the same subcolumns as in Theorem

Remark 7.4. A similar method can be used to show non-reversibility of the clas-
sical Chacon’s automorphism, i.e. the rank one automorphism which can be con-
structed as described in the beginning of this section, dividing the column at each
step of the construction into three subcolumns and placing a spacer above the mid-
dle one. More precisely, to show that this automorphism is not reversible, one can
use the “automorphism counterpart” of Corollary

8. TOPOLOGICAL SELF-SIMILARITIES OF SPECIAL FLOWS

In this section we will deal with topological self-similarities of continuous flows
T = (T})1er on a compact metric spaces. For each such flow denote by I;,,(7) the
subgroup of all s € R* such that the flows 7 and 7 o s are topologically conjugate.
If Iiop(T) € {—1,1} then the flows 7 is called topologically self-similar. More
precisely we will deal with continuous time changes of minimal linear flows on the
two torus. Each such flow is topologically conjugate to the special flow T/ build
over an irrational rotation Tz = x + « on the circle and under a continuous roof
function f: T — R;.

We will show that if 77 is topologically self-similar then o must be a quadratic
irrational and f is topologically cohomological to a constant function. It follows that
if a continuous time change of a minimal linear flow on the two torus is topologically
self-similar then it is topologically conjugate to a minimal linear flows on the two
torus.
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Let (X, d) be a compact connected topological manifold. Then X is locally path
connected and locally simply connected, so denote by X the universal covering space
of X and let 7’ : X — X be the covering map. Denote by © the deck transformation
group of the covering 7’ : XX , 1.e. © is the group of homeomorphisms 6 : X —
X such that 7’06 = 7/. Then © is countable (isomorphic to the fundamental group
of X) and it acts in the properly discontinuous way, that is, for each z € X there
exists an open V' 3 z such that (V)NV = () whenever Id # 6 € ©. In what follows
we need the following simple observation.

Lemma 8.1. Assume that Z is a topological space and let G be a countable group
(considered with the discrete topology). Assume that G acts on Z as homeomor-
phisms in the properly discontinuous way. Assume moreover that ® : R — G and
that

Rot—d(t)z €2

is continuous for each z € Z. Then ® is continuous, hence constant.

Proof. Fix tg € R and z € Z. Select an open V' 3 z, so that gV NV = () whenever
1 # g € G. By the continuity assumption, there is an open interval W 3 tg such
that ®(t)(z) € ®(to)(V) for t € W. Thus ®(t) = ®(to). It follows directly that the
map W >t +— ®(t) is constant, whence ® is continuous. O

Let T : X — X be a homeomorphism and f : X — R\ {0} a continuous
function, which is globally either positive or negative. Let us consider the skew
product T_; : X xR — X xR, T_¢(z,r) = (Tz,r— f(z)) and the orbit equivalence
relation = on X x R defined by (x2,r2) = (21,r1) if there exists n € Z such that
(z2,72) = T"¢(z1,71). Denote by X7/ the quotient space (X xR)/ =. Then X/ is a
compact topological manifold and the canonical projection m = w{ X xR — X/
is a covering map.

Let us consider the (continuous) flow (oy)icr on X X R given by oy (z,r) =
(z,7 +t). Since I"; commutes with o, for every n € Z and ¢ € R, each oy
transforms the equivalence classes for = into the equivalence classes. Therefore
(0¢)¢er defines a continuous flow on X/, this flow is denoted by T7. If the function
f is positive the flow T is called the special flow built over the homeomorphism 7'
and under the roof function f. Of course, th o = m ooy for every t € R.

Then, the map 5 : XxR—XxR given by mo(Z,r) = (7' (Z),r) is a covering
map and X xR is the universal covering of X/ with the covering map 7/ = T 0.

For every 6 € © denote by 6 : X x R — X x R the trivial extension 0(,r) =
(0(Z),r). Note that § belongs to the deck group of the universal covering 7/.

Let T : X — X bealiftof T : X — X. Recall that T : X — X is a
homeomorphism. Let us consider the group automorphism v : © — © given by

v =ToboT
and the semidirect product © x, Z with multiplication
@,m) - (0',m') = (@oy™(0),m+m').
Denote by f_j; : X xR — X x R the skew product f—f@’ r) = (T®),r — f(@)),
where f = fon'.
Proposition 8.2 (Proposition 1.1 in [20]). The deck transformation group ©F of
the universal covering mf : X x R — X7 is equal to

{Qofffzee@, m € 7}

and (0,m) — 0o T’_”f establishes the group isomorphism of © x., Z and of.
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We will identify the groups © x., Z and of.

For any s € R* \ {1} let us consider the flow 77 o (s71) = (Tsf,lt)teR on X7.
This flow is topologically isomorphic to the flow (Ttsf ter on X*/. Indeed, the
homeomorphism U : X X R — X x R given by U(z,r) = (z, sr) satisfies

UoT_y=T_ 540U and Uoos1y=0;0U.
Therefore, U induces a homeomorphism U’ : X — X/ with U’oTsf,lt = Ttsf olU'.

Suppose that s € I;p(T7) \ {1}. As the flows T/ and T/ o (s7!) on X/ are
topologically isomorphic, the flows (Tf) ter on X/ and (T, f) ter on X/ are also
topologically isomorphic. Thus there exists a homeomorphlsm S : X — X3/ such
thatSOTf:TSfOS Let S : X xR — X x R be a lift of S. Then S is a
homeomorphism such that S o 7f = 75f 0 S. Since S1 o T%f 0 S o T/ = idy;, its

lift S—1o O_40 So o, is an element of the deck transformation group ©7f, so there
exists a map R >t — (0(t), m(t)) € © X Z such that

S log_;0S500, =6(t) ofinfg).
Now, for each (Z,7) € X x R the map
Rot— S oo 0800, (Z,r)e X xR

is continuous. By Lemma applied to ©f we obtain that the map ¢ — (0(t), m(t))
is constant. Moreover, (6(0), m(0)) = (idx,0), so

(8.1) Soor=0,008.

For every 0 € ©f the homeomorphism SofoS!is adeck transformation of 75/
so there exists A : ©f — ©°f such that

(8.2) SofoS~1 = A().

Moreover, A : ©f — ©%7 is a group isomorphism which can be identified with the
automorphlsm A:Ox,7Z— 0O x,Z.

Let S = (S1,52), WhereSl X><]R—>Xand52 XxR—R. Let A= (A1, As),
where A1 : © xyZ — O and Ay : © x, Z — Z. Inv1ew0f-7

S(@,t) = 5 004(%,0) = 01 0 5(7,0) = (S1(F,0), S2(F,0) + ¢).
Therefore _
S(,t) = (V(z),t + g(7)),
where V: X — X is a homeomorphism and g : X — R is a continuous function.
Note that if (6,m) denotes § o Tff then

So (0,m)@r) =500 T"(@),r - [ (@)
= (VofoT™@),r - [ (@) +g(0 0 T™(@))),
while if we set (8, m) =00 Ti"sf then
(0,m) 0 S(F,r) = (0.m)(V (%), + g())
=(oTm o V(Z),r +g(@) — s[™(V(7)))
Therefore, in view of , we have
VoboT™Z) = AL (0,m) o T4 oV (F)
9(0 0 T (@) — F™ (@) = g(@) — sTAEm) (v (3)).

Let us consider the action of the group ©x,Z on X defined by (8, m)(%) = oT™ (7).
Then as a conclusion we have the following.
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Theorem 8.3. The number s € Ii,,(T/) \ {1} if and only if there exist a home-
omorphism V : X — X, a group automorphism A : © x,Z — © Xy Z and a
continuous function g : X — R such that for every (6,m) € © %, Z

Vo (6,m)(F) = A(6,m) o V(F)
sfOm V(@) - J(@) = (&) — g((0,m) (7).

Remark 8.4. If T is uniquely ergodic, then so is 77 and therefore in this case
Itop(Tf) C ITf.

8.1. Special flows over irrational rotations. Suppose that T is the rotation by
an irrational number o € R on the additive circle X = T = R/Z. Then X =R and
the deck transformation group is the group of translations of R by integer numbers,
so © = Z with n(z) = z + n. As each such translation commutes with the lift
T:R— R, Tr =2+ a, v = idy. Thus ©f = Z x Z and the action of this group
on X =R is given by

(8.3) (n,m)x = x4+ n+ ma.

We will now prove the following result describing topological self-similarities of
T whose second part is to be compared with Remark

Proposition 8.5. Let o« € R\Q and let f : T — R be a continuous positive function.
Then s € Liop(TT) \ {1} if and only if there exist a matriz [a;;] = A € GL2(Z),
0 € R and a continuous function g : R — R such that

(8.4) a12 + aga = (@11 + az10)a,
(8.5) an + ano =05 = o(ax — ana)”t
(8.6) sflonntenm) (gsy 4 5) — ") () = g(z) — g(@ +n + ma),

for all m,n € Z, where 0 = det A.
Moreover, —1 € Itop(Tf) if and only if there exist a continuous map g : T — R
and § € T such that

(8.7) f(6 =)= f(z) = g(z) —g(z + a).

Proof. By Theorem and (8.3), s € L,y (TY) \ {1} if and only if there exist a
homeomorphism V : R — R, a group automorphism

A:7% =72, A(n,m) = (a11n + ajom, asin + agem) with A := [ai;] € GL2(Z)
and a continuous function g : R — R such that for every (n,m) € Z? and x € R
(8.8) V(z+n+ma)=V(z)+ (a11n + aram) + (a21n + agam) o
(8.9) sflenmranm (v (z)) — f0)(2) = g(z) - g(z + n + ma).

Let us consider v : R — R, v(z) = V(z) — (a11 + az1) . In view of (8.8]), we
obtain

v(z +n+ma) =V(x+n+ma)— (a1 + az10)(x +n + ma)
=v(x) + (a12 + azear — (a11 + ag1a)a) m.
It follows that v is Z-periodic, so v : T — R. Moreover (by taking n =0 and m =1

above), v(z + a) = v(x) + a2 + azea — (a11 + a210)a, SO

/v(x) dx = / v(z + a)dx = / v(x)dz + arz + agea — (a11 + ag1a)a.
T T T

Thus a1 + assax = (a11 +a21)q, so (8.4) holds. Moreover, v is a constant function
and V(x) = vz + § with v := a11 + a2 and some real 6.
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Case 1. Suppose that a15 or as; is equal to zero. As « is irrational and by (8.4)),
a2 + (CLQQ — CL11)O& — CL210£2 = 07 it follows that a1 = A1 = 0 and a11 = Qg = +1.
Hence V (z) = £z + 0 and, by ,

sfE™ (2 4 6) — [0 (2) = g(x) — g(x +n +ma).
Setting m = 0 we have g(x +n) = g(x), so g is Z-periodic. Therefore, g can be
treated as a map on T and taking m = 1 we have
sfEV(xz +6) — f(z) =g(z) —g(z + ) forall z e T.
Recalling that f(=1)(y) = —f(y — «), it follows that

(is—1)/Tf(:c)da::S/Tf(ﬂ)(j::c—i-é)dx—/jrf(x)da:

:/Tg(x)dx—/qrg(x—i-a)dxzo.

Since s # 1 and f is positive, it follows that s = —1 and a11; = ass = —1. Therefore,
, and hold.

Case 2. Suppose that both a15 and ag; are non-zero. Since ajo + (age — ai1)a —
az1a? = 0, the irrational number « is a quadratic irrational. In view of (by
substituting m by 0, and by substituting n by —agem and m by ag;m, respectively),
we obtain

(8.10) sfl™) (ya +6) = g(x) — g(a + n),
(8.11) — flamm) (x) = g(x) — g(z + (a210 — azz)m).
It follows that for every z € R
(8.12) lim g@) = 9@ +y) = sagl/fdx.
ly|—o0 Y T

Indeed, if |y| is large enough

g@) —glety) 9@ —glet+{y}) gz +{y}) —gl+{y} + ) [y
y y [] y

ED g(x) —glz+{v}h) fletD (Ve + {y}) v]

y a2 [y] y

Since |g(z) — g(z + {y})| < 2/|gllclemt1), F/n tends to [; fdx uniformly and
[y]/y — 1 as |y| — oo, we get (8.12). Furthermore (by taking y = (a21c¢ — aze)m

in (812)),
—fqyfdx —f(“21m)(x)/a21m
—
(21 — A22 (azla - azz)

9(x) — g(x + (ag10 — ag2)m) . s/ fdr,
asi(azia — az)m T

hence s = (ags — agya) L.

In view of (8.4)), (1,a)A =~v(1,a), so (1,a)A~! = v~1(1,a). Moveover,

Al =0 ( 422 —a12> , where o := det A = 1.

—a21 411
It follows that v~ = o (a2 — az10), hence v = os, this yields (8.5). Therefore,
V(z) =0osx+ 4, so gives (8.6).

It follows that if —1 € I;,,(77) then a12 or ag; is equal to zero. Otherwise, using
Case 2 we have a1 + aag; = v = —0, s0 ag; = 0, a contradiction. Moreover, by
Case 1, this yields the second part of the proposition. O
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Corollary 8.6. If o € R\ Q is not a quadratic irrational then I,,(T7) C {1,—1}.

Corollary 8.7. There exists a continuous time change (¢¢)tcr of a minimal linear
flow on T? such that I((¢1)ier) = R* and Liop((p1)ier) = {1}

Proof of Corollary[87] On the modular space I'\PSLy(R), I' = PSLy(Z), by
Corollary and Corollary [1.2] I((h¢)ier) = R* and C((hy)ier) = {h¢ : t € R}
As it was shown in [36] that this flow is loosely Bernoulli, so (h¢)ter is iSomorphic
to a special flow over any irrational rotation Tx = =+ « on the circle, see [I8], [34].
Moreover, the roof function f : T — Ry can be chosen continuous, see [22].

If o is not a quadratic irrational, then I;,,(7Y) C {—1,1}. On the other hand,
since T is measure-theoretically isomorphic with (h;)scr, we have I(T7) = R* and
C(TT)y = {T/ : t € R}. Moreover, T is a special representation of a continuous
time change of a minimal linear flow on TZ2.

Now we will see that f can be chosen so that —1 ¢ I;,,(T) which will finish
the proof. Suppose that there exists a special representation 77 of the horocycle
flow (h¢)ter such that —1 € Itop(Tf ). Then we can construct another continuous
function f’: T — R such that T/ is isomorphic to T/ and —1 ¢ I, (T/").

Since —1 € I, (T7), by Proposition there exist 6 € T and g : T — R
continuous such that

(8.13) f(6—x) = f(z) = g(z) —g(z + a).

Let j : T — R be a measurable map such that « — j(x) — j(z + «) is continuous
and

(8.14) x+— j(z)+ j(0 — x) is not a.e. equal to any continuous function;
the existence of such a map will be discussed at the end of the proof.
We claim that if f' = f+j—joT then —1 ¢ Itop(Tf,). Otherwise, by Proposi-
tion there exist 0’ € T and ¢’ : T — R continuous such that
(0" —2) = fl(2) =g'(z) - g'(z + a).
In view of , it follows that
fo =)= f(0' —2) = (f(6 —x) = f(2)) = (f'(¢ —2) = f'(2))
~ (@) = o+ @)+ (' = 2) = (5~ 2+ )
—((g—g - D@ — (g9- ¢ — Dw+ ) + (i —2) - J(& — o +a)).
Replacing = by 6’ — x we have
flo+8—8) = f(x) = h(z) — hiz +a),
with
hz) = (+9 —9)(§ —z+a)+ ()

Since C(TF) = {T/ : t € R}, in view of Lemma there exist k € Z and tp € R
such that 6 — ¢’ = ko and h = to — f*) a.e. Therefore

i —z+a)+i@) = (g—g)F —z+a)+to— P (@) ae.
Moreover,
j6—x)—j(0' —z+a)=j(6 —z) - j(0 —z — (k- 1))
= (TG —2) - Y0 - ),

Adding both equations we obtain that the map x — j(§ — z) 4 j(z) is a.e. equal to
a continuous map, contrary to (8.14).
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Finally we point out a measurable map j : T — R such that j—joT is continuous
and satisfies (8.14). Let (g,)n>1 be a subsequence of denominators of « such that
Gni1 > 2q, for n > 1. Let us consider an L? map j : T — R with the Fourier series

j(x) = Z % o8 2mqy (. — 6/2).

n>1
Since
, . 2 . :
jl@)—jla+a)= E —8in 2mwg, (x + a/2 — §/2) sin g
n
n>1

with |sinmgpa| < |lgna]l < 1/gn41 < 1/2™ for n > 1, we can choose j such that
j —joT is continuous. Moreover, j(6 —x) = j(x) for a.e. x € T. Therefore, we
need to show that j (or equivalently js(z) = j(z 4+ §/2)) is not a.e. equal to any
continuous function. Some elementary arguments show that the Fourier series of
js is not Cesaro summable at 0. Then, by classical Fejer’s theorem, js is not a.e.
equal to any continuous function, which completes the proof. O

The following lemma is easily obtained by induction.
Lemma 8.8. Let 0 < |p| <1 and let (x,)n>0 be a real sequence such that
|pxpni1 —2n| <M for n>0.

Then

1_|p|M§ M for n>0.
L—|pl 1—1pl

Theorem 8.9. If there exists s € I;,p,(TF) \ {—1,1} then f is cohomologous to a
constant function via a continuous transfer function.

[p" @y — 20| <

Proof. Without loss of generality we can assume that |s| < 1. By Proposition
there exist a matrix [a;;] = A € GL2(Z), 6 € R and a continuous function g : R — R

satisfying —. Let us consider
P(z) = f(z) / F)dt and  G(x) = glx) + wsan / F(t) dt.
T T

In view of and (8.5)),
(8.15) splazntazm) (gop 1§y — P (2) = G(x) — G(z + n + ma).
with (remembering that F' is 1-periodic) [, F'(t)dt = 0.

2‘8@21‘
1—fs| -
quences: (zg)r>0 taking values in [0,1) and two other integer-valued sequences

(M )k>05 (nk)r>0 so that:

Choose any zg € [0,1] and mg > Let us define inductively three se-

ng = —[Tr + mra, Miy1 = agng + asamy, Tpy1 = {osxp + 9}
for all £ > 0. In view of , it follows that
sFe+D) (g ) — FU) (1) = Ga) — G(ag + ni + mpa)
and z + ng + mpa = {zx + mpa} € [0,1). Therefore,

|SF(mk+1)(xk+1) _ F(mk)(fﬁk)‘ <C:=2 m[%}i] |G(£L’)‘
z€l0,

By Lemma [8:8]

(8.16) |3kF(m’“)(ajk) — F(mO)(mo)| <

f k> 0.
]_—|S| or =
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Moreover, as s(aze — ag1a) = 1 (see (8.5])), we have
SMpy1 — My = sagng + (Sage — 1)my = —sagy [Tk + mra] + (saze — 1)my,

= —sag1 (g + mra) + (sage — 1)my, + sag {zr + mra}

(s(az2 — azia) — 1)my, + sas1 ({@p + mpa} — )
= sag ({xk +mral — xk).
Hence |smgy1 — my| < |sagi] for k > 0. In view of Lemma it follows that

|86L21|

2
—mg| <
|s"my, m0|_1—|s|’

so the sequence (s*my)g>o is bounded and (by the lower bound of mg) bounded
away from zero. Thus |my| — oo as k — oo.

By the unique ergodicity of the rotation 7', the sequence F(™ /n tends uniformly
to [, F(t)dt =0 as |n| — oc. It follows that,

F(mg)
PR () = skmki(xk) — 0.
my

Therefore, passing to k — oo in (8.16)), we have |F(™0)(z0)| < C/(1 — |s|). Con-
sequently, ||[F™|qp < C/(1 — |s|) for every m > 1. In view of the classical
Gottschalk-Hedlund theorem (Theorem 14.11 in [14]), F = f — [, f(t)dt is a
coboundary with a continuous transfer function. O

Remark 8.10. Counsider the quadratic number « € (0, 1) satisfying é =a+1. Let
T = (T})¢er be the linear flow on T? given by (a, 1), that is Ty (x,y) = (v +ta, y+t).
Then 1/« € Liop(7). Indeed, the rescaled flow S = (S;)cr is given by the formula
Si(x,y) = (x+1t,y+L1t) and it is easy to see that the homeomorphism A : T? — T?

given by the matrix A = [ (1) 1 ] satisfies Ao T, = Sy o A for each t € R.
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