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Self-similarity

Let us consider a measure-preserving flow (T;)tcr on a probability
standard Borel space (X, B, u). The flow T = (T¢)ter is called
self-similar if there exists s # +1 such that the rescaled flow

Ts = (Tt)ster is isomorphic to the original flow 7 = (T)¢er, this
is there exists a measure-preserving automorphism

S:(X,B,u) = (X, B, u) such that

SoT;=TgoS forall t e R.
If s = —1 then 7T is usually called reversible.
Z(T) :={s #0: T and Ts are isomorphic}
Z(T) is a multiplicative subgroup of R*.

Toute(T) := {(t,t') € R?: T; and T are isomorphic}
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By a joining between flow 7 = (T¢)¢er on (X, B, 1) and
S = (S¢)ter on (Y,C,v) we mean any probability measure p on
(X x Y,B®QC) such that
@ pis (Ty X St)ter—invariant;
@ the projections of p on X and Y are equal to i and v
respectively.

uxveJ(T,S) = the set of all joinings.

The flows 7, S are called disjoint in the Furstenberg sense if
T(T,8) = {ux v}

T and S disjoint = T, S are not isomorphic

If R:(X,u) — (Y,v) is an isomorphism of 7 and S, i.e.

R o Ty = S¢ o R then the graph measure ug (the image of p via
X 3 x— (x,Rx) € X x Y) is a joining.

{pr, : t € R} an important family of self-joinings of 7.
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Operator approach - Vershik

Every joining p € J(T,S) defines an operator
V, : L2(X, ) — L2(Y,v) by
LA(X,n) = (X xY,p)
Vo ™\ 4 pr
L*(Y,v)
V, : L2(X, ) — L3(Y,v) is an intertwining Makov operator
o f20=V,f >0
o V,1=1, Vi1=1
e VpoTy=S5;0V,.
T: 1 L2(X, 1) — L2(X, u) standard unitary Koopman operator

Tt(f) = f O Tt'
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Operator approach

p — V, gives a one-to-one correspondence between joinings and
intertwining Markov operators (Vershik, Ryzhikov).

XV /:Lz(X,u)—>L2(Y,1/)7

([ 1= [ fu

pr, < Tt
ergodic joining p <— indecomposable operator V,,
p is an ergodic measure for
the flow (T X St)ter
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Obvious examples

e Positive entropy: Let 7 = (T;):cr be a measure-preserving
flow such that 0 < h,(7T) < +oo. Then h,(Ts) = |s|h.(T).
Since entropy is an invariant for |somorph|sm of flows
Z(T) c {-1,1}.

e Zero entropy: Let (h:)¢ecr be the horocycle flow on a
compact surface of constant negative curvature M. (hy)ier
acts on the unit tangent bundle UT (M) and preserves a
unique probability measure pg. If (gs)scr stands for the
geodesic flow then

8s o hy Ogs_l = hye-os,

hence each s > 0 is a scale of self-similarity for (h¢)¢cr.

e Infinite entropy: Such flows can have also plenty of
self-similarities.
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Abstract result

Proposition (abstract)

Let (U;) be a bounded C°-semigroup on a separable Banach space
B (||Ut|| < C). Suppose that

B® ¢ B®(= {x* € B* : t — U;x" is strongly continuous}

is a closed (U})-invariant separable subspace such that 0 € B? is
the only fixed point for (U;) on B®. Suppose that

Ug — Q: B — B* x-weakly.
Then there exists E C R of full Lebesgue measure such that if
Ao lU; =U50A

forsomerc E,sc R, A: BY — B, then

0
Ao@=0on B".
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Theorem

Let T = (T:)ter be a weakly mixing flow such that
(x) Ty, » Q= a/ Ts dP(s) + (1 — o) J weakly in L?(X, ),
R
where 0 < a <1, P P(R) and J € J(T). Then T and T are

disjoint for a.e. s € R, moreover, Ts and T, are disjoint for a.e.
(s, t) € R?,

Proof. We apply Abstract Proposition to
B=B*=B®=1%X,u), U = T_t and U} = T;. Let
B := 2(X, u). By ergodicity, zero is the only fixed point of (U})
on BC. Suppose that r € E. We will show that 7 and 7, are
disjoint. Let A: L2(X, ) — L2(X, i) be a joining between T and
T,, then

Ao Ty = T,s 0 Afor each s € R.
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It follows that

0:AOQ:Ao(a/IRTSdP(s)—i—(l—a)J)

:a/AoTsdP(s)+(1—a)AoJon L3(X, ),
R
hence
a/Ao TsdP(s)+(1—a)AoJ:/ on L2(X, p).
R

By the weak mixing of T, pu x pn € J(T) is ergodic, so [ is

indecomposable. Consequently, Ao Ts = [ for P-a.e. s, and hence
A= [oT_=[. O
Abstract Proposition can be applied to the horocycle flow to prove

(he)spe — po weakly in P(UTM).

This gives some new equidistribution results for horocyle flows.
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Special flows

How to verify the property ()7
Special flow T built over T : (X, 1) — (X, 1) and a positive
square integrable f : X — R™T.

| | !
P | i
o | |
— T '

Suppose that T is rigid, i.e. T9 — Id. Suppose that (fo(")),,>1 is
bounded in L2(X, i), where

600 = 700~ [ £ 4700 = A0+ 6T+ + (T 1)
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By Prokhorov's theorem (fo(q“))*(,u) — P weakly in P(R).

Theorem (Fr.-Lem. 04)

T = / T dP(s).

o If T is an irrational rotation by a on St and (g,) is the
sequence of denominators of the continued fraction expansion
of a then T9 — Id and by Denjoy-Koksma inequality
||f0(q")||SIJID < 2Var f, whenever f € BV. Hence (x) holds.

@ Similar result holds for so called interval exchange
transformations (which need not to be rigid).

Theorem (Fr.-Lem. 06)

If T is an ergodic IET and f € BV then there exists a, — +00
such that

T! - a/ T dP(s) + (1 —a)J
R

1 and P € P(R).
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Abelian differentials

By a translation surface we mean any (M,w), where M is a
compact Riemann surface and w is a holomorphic 1-form (called
also Abelian differential). For every direction 6 (6 € C and |0| = 1)
the Abelian differential determines the direction vector field

Vi : M — TM so that w(Vy) = 6 (except zeros of w). The flow Fy
associated to Vj is called a translation flow in the direction 6.
Each ergodic translation flow has a special representation over an
ergodic IET and under a piecewise constant function.

If F is weakly mixing translation flow then Fs and F are disjoint
for a.e. s € R, moreover, difftomorphisms Fs and F; are also
disjoint for a.e. (s,t) € R2.

Almost every translation flow is weakly mixing in the product of the
moduli space of Abelian differentials and S*. [Avila, Forni 2007]
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Absence of self-similarity

Theorem (Fr.-Lem. 09)

Let T = (T¢)ter be an ergodic flow such that
o T, — Jp Ts dP(s) and T is not rigid, or

o Ty, v« g TsdP(s)+ (1 —a)) (O <a<1)andT isnot
partially rigid.

Then for each s # +1 the flows T and Ts are not isomorphic.

T is partially rigid if T;, — J > ald with 0 < a < 1.

Krzysztof Fraczek Self-similarity for ergodic flows



Absence of self-similarity

Proof. Suppose that 7 and 7s are isomorphic for some
0 <|s| < 1. Then

Tee=S0T;0S ! hence Tym =S"o0 Tr05™ ™.
It follows that
Ewnzsmon"msm"ﬂ”smgé7;m%@osm
= [smeT o5 mdpw) = [ Tomsde()
R R

%?/nwwzu
R

Consequently, 7T is rigid. O
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von Neumann flows

von Neumann flows are special flows built over irrational rotations
on the circle and under piecewise C!-functions with non-zero sum
of jumps. von Neumann proved that such flows are weakly mixing.

Theorem (Fr.-Lem. 06)

von Neumann flows are not partially rigid.

von Neumann flows have no self-similarities.

Theorem (Fr.-Lem. 09)

von Neumann flows built over ergodic IETs have no self-similarities.
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This approach works also roof functions with zero sum of jumps
(piecewise constant). Such flows are partially rigid.

For some Diophantine rotations and for a careful choice of
discontinuities of the roof function the special flow is mild mixing,
which implies the absence of rigidity [Lemarnczyk, Lesigne, Fraczek
2007].

Theorem (Fr. 2009)

If the genus of M is greater than 1 then for every stratum
Hg(my, ..., m.) of the moduli space of Abelian differentials there
exists a dense subset H such that the vertical flow of each w € H
has no self-similarities.

Theorem (Kutaga 2009)

For every compact surface M with genus greater than 1 there exists
a smooth flow with no self-similarities (zero entropy).

4
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Problem: Give a classification of multiplicative subgroups of R*
that can be obtained as Z(T).

Danilenko proved that Z(7) is always a Borel subgroup. Recall
Z(T) = R* for some horocycle flows.

For each countable subgroup G C R* there exists an ergodic flow

such that Z(7) = G.

Theorem (Danilenko-Lemanczyk,private communication)

There exist ergodic flows for which Z(T) is uncountable and has
zero Lebesgue measure.

Theorem (Danilenko, Ryzhikov independently)

The absence of self-similarity is generic in the set of measure
preserving flows Flow (X, B, u).

The distance dr on Flow(X, B, 1) is given by
dJ—‘((St)teR7(Tt)teR) = sup d(5t7 Tt)-

0<t<1
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