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¾4¿�ÀIÁ QSK/R°Â�d�Y�Q�cÃR Á£¿ÅÄ ^�ÆÅl�Ç+ÈwÉ�ÆËÊ·l�Ì�ÈÎÍ¤Ê·Ï�l�m�Èz]<^¢ÈÐ]<^�_µÌ#ÈwÍ¤Ñ¤Ñ+l�Ï�ÆP^µÏ�mol�Ò�Ñ¤ÆPÊÅÌ
Í¤^ÓÆPmoÔ�l\_�Í¹Õ¶ÈwÉ�ÆPl�m�Ö>Í¹ÌË×�É�ÆIÈwÉ�ÆPm6Æ�]�Õ�ÉÓ_\Ö\^4]<Ê·Í¹ÕPÌ9É4]�ÌL]?Ì�Ê·l�l�ÈwÉjÊ·l\_�ÆPÑ�Ø8k�l?Ò�Æ
Ê·l�moÆÙÏ�moÆSÕIÍ¹Ì�Æ�Ú8×DÆ¶×Dl�n�Ñ¹_jÑ¤Í¤Û�Æ¶Èwl?Û�^�l�×Ü×WÉ�ÆIÈwÉ�ÆPm6ÇÃl�mL]<^¢Ö>Ô�Í�Ý�ÆP^jÆPmoÔ�l\_�Í¹ÕÙÞ�l�×
{Tt}t∈R

l�^�Æ±ÕS]<^Ëß�^�_à]ªÌoÊ·l�l�ÈwÉàÕIl�Ê·Ï4]�Õ�È+ÊË]<^�Í¤ÇÃl�Ñ¹_
M

Èwl�Ô�ÆIÈwÉ�ÆPm+×�Í�ÈwÉË]ÎÌ�ÊÅl�l�ÈwÉ
Ê·Æ�]�Ìon�moÆ

m
l�^aÍ�Èá]<^�_µ]9ÌoÊ·l�l�ÈwÉ

m â Ï�moÆSÌ�ÆPm�Ý\Í¤^�ÔFÞ�l�× {St}t∈R
Ìol6ÈwÉ4]/È;ÈwÉ�ÆãÈ®×}l

Þ�l�×
ÌË]<moÆLÊÅÆ�]�Ì�n�moÆ â ÈwÉ�ÆPl�moÆIÈwÍ¹ÕS]<Ñ¤Ñ�Ö«Í¹Ì�l�ÊÅl�moÏ�É�Í¹Õ�Ø}äDÑ¤l�Ì�ÆPÑ�Ö³moÆPÑå]/ÈwÆS_³ÈwlaÈwÉ�Æ'Ì�ÊÅl�l�ÈwÉ
moÆ�]<Ñ¤Í¤æ�]/ÈwÍ¤l�^çÏ�mol�Ò�Ñ¤ÆPÊèÍ¹Ì6éÎØ}êÎ]/Èwl�Û�ë�ÌàÏ�mol�Ô�m�]<Ê i�ÌoÆPÆíì�î\Ú8ï�]<m�ÈLðoðoð0ñeq·Èwl³_�ÆSÌoÕImoÍ¤Ò�Æ
ien�Ï¨ÈwlFÊ·Æ�]�Ìon�moÆ â ÈwÉ�ÆPl�moÆIÈwÍ¹ÕàÍ¹Ì�l�ÊÅl�moÏ�É�Í¹Ì�ÊàqÎ]<Ñ¤Ñ+Ï�l�ÌoÌoÍ¤Ò�Ñ¤Æ9Ì�Ê·l�l�ÈwÉò_\Ö\^4]<ÊÅÍ¹ÕPÌÎl�^?]Ô�Í�Ý�ÆP^ÙÌoÊ·l�l�ÈwÉ¶ÕIl�Ê·Ï4]�Õ�ÈóÊË]<^�Í¤ÇÃl�Ñ¹_Ø Ä Ï�ÆP^�Í¤^�Ô9Ò¢Ö6ÈwÉ�Æ¸Ç�]<Ê·l�n�Ìª]<m�ÈwÍ¹ÕIÑ¤ÆáÒ¢Ö'é�^�l�Ìol�Ý
]<^�_·ê;]/Èwl�Û6ioì�ôIñeqzÚ�ÈwÉ�ÆPmoÆ8Í¹Ì3]óÌoÆPmoÍ¤ÆSÌ�l�Ç�moÆSÌon�Ñ�È�Ì�Èwl�×8]<mw_ãmoÆ�]<Ñ¤Í¤æ�]/ÈwÍ¤l�^Ål�Ç4ÈwÉ�Í¹Ì�Ï�mol�Ô�m�]<Ê
i�ÌoÆPÆ8Æ�Ø�Ô�Ø4ì�î/ñ�]<^�_áÈwÉ�Æ8moÆPÇÃÆPmoÆP^�ÕIÆSÌ�ÈwÉ�ÆPmoÆPÍ¤^�qzØ¢é�^ãÍ¤^¢ÈwÆPmoÆSÌ#ÈwÍ¤^�ÔÎmoÆPÑå]/ÈwÆS_ÐÏ�mol�Ò�Ñ¤ÆPÊõ]�ÌoÛ�ÆS_
Í¤^µì ö�ñ°Í¹Ì8Èwlãß�^�_']ÐÌoÊ·l�l�ÈwÉLmoÆ�]<Ñ¤Í¤æ�]/ÈwÍ¤l�^'l�Ç£÷ª]<n�ÌwÌ�Íå]<^'Þ�l�×
ÌIØ

ð"^6ÈwÉ�ÆÎÏ�moÆSÌ�ÆP^¢È±Ï4]<Ï�ÆPmW×}Æª×WÍ¤Ñ¤Ñ�ÇÃl\ÕIn�ÌWl�^LÈwÉ�ÆÎÏ�mol�Ò�Ñ¤ÆPÊøl�Ç�Ì�ÊÅl�l�ÈwÉLmoÆ�]<Ñ¤Í¤æ�]/ÈwÍ¤l�^
l�Ç@÷ª]<n�ÌoÌoÍå]<^·Þ�l�×�Ì�l�^·Ì�Ê·l�l�ÈwÉ·ÕIl�Ê·Ï4]�Õ�È£Ìon�moÇ�]�ÕIÆSÌ
ieÍ�Ø�Æ�Ø�l�^ãÌoÊ·l�l�ÈwÉãÕIl�ÊÅÏ4]�Õ�È�ÊË]<^ âÍ¤ÇÃl�Ñ¹_�Ì�l�Ç�_�Í¤Ê·ÆP^�ÌoÍ¤l�^Ùù�qzØ�ú�n�Ï�Ï�l�ÌoÆ;ÈwÉ4]/È

M
Í¹Ì
]

C∞
ÕIl�Ê·Ï4]�Õ�È�l�moÍ¤ÆP^¢Èz]<Ò�Ñ¤ÆáÌ�n�moÇ�]�ÕIÆ
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×�Í�ÈwÉa^�ÆPÔ¢]/ÈwÍ�Ý�Æ	�£n�Ñ¤ÆPm¸Õ�É4]<m�]�Õ�ÈwÆPmoÍ¹Ì�ÈwÍ¹Õà]<^�_
m
Í¹ÌÎ]9Ï�l�ÌoÍ�ÈwÍ�Ý�Æ

C∞ â Ê·Æ�]�Ìon�moÆ·l�^ M Ø
äDl�^�Ì�Í¹_�ÆPm·ÈwÉ�Æ6Ç�]<Ê·Í¤Ñ�Öòl�Çó]<Ñ¤Ñ

m â Í¤^¢Ý�]<moÍå]<^¢ÈÅÆPmoÔ�l\_�Í¹Õ C∞ â Þ�l�×
ÌÐl�^ M Ø£k£Ö\Ï�Í¹ÕS]<Ñ¤Ñ�Ö
Ìon�Õ�Éµ]9Þ�l�× É4]�Ìªl�^�Ñ�ÖÙ^�l�^ â _�ÆPÔ�ÆP^�ÆPm�]/ÈwÆ9Ìw]�_�_�Ñ¤ÆSÌá]�ÌªÍ¹Ìol�Ñå]/ÈwÆS_aÕImoÍ�ÈwÍ¹ÕS]<Ñ3Ï�l�Í¤^¢È�Ì¸]<^�_É4]�Ì3]�Èwm�]<^�Ì#Ý�ÆPmwÌ�]<Ñ�Ø�ð0È�ÇÃl�Ñ¤Ñ¤l�×
Ì�ÈwÉ4]/È�ÈwÉ�Æ8Þ�l�×³Í¹Ì�Ê·Æ�]�Ìon�moÆ â ÈwÉ�ÆPl�moÆIÈwÍ¹ÕS]<Ñ¤Ñ�ÖãÍ¹Ìol�Ê·l�moÏ�É�Í¹ÕÈwlÅ]ÐÌ�Ï�ÆSÕIÍå]<Ñ°Þ�l�×çÒ�n�Í¤Ñ�È�l�Ý�ÆPm�]<^6ÆPmoÔ�l\_�Í¹ÕªÍ¤^¢ÈwÆPm�Ý�]<Ñ°Æ�
�Õ�É4]<^�Ô�ÆªÈwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^F]<^�_
n�^�_�ÆPm
]ÐÇÃn�^�Õ�ÈwÍ¤l�^'l�Ç�ÈwÉ�Æ;ÇÃl�moÊ

f(x) = g(x)−
k∑

i=1

(bi log({x− βi}) + ci log({βi − x})),
×�É�ÆPmoÆ

g : T → R
Í¹Ì
]ãÇÃn�^�Õ�ÈwÍ¤l�^¶l�Ç�Ò�l�n�^�_�ÆS_LÝ�]<moÍå]/ÈwÍ¤l�^@Ú@]<^�_

bi, ci
Ú
i = 1, . . . , k,]<moÆ¸^�l�^ â ^�ÆPÔ¢]/ÈwÍ�Ý�ÆÐÕIl�^�Ì�Èz]<^¢È�ÌóÌ�n�Õ�É'ÈwÉ4]/È ∑k

i=1 bi =
∑k

i=1 ci > 0
i�Ì�ÆPÆ9ì�ô�ô�ñeqzØUk}É�Æ

Ç�]<Ê·Í¤Ñ�Öµl�Ç
]<Ñ¤Ñ8Ìon�Õ�É?ÇÃn�^�Õ�ÈwÍ¤l�^�Ìá×�Í¤Ñ¤ÑDÒ�Æ6_�ÆP^�l�ÈwÆS_?Ò¢Ö� Ä ÷;ú����
+
Ø�ð"^µÈwÉ�Í¹ÌÐÏ4]<Ï�ÆPm

×}ÆL_�Æ�]<ÑW×WÍ�ÈwÉ³ÈwÉ�ÆLÌoÏ�ÆSÕIÍå]<Ñ
ÕS]�Ì�ÆL×�É�ÆPmoÆLÌoÏ�ÆSÕIÍå]<Ñ�Þ�l�×�ÌË]<moÆLÒ�n�Í¤Ñ�ÈËl�Ý�ÆPm·mol�Èz]/ÈwÍ¤l�^�Ì
ieÆ�
�Õ�É4]<^�Ô�ÆSÌªl�Ç£È®×}làÍ¤^¢ÈwÆPm�Ý�]<Ñ¹Ìzq
l�m±Æ�
�Õ�É4]<^�Ô�ÆSÌªl�Ç£ÈwÉ�moÆPÆÐÍ¤^¢ÈwÆPm�Ý�]<Ñ¹ÌPØ��aÆÐÏ�mol�Ý�ÆáÈwÉ4]/È
ÇÃl�mó]ãÈ®Ö\Ï�Í¹ÕS]<Ñ�Ì�n�Õ�É¶Í¤^¢ÈwÆPm�Ý�]<Ñ�Æ�
�Õ�É4]<^�Ô�Æ¸Èwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^¶ÈwÉ�Æá_\Ö\^4]<Ê·Í¹ÕPÌ
l�Ç£Ì�Ï�ÆSÕIÍå]<Ñ
Þ�l�×
ÌÅÒ�n�Í¤Ñ�ÈËn�^�_�ÆPm9]�� Ä ÷Îú����

+ â
ÇÃn�^�Õ�ÈwÍ¤l�^>Í¹ÌãÈwl�Èz]<Ñ¤Ñ�Ö«_�Í��UÆPmoÆP^¢ÈàÇÃmol�Ê ÈwÉ�l�ÌoÆFl�Ç

� Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®Ö¨l�moÍ¤Ô�Í¤^��¶ieÑ¤Í¤Û�Æ6÷ª]<n�ÌwÌ�Íå]<^µÞ�l�×
ÌIÚ�ï�l�Í¹ÌwÌ�l�^òÌon�Ì�Ï�ÆP^�ÌoÍ¤l�^òÞ�l�×�Ìá]<^�_µ_\Ö â^4]<Ê·Í¹ÕS]<Ñ°Ì�Ö�Ì�ÈwÆPÊÅÌ8ÕIl�ÊÅÍ¤^�ÔãÇÃmol�Ê Ì�Èz]/ÈwÍ¤l�^4]<m�ÖLÌ#Ö\Ê·ÊÅÆIÈwmoÍ¹Õ
α â Ì�Èz]<Ò�Ñ¤Æ;Ï�mol\ÕIÆSÌwÌ�ÆSÌzqzØ Ä ^ÈwÉ�ÆàÒ4]�Ì�Æàl�Ç8ÈwÉ�Í¹Ì¸moÆSÌ�n�Ñ�ÈÐ×DÆàÕIl�^��#ÆSÕ�Èwn�moÆàÈwÉ4]/ÈáÈwÉ�Æ9]<Ò�l�Ý�Æ â Ê·ÆP^¢ÈwÍ¤l�^�ÆS_?Þ�l�×�Ì¸É4]PÝ�Æ^�lÅÌoÊ·l�l�ÈwÉLmoÆ�]<Ñ¤Í¤æ�]/ÈwÍ¤l�^¶l�^'ÌoÊ·l�l�ÈwÉ'ÕIl�Ê·Ï4]�Õ�È±Ì�n�moÇ�]�ÕIÆSÌPØ Ä n�m±]<Ï�Ï�mol¢]�Õ�É'Í¹ÌWÍ¤^LÇ�]�Õ�È

Ý\Íå]��#l�Í¤^�Í¤^�Ô�ÌPØ��
Í¹Ì#Èwl�moÍ¹ÕS]<Ñ¤Ñ�Ö�Ú��#l�Í¤^�Í¤^�Ô�Ì
×DÆPmoÆ¸Í¤^¢Èwmol\_�n�ÕIÆS_FÒ¢Ö��¸Ø! �n�mwÌ�ÈwÆP^�Ò�ÆPmoÔàÍ¤^FÉ�Í¹Ì
Ï4]<Ï�ÆPmãì#"�ñ�l�^¶_�Í¹Ì$�#l�Í¤^¢Èw^�ÆSÌwÌPØ�%WÆSÕS]<Ñ¤Ñ�ÈwÉ4]/È
È®×DlàÌ�Ö�Ì�ÈwÆPÊÅÌ {Tt}t∈R

l�^
(X,B, µ)

]<^�_
{St}t∈R

l�^
(Y, C, ν)

]<moÆ'&�(*)*+�,-(*.0/�Í¤Ç3ÈwÉ�Æ·l�^�Ñ�Ö {Tt × St}t∈R â
Í¤^¢Ý�]<moÍå]<^¢È¸Ê·Æ�]�Ìon�moÆ

l�^
(X × Y,B ⊗ C) ×WÉ�Í¹Õ�É É4]�Ì;ÊË]<moÔ�Í¤^4]<Ñ µ l�^

X
]<^�_

ν
l�^

Y
Í¹Ì±ÈwÉ�Æ·Ï�mol\_�n�Õ�È

Ê·Æ�]�Ìon�moÆ�Øð"Ç3]Å_\Ö\^4]<Ê·Í¹ÕS]<Ñ�Ì�Ö�Ì�ÈwÆPÊ {Tt}t∈R
Í¹Ì±_�Í¹Ì1�#l�Í¤^¢ÈóÇÃmol�Ê Ìol�Ê·Æ � Û�^�l�×W^��áÌ#Ö�Ì âÈwÆPÊ {St}t∈R

ÈwÉ�ÆP^áÈwÉ�Æ8Í¤^�ÇÃl�moÊË]/ÈwÍ¤l�^á×}Æ}Ô¢]<Í¤^·]<Ò�l�n�È {Tt}t∈R
Í¹Ì�ÈwÉ4]/È£Í�È�Ì�_\Ö\^4]<Ê·Í¹ÕPÌ

Í¹Ì±ÕIl�ÊÅÏ�Ñ¤ÆIÈwÆPÑ�ÖF_�Í���ÆPmoÆP^¢ÈªÇÃmol�Ê ÈwÉ4]/Èól�Ç {St}t∈R
ØUð"^FÏ4]<m�ÈwÍ¹ÕIn�Ñå]<mPÚÈwÉ�Æ¸È®×}làÌ#Ö�Ì�ÈwÆPÊÅÌ

É4]PÝ�Æ;^�lÅÕIl�Ê·Ê·l�^6Ç�]�Õ�Èwl�mwÌIØ
Ä ^�Æ±l�ÇÈwÉ�Æ±ÇÃÆ�]/Èwn�moÆSÌ}_�Í¹Ì�ÈwÍ¤^�Ô�n�Í¹ÌoÉ�Í¤^�Ô·_\Ö\^4]<Ê·Í¹ÕPÌDl�Ç � Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®Öàl�moÍ¤Ô�Í¤^��
Í¹Ì+ÈwÉ�Æ

�2�3 )Ï�mol�Ï�ÆPm�È®Ö«Í¤^¢Èwmol\_�n�ÕIÆS_ Í¤^)ì#4�ñ0Ø+é Þ�l�× {St}t∈R
É4]�Ì·ÈwÉ�Æ5�2�6 Ï�mol�Ï�ÆPm�È®Ö«Í¤Ç

ÈwÉ�Æá×}Æ�]<Û'ÕIÑ¤l�Ì�n�moÆãl�Ç {St : t ∈ R} Í¤^¶ÈwÉ�ÆÐÌoÆIÈól�Ç7�¶]<moÛ�l�ÝFl�Ï�ÆPm�]/Èwl�mwÌól�^¶ÈwÉ�Æán�^ â_�ÆPmoÑ�Ö\Í¤^�Ô
L2 â Ì�Ï4]�ÕIÆ6ÕIl�^�Ì�Í¹Ì�È�Ìál�Ç8Í¤^�_�ÆSÕIl�Ê·Ï�l�Ì�]<Ò�Ñ¤Æ8�¶]<moÛ�l�Ý¨l�Ï�ÆPm�]/Èwl�mwÌPØ�k}É�Æ9�2�6 Ï�mol�Ï�ÆPm�È®ÖLÍ¹ÌWÌ�]/ÈwÍ¹Ìoß�ÆS_LÒ¢Ö9Ê·Í:
\Í¤^�Ô·Þ�l�×
ÌIÚU÷;]<n�ÌoÌoÍå]<^'Þ�l�×
Ì¸ioì�ô�ù�ñeqzÚ4ï�l�Í¹ÌwÌ�l�^FÌon�Ì�Ï�ÆP^ âÌoÍ¤l�^ÎÞ�l�×�Ì�]<^�_;_\Ö\^4]<Ê·Í¹ÕS]<Ñ�Ì�Ö�Ì#ÈwÆPÊËÌ°ÕIl�ÊÅÍ¤^�Ô8ÇÃmol�ÊCÌ�Èz]/ÈwÍ¤l�^4]<m�ÖÎÌ#Ö\Ê·ÊÅÆIÈwmoÍ¹Õ

α â Ì#Èz]<Ò�Ñ¤ÆÏ�mol\ÕIÆSÌwÌ�ÆSÌáioì<;/ñeqzØ
é�^?]<Ï�Ï�mol¢]�Õ�Éµ×WÉ�Í¹Õ�É³]<Ñ¤Ñ¤l�×
ÌÎn�ÌÎÈwlFÏ�mol�Ý�Æà_�Í¹Ì1�#l�Í¤^¢Èw^�ÆSÌwÌáÇÃmol�Ê=�>�3 ÓÞ�l�×
Ì¸ÇÃl�m

ÌoÏ�ÆSÕIÍå]<ÑÞ�l�×�Ì+Ò�n�Í¤Ñ�È8l�Ý�ÆPmDmoÍ¤Ô�Í¹_6]<n�Èwl�Ê·l�moÏ�É�Í¹Ì�ÊËÌ}]<^�_Ën�^�_�ÆPm}mol�l�Ç°ÇÃn�^�Õ�ÈwÍ¤l�^�ÌD×�É�Í¹Õ�É
Ì�]/ÈwÍ¹Ì�ÇåÖÐ]@?
ÆP^��#l�Ö�A�ê
l�Û\ÌoÊË]8È®Ö\Ï�ÆDÍ¤^�ÆCB¢n4]<Ñ¤Í�È®ÖÎ×8]�Ì�_�ÆIÝ�ÆPÑ¤l�Ï�ÆS_áÍ¤^9ì#4�ñ0Ø<k}É�Æ+Êà]<Í¤^ÎÍ¹_�Æ�]
l�ÇÈwÉ�Í¹ÌD]<Ï�Ï�mol¢]�Õ�ÉËÍ¹Ì£ÈwÉ�Æ
ÇÃl�Ñ¤Ñ¤l�×WÍ¤^�Ô�Ø�ú�n�Ï�Ï�l�ÌoÆ�ÈwÉ4]/È {(T f )t}t∈R

Í¹Ì£ÈwÉ�Æ
ÌoÏ�ÆSÕIÍå]<Ñ�Þ�l�×
Ò�n�Í¤Ñ�ÈóÇÃmol�Ê

T
]<^�_

f
Ø!�aÆÎÈwÉ�ÆP^ÙÑ¤l�l�ÛF]/ÈóÍ¤^�Ì#Èz]<^�ÕIÆSÌ

(T f )t, t ∈ R
Ú�l�Ç {(T f )t}t∈R]�ÌD�¶]<moÛ�l�Ý·l�Ï�ÆPm�]/Èwl�mwÌDl�^ÅÈwÉ�Æ�n�^�_�ÆPmoÑ�Ö\Í¤^�Ô

L2 â ÌoÏ4]�ÕIÆó]<^�_ËÌ�Èwn�_\ÖãÈwÉ�Æ�×DÆ�]<Û·ÕIÑ¤l�Ì�n�moÆl�Ç8ÈwÉ�Æ6ÌoÆIÈãl�Ç�Ì�n�Õ�É³l�Ï�ÆPm�]/Èwl�mwÌIØ2�'l�moÆàÏ�moÆSÕIÍ¹ÌoÆPÑ�Ö�Ú�Í�ÈãÍ¹Ì¸Ï�mol�Ý�ÆS_òÈwÉ4]/ÈÐÈwÉ�ÆàÍ¤^¢ÈwÆPÔ�m�]<Ñ
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	 ��� 	 #4#�
l�Ï�ÆPm�]/Èwl�m��

R(T f )−t dP (t)
Ò�ÆPÑ¤l�^�Ô�Ì±ÈwlàÈwÉ�Í¹Ì
×}Æ�]<Û'ÕIÑ¤l�Ìon�moÆ�ÚU×�É�ÆPmoÆ

P
Í¹Ìª]ËÕIÆPm�Èz]<Í¤^

Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®Ö��Dl�moÆPÑ£ÊÅÆ�]�Ì�n�moÆ·×�É�Í¹Õ�ÉaÍ¹ÌÎ_�ÆIÈwÆPmoÊ·Í¤^�ÆS_¨Ò¢ÖÙÈwÉ�Æ·mol�l�Ç}ÇÃn�^�Õ�ÈwÍ¤l�^
f
Ø3 �Í â^4]<Ñ¤Ñ�Ö�Ú°Í¤Ç

P
Í¹Ìª^�l�Èá] ?
Í¤m�]�Õ·Ê·Æ�]�Ì�n�moÆ�Ú@ÈwÉ�ÆP^

T f
Í¹ÌÎ_�Í¹Ì$�#l�Í¤^¢È¸ÇÃmol�ÊÜ×}Æ�]<Û�Ñ�Ö¶ÊÅÍ:
\Í¤^�Ô

�2�3 òÞ�l�×�ÌPØ
ð"^ ÈwÉ�Í¹ÌÎÏ4]<Ï�ÆPm;×DÆ·Æ�
�ÈwÆP^�_aÈwÉ�Æà]<Ò�l�Ý�Æà]<Ï�Ï�mol¢]�Õ�É¨Èwl'ÌoÏ�ÆSÕIÍå]<Ñ3Þ�l�×
Ì;Ò�n�Í¤Ñ�È¸l�Ý�ÆPm

]<n�Èwl�Ê·l�moÏ�É�Í¹ÌoÊÅÌËÉ4]PÝ\Í¤^�Ô?l�^�Ñ�Ö«Ìol�Ê·ÆFÑ¤l\ÕS]<Ñ±moÍ¤Ô�Í¹_�Í�È®Ö«Ï�mol�Ï�ÆPm�È®Ö�Ø �@ÆIÈ
(X, d)

Ò�ÆÙ]
ÕIl�Ê·Ï4]�Õ�È�Ê·ÆIÈwmoÍ¹ÕDÌoÏ4]�ÕIÆ8]<^�_áÑ¤ÆIÈ B Ì#Èz]<^�_áÇÃl�m�ÈwÉ�Æ σ â ]<Ñ¤Ô�ÆPÒ�m�]�l�Ç��+l�moÆPÑ�ÌoÆIÈ�ÌIØ�é±ÌoÌon�Ê·ÆÈwÉ4]/È

T : (X,B, µ) → (X,B, µ)
Í¹ÌÅ]<^³ÆPmoÔ�l\_�Í¹Õ']<n�Èwl�Ê·l�moÏ�É�Í¹ÌoÊLÚ�×WÉ�ÆPmoÆ

µ
Í¹Ì·]

Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®Ö>Ê·Æ�]�Ì�n�moÆ�Ø}é±ÌoÌon�Ê·ÆLÈwÉ4]/È {ξn}n∈N
Í¹Ì9]¨ÌoÆCB¢n�ÆP^�ÕIÆÙl�ÇóÈwl�×DÆPmwÌËÇÃl�m

TÌon�Õ�ÉÅÈwÉ4]/È
µ(Cn)→ α > 0

Ú¢×�É�ÆPmoÆ
Cn

Ì#Èz]<^�_�Ì+ÇÃl�m3ÈwÉ�Æ±n�^�Í¤l�^àl�Ç@Ñ¤ÆIÝ�ÆPÑ¹Ì+l�Ç
ξn
Ú\]<^�_

Ìol�Ê·ÆÐÍ�ÈwÆPm�]/ÈwÍ¤l�^
T qn

l�Ç
T
Èwm�]<^�Ì�ÇÃl�moÊËÌ±ÈwÉ�ÆãÒ�l�ÈoÈwl�ÊÜl�Ç

ξn
l�^¢Èwl9ÈwÉ�ÆãÌoÆIÈó×�É�Í¹Õ�ÉÙÍ¹Ì

ÕIÑ¤l�ÌoÆàieÍ¤^6ÈwÉ�Æ¸Ì�ÆP^�ÌoÆÎl�Ç
d
q3ÈwlÅÍ�È�Ì�ÆPÑ¤Ç®Ø��Ll�moÆPl�Ý�ÆPmPÚUÌ�n�Ï�Ï�l�ÌoÆ;ÈwÉ4]/È

f ∈ L2(X,B, µ)
Í¹Ì

]ÎÏ�l�Ì�Í�ÈwÍ�Ý�ÆªÇÃn�^�Õ�ÈwÍ¤l�^L]<^�_ {an}n∈N
Í¹Ì}]¸ÌoÆCB¢n�ÆP^�ÕIÆól�Ç°Ï�l�ÌoÍ�ÈwÍ�Ý�Æó^�n�ÊáÒ�ÆPmwÌ}Ìon�Õ�ÉËÈwÉ4]/È

ÈwÉ�Æ9Ì�ÆCB¢n�ÆP^�ÕIÆ { � Cn |f (qn)(x) − an|2 dµ(x)}n∈N
Í¹Ì¸Ò�l�n�^�_�ÆS_Ø Ä ^�ÆËl�Ç}ÈwÉ�ÆàÊË]<Í¤^

moÆSÌon�Ñ�È�ÌÐl�Ç�ÈwÉ�Æ9Ï�moÆSÌoÆP^¢È·Ï4]<Ï�ÆPm'i�ÌoÆPÆ6k8É�ÆPl�moÆPÊ���q¸Ì�Èz]/ÈwÆSÌÐÈwÉ4]/È·n�^�_�ÆPmÐÈwÉ�ÆL]<Ò�l�Ý�Æ
]�ÌwÌ�n�ÊÅÏ�ÈwÍ¤l�^�ÌIÚ
i�ô�q

(T f )an → α �
R
(T f )−t dP (t) + (1− α)J,

×�É�ÆPmoÆ
P
Í¹ÌóÈwÉ�Æ·×DÆ�]<Û¶Ñ¤Í¤Ê·Í�È;l�Ç+ÈwÉ�ÆÅÌ�ÆCB¢n�ÆP^�ÕIÆËl�ÇD_�Í¹Ì�ÈwmoÍ¤Ò�n�ÈwÍ¤l�^�Ì¸l�Ç {f (qn) − an :

(Cn, µ( · |Cn))→ R}n∈N
]<^�_

J
Í¹Ì8] �¶]<moÛ�l�Ý·l�Ï�ÆPm�]/Èwl�mPØ �aÆ±ÌoÉ�l�×>ÈwÉ4]/È}l�^�ÕIÆ·i�ô�q

Í¹Ì;Ìw]/ÈwÍ¹Ìoß�ÆS_ÙÈwÉ�ÆP^
T f

Í¹Ìª_�Í¹Ì1�#l�Í¤^¢ÈÎÇÃmol�Ê ]<Ñ¤Ñ�Ê·Í:
\Í¤^�Ô9Þ�l�×
ÌPØ��jÉ�ÆP^�ÆIÝ�ÆPmªÍ¤^«i�ô�q
P
Í¹Ì

^�l�È±] ?±Í¤m�]�ÕªÊÅÆ�]�Ì�n�moÆªÈwÉ�ÆP^
T f

Í¹ÌW_�Í¹Ì1�#l�Í¤^¢È
ÇÃmol�Ê ×}Æ�]<Û�Ñ�ÖàÊ·Í:
\Í¤^�Ô �2�3 µÞ�l�×
ÌPØ
�aÆLÈwÉ�ÆP^ ÌoÉ�l�× ÈwÉ4]/ÈÙi�ô�qãÉ�l�Ñ¹_�ÌÅÇÃl�mÅÈ®×DlµÕIÑå]�ÌwÌ�ÆSÌËl�ÇªÌ�Ö�Ì�ÈwÆPÊÅÌ��DÌ�Ï�ÆSÕIÍå]<Ñ
Þ�l�×
Ì

Ò�n�Í¤Ñ�È
l�Ý�ÆPmWÆPmoÔ�l\_�Í¹Õ;Í¤^¢ÈwÆPm�Ý�]<Ñ�Æ�
�Õ�É4]<^�Ô�ÆÎÈwm�]<^�Ì�ÇÃl�moÊà]/ÈwÍ¤l�^�Ì±]<^�_6n�^�_�ÆPm�ÇÃn�^�Õ�ÈwÍ¤l�^�Ì�l�Ç
Ò�l�n�^�_�ÆS_ÎÝ�]<moÍå]/ÈwÍ¤l�^6i�ÌoÆPÆ}ú�ÆSÕ�ÈwÍ¤l�^ 4�qzÚ<]<^�_¸ÌoÏ�ÆSÕIÍå]<Ñ�Þ�l�×
Ì�Ò�n�Í¤Ñ�È�l�Ý�ÆPm�Ìol�Ê·Æ3Í¤mom�]/ÈwÍ¤l�^4]<Ñ
mol�Èz]/ÈwÍ¤l�^�Ì}l�^ËÈwÉ�ÆóÕIÍ¤mwÕIÑ¤Æª]<^�_Ën�^�_�ÆPm � Ä ÷;ú����

+ â
ÇÃn�^�Õ�ÈwÍ¤l�^�ÌIØ�ð"^ËÈwÉ�Æ
Ñå]/ÈoÈwÆPm8ÕS]�ÌoÆ

PÍ¹Ì8^�l�È ?±Í¤m�]�Õ�Ø
é
Ì+]<^Ë]<Ï�Ï�Ñ¤Í¹ÕS]/ÈwÍ¤l�^Ë×DÆ
_�ÆS_�n�ÕIÆWÈwÉ4]/ÈDÌ�Ï�ÆSÕIÍå]<Ñ�Þ�l�×�Ì3Ò�n�Í¤Ñ�È+l�Ý�ÆPm3ÆPmoÔ�l\_�Í¹ÕWÍ¤^¢ÈwÆPm�Ý�]<Ñ

Æ�
�Õ�É4]<^�Ô�ÆÙÈwm�]<^�Ì�ÇÃl�moÊË]/ÈwÍ¤l�^�Ì']<^�_ n�^�_�ÆPm9ÇÃn�^�Õ�ÈwÍ¤l�^�Ì9l�Ç;Ò�l�n�^�_�ÆS_>Ý�]<moÍå]/ÈwÍ¤l�^@ÚW]<^�_
ÕIl�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�ÖFÆPmoÔ�l\_�Í¹Õ¸ÕIl�Ê·Ï�l�^�ÆP^¢È�Ì±l�Ç�Ò�Í¤Ñ¤Ñ¤Íå]<mw_FÞ�l�×�Ì�l�^Fm�]/ÈwÍ¤l�^4]<Ñ�Ï�l�Ñ�Ö\Ô�l�^�ÌIÚ°]<moÆ
_�Í¹Ì1�#l�Í¤^¢È�ÇÃmol�Ê ]<Ñ¤Ñ¢Ê·Í:
\Í¤^�ÔWÞ�l�×�ÌPØ/k}É�Í¹Ì�Ì�ÈwmoÆP^�Ô�ÈwÉ�ÆP^�Ì�ê;]/Èwl�Û�ë�Ì�ÕIÑå]�ÌoÌoÍ¹ÕS]<Ñ¢moÆSÌon�Ñ�È�Ì�]PÖ\Í¤^�Ô
ÈwÉ4]/È
Ìon�Õ�ÉLÞ�l�×
Ì�]<moÆ;^�l�ÈWÊ·Í:
\Í¤^�ÔFioì��<ñeqzØ

 �n�m�ÈwÉ�ÆPmoÊÅl�moÆ�Ú×}ÆÐÏ�mol�Ý�ÆãÈwÉ4]/È;ÆIÝ�ÆPm�ÖÙÌoÏ�ÆSÕIÍå]<Ñ£Þ�l�× ÕIl�^�Ì#Èwmon�Õ�ÈwÆS_al�Ý�ÆPm¸]àÕIÍ¤mwÕIÑ¤Æ
mol�Èz]/ÈwÍ¤l�^ç×�É�Í¹Õ�É ]�_�Ê·Í�È�ÌF]?Ìon��·ÕIÍ¤ÆP^¢ÈwÑ�ÖÓÇ�]�Ì�È¶]<Ï�Ï�mol�
\Í¤ÊË]/ÈwÍ¤l�^ Ò¢Öjm�]/ÈwÍ¤l�^4]<Ñ¹ÌF]<^�_
n�^�_�ÆPm8mol�l�Ç�ÇÃn�^�Õ�ÈwÍ¤l�^6Ò�ÆPÑ¤l�^�Ô�Í¤^�ÔãÈwl � Ä ÷;ú����

+
Í¹Ì8_�Í¹Ì$�#l�Í¤^¢È�ÇÃmol�Ê ×}Æ�]<Û�Ñ�ÖËÊÅÍ:
\Í¤^�Ô

�2�3 Þ�l�×
ÌPØ�k8É�Í¹ÌáÆSÌwÌ�ÆP^¢ÈwÍå]<Ñ¤Ñ�Ö³Ì#ÈwmoÆP^�Ô�ÈwÉ�ÆP^�ÌÅê
l\Õ�É�ÆPmoÔ�Í¤^@ë�Ì·ÕIÑå]�ÌwÌ�Í¹ÕS]<ÑWmoÆSÌ�n�Ñ�ÈÅÌ�]PÖ\Í¤^�Ô
ÈwÉ4]/È
Ìon�Õ�É'ÌoÏ�ÆSÕIÍå]<Ñ°Þ�l�×
Ì�]<moÆ;^�l�È�Ê·Í:
\Í¤^�Ô'ioì�ô�ôIñeqzØ

�¿�� R�c Á c Á � O
b Á Â"!
f+V$#�K/R%#£Z�K�QzN ¿ é±ÌoÌon�Ê·Æ+ÈwÉ4]/È S = {St}t∈R
Í¹Ì�]�Þ�l�×³l�^

(X,B, µ)
Ø�ú�n�Õ�ÉË]±Þ�l�× S = {St}t∈R

_�ÆIÈwÆPmoÊÅÍ¤^�ÆSÌ3]ón�^�Í�Èz]<m�ÖÅ]�Õ�ÈwÍ¤l�^@Ú�Ì#ÈwÍ¤Ñ¤Ñ4_�ÆP^�l�ÈwÆS_



# û�ü �}¡ ¦ ���z�������
�z�/�ó¬Ð¡��\���8���/���#H��

Ò¢Ö S Ú�l�Ç R l�^
L2(X,B, µ)

Ò¢ÖàÈwÉ�Æ;ÇÃl�moÊán�Ñå]

f 7→ f ◦ St.�+Ö¨]LÞ�l�×õ×DÆ·×�Í¤Ñ¤ÑD]<Ñ�×W]PÖ�ÌÎÊ·Æ�]<^ò]������-)��	�
�������� ,���Ú�Í�Ø�Æ�Ø�×DÆÅmoÆCB¢n�Í¤moÆËÈwÉ4]/È¸ÈwÉ�Æ
]<Ò�l�Ý�ÆFmoÆPÏ�moÆSÌoÆP^¢Èz]/ÈwÍ¤l�^jÍ¹ÌËÕIl�^¢ÈwÍ¤^�n�l�n�Ì��+ÈwÉ�ÆFÊà]<Ï

R 3 t 7→ 〈f ◦ St, g〉 ∈ C
Í¹Ì

ÕIl�^¢ÈwÍ¤^�n�l�n�Ì+ÇÃl�mD]<Ñ¤Ñ
f, g ∈ L2(X,B, µ)

Ø¢é
ÌwÌ�n�ÊÅÆ8Ê·l�moÆPl�Ý�ÆPm£ÈwÉ4]/È S Í¹Ì£ÆPmoÔ�l\_�Í¹Õ±]<^�_Ñ¤ÆIÈ T = {Tt}t∈R
Ò�ÆË]<^�l�ÈwÉ�ÆPmÎÆPmoÔ�l\_�Í¹ÕÅÞ�l�× _�ÆPß�^�ÆS_al�^

(Y, C, ν)
Ø �+Öa] +�,-(*. (*.��

Ò�ÆIÈ®×}ÆPÆP^ S ]<^�_ T ×DÆáÊÅÆ�]<^Ù]<^¢Ö {St × Tt}t∈R â
Í¤^¢Ý�]<moÍå]<^¢È;Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®Ö¶Ê·Æ�]�Ìon�moÆ

l�^
(X × Y,B ⊗ C) ×�É�l�Ì�ÆFÏ�mol��#ÆSÕ�ÈwÍ¤l�^�Ìàl�^ X

]<^�_
Y
]<moÆ'ÆCB¢n4]<Ñ�Èwl

µ
]<^�_

νmoÆSÌoÏ�ÆSÕ�ÈwÍ�Ý�ÆPÑ�Ö�Ø3k8É�Æ9ÌoÆIÈãl�Ç>�#l�Í¤^�Í¤^�Ô�ÌÐÒ�ÆIÈ®×}ÆPÆP^ S ]<^�_ T Í¹ÌÐ_�ÆP^�l�ÈwÆS_?Ò¢Ö
J(S, T )

Ø
k8É�Æ6Ìon�Ò�Ì�ÆIÈÅl�Ç�ÆPmoÔ�l\_�Í¹Õ �#l�Í¤^�Í¤^�Ô�Ì·Í¹Ìã_�ÆP^�l�ÈwÆS_³Ò¢Ö

Je(S, T )
]<^�_ò×DÆ9×WmoÍ�ÈwÆ

J(S)]<^�_
Je(S)

Í¤^�Ì�ÈwÆ�]�_àl�Ç
J(S,S)

]<^�_
Je(S,S)

moÆSÌ�Ï�ÆSÕ�ÈwÍ�Ý�ÆPÑ�Ö�Ø �£moÔ�l\_�Í¹Õ2�#l�Í¤^�Í¤^�Ô�ÌW]<moÆ
Æ�
�]�Õ�ÈwÑ�ÖÅÆ�
�ÈwmoÆPÊË]<Ñ4Ï�l�Í¤^¢È�ÌDÍ¤^·ÈwÉ�Æ
ÌoÍ¤Ê·Ï�Ñ¤Æ�


J(S, T )
Ø�÷±Í�Ý�ÆP^

% ∈ J(S, T )
_�ÆPß�^�Æª]<^

l�Ï�ÆPm�]/Èwl�m
Φ% : L2(X,B, µ)→ L2(Y, C, ν)

Ò¢Ö9moÆCB¢n�Í¤moÍ¤^�Ô·ÈwÉ4]/È

�
X×Y

f(x)g(y) d%(x, y) = �
Y

Φ%(f)(y)g(y) dν(y)

ÇÃl�m£Æ�]�Õ�É
f ∈ L2(X,B, µ)

]<^�_
g ∈ L2(Y, C, ν)

Ø�k8É�Í¹Ì£l�Ï�ÆPm�]/Èwl�m3É4]�Ì�ÈwÉ�ÆWÇÃl�Ñ¤Ñ¤l�×�Í¤^�Ô
�¶]<moÛ�l�Ý9Ï�mol�Ï�ÆPm�È®Ö��
i0ù�q

Φ%1 = Φ∗%1 = 1
]<^�_

Φ%f ≥ 0
×WÉ�ÆP^�ÆIÝ�ÆPm

f ≥ 0.
�'l�moÆPl�Ý�ÆPmPÚ
i ;�q

Φ% ◦ St = Tt ◦ Φ%
ÇÃl�mWÆ�]�Õ�É

t ∈ R.
ð"^jÇ�]�Õ�ÈSÚ}ÈwÉ�ÆPmoÆÙÍ¹ÌL]µl�^�Æ â Èwl â l�^�Æ¨ÕIl�momoÆSÌ�Ï�l�^�_�ÆP^�ÕIÆ¨Ò�ÆIÈ®×}ÆPÆP^>ÈwÉ�ÆaÌ�ÆIÈLl�Ç �¶]<moÛ�l�Ý
l�Ï�ÆPm�]/Èwl�mwÌ

Φ : L2(X,B, µ) → L2(Y, C, ν)
Ìw]/ÈwÍ¹ÌoÇåÖ\Í¤^�Ôòi ;�qó]<^�_ÙÈwÉ�Æ·Ì�ÆIÈ

J(S, T )
Ú

×�É�ÆPmoÆóÈwÉ�Æ �#l�Í¤^�Í¤^�Ô
%
Ô�Í�Ý�ÆP^LÒ¢Ö

Φ
Í¹ÌW_�ÆIÈwÆPmoÊÅÍ¤^�ÆS_6Ò¢ÖËÈwÉ�ÆÎÇÃl�moÊán�Ñå]

%(A×B) = �
B

Φ(χA) dν

ÇÃl�m+Æ�]�Õ�É
A ∈ B ]<^�_ B ∈ C i�Ì�ÆPÆ
Æ�Ø�Ô�ØUì�ô�4/ñeqzØ��¶]<moÛ�l�Ý·l�Ï�ÆPm�]/Èwl�mwÌDÕIl�momoÆSÌoÏ�l�^�_�Í¤^�Ô¸ÈwlÆPmoÔ�l\_�Í¹Õ2�#l�Í¤^�Í¤^�Ô�Ì+×�Í¤Ñ¤Ñ�Ò�Æ±ÕS]<Ñ¤Ñ¤ÆS_'(*. &�����,���� ,-)�������IØ��
l�ÈwÍ¹ÕIÆ
ÈwÉ4]/È+ÈwÉ�Æ±Ï�mol\_�n�Õ�È}Ê·Æ�] âÌon�moÆWÕIl�momoÆSÌ�Ï�l�^�_�Ì£Èwl±ÈwÉ�Æ@�F]<moÛ�l�Ýál�Ï�ÆPm�]/Èwl�m3_�ÆP^�l�ÈwÆS_ãÒ¢Ö � Ú<×�É�ÆPmoÆ �

(f)
ÆCB¢n4]<Ñ¹Ì�ÈwÉ�Æ

ÕIl�^�Ì�Èz]<^¢ÈDÇÃn�^�Õ�ÈwÍ¤l�^ �
X f dµ

Ø Ä ^
J(S)

×DÆ�ÕIl�^�ÌoÍ¹_�ÆPm3ÈwÉ�ÆW×DÆ�]<ÛÐl�Ï�ÆPm�]/Èwl�m3Èwl�Ï�l�Ñ¤l�Ô�Ö�Ø
ð"^FÈwÉ�Í¹Ì�Èwl�Ï�l�Ñ¤l�Ô�Ö

J(S)
Ò�ÆSÕIl�Ê·ÆSÌó]·ÊÅÆIÈwmoÍ¤æ�]<Ò�Ñ¤ÆÐÕIl�Ê·Ï4]�Õ�ÈóÌoÆPÊ·Í�Èwl�Ï�l�Ñ¤l�Ô�Í¹ÕS]<Ñ�ÌoÆPÊ·Í âÔ�mol�n�ÏòÍ¤^¨×�É�Í¹Õ�É

%n → %
Í�� 〈Φ%nf, g〉 → 〈Φ%f, g〉

ÇÃl�mã]<Ñ¤Ñ
f, g ∈ L2(X,B, µ)

Ø
 �l�m
Æ�]�Õ�É

t ∈ R Ú St
ÕS]<^FÒ�ÆáÕIl�^�Ì�Í¹_�ÆPmoÆS_ ]�Ìó]	�F]<moÛ�l�ÝLl�Ï�ÆPm�]/Èwl�mól�^

L2(X,B, µ)
Ø

k8É�Æ�ÕIl�momoÆSÌoÏ�l�^�_�Í¤^�ÔÐÌ�ÆPÑ¤Ç â �#l�Í¤^�Í¤^�ÔáÍ¹Ì3_�ÆP^�l�ÈwÆS_ÅÒ¢Ö µSt
]<^�_ÅÍ�È3Í¹Ì£Æ�
�]�Õ�ÈwÑ�ÖãÈwÉ�Æ �#l�Í¤^�Í¤^�Ô

ÕIl�^�ÕIÆP^¢Èwm�]/ÈwÆS_'l�^6ÈwÉ�ÆªÔ�m�]<Ï�É'l�Ç
St
Ø

 �l�Ñ¤Ñ¤l�×�Í¤^�Ô¨ì#"/ñ0Ú S ]<^�_ T ]<moÆ·ÕS]<Ñ¤Ñ¤ÆS_ &-(*)*+�,�(*. /�Í¤Ç
J(S, T ) = {µ ⊗ ν} Ø �>B¢n�Í�Ý â]<Ñ¤ÆP^¢ÈwÑ�Ö�ÚUÈwÉ�Æál�Ï�ÆPm�]/Èwl�m � Í¹Ì
ÈwÉ�Æ¸l�^�Ñ�Ö5�F]<moÛ�l�ÝFl�Ï�ÆPm�]/Èwl�m
ÈwÉ4]/ÈóÍ¤^¢ÈwÆPm�È®×�Í¤^�ÆSÌ

St
]<^�_

Tt
ieÇÃl�m8Æ�]�Õ�É

t ∈ R qzØ
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é�^ÓÆPmoÔ�l\_�Í¹ÕaÞ�l�× S = {St : t ∈ R} l�^C]?Ì#Èz]<^�_�]<mw_ Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®ÖçÌoÏ4]�ÕIÆ
(X,B, µ)

Í¹ÌàÌw]<Í¹_íÈwlµÉ4]PÝ�ÆFÈwÉ�Æ������ � � ,�� ����/��?Í¤Ç S := {St : t ∈ R} ⊂ Je(S)i�ÌoÆPÆËì#4�ñeqzØ
ð"Ç S Í¹Ì£ÊÅÍ:
\Í¤^�ÔªÈwÉ�ÆP^ S = {St}t∈R∪{

� } Ú¢ÌolÎÍ�È3Í¹ÌD]<^	�2�3 ÙÞ�l�×;Ø�ð0È+Í¹Ì+]<Ñ¹ÌolÎÆ�]�Ì�ÖÈwlÅÌoÆPÆ;ÈwÉ4]/Èó]<Ñ¤Ñ°ÆPmoÔ�l\_�Í¹ÕÎÞ�l�×�Ì8×�Í�ÈwÉF_�Í¹ÌoÕImoÆIÈwÆáÌ�Ï�ÆSÕ�Èwmon�Ê É4]PÝ�Æ;ÈwÉ�Æ �2�6 ?Ï�mol�Ï�ÆPm�È®Ö�Ø
ð0ÈÎ×W]�Ì¸Ì�É�l�×�^¨Í¤^>ì�ô�ù/ñ£ÈwÉ4]/È·÷ª]<n�ÌwÌ�Íå]<^òÞ�l�×�ÌÎÉ4]PÝ�ÆÅÈwÉ�Æ	�2�3 jÏ�mol�Ï�ÆPm�È®Ö i�ÌoÆPÆà]<Ñ¹Ìol
ì#4/ñ}ÇÃl�m·]F_�Í¤moÆSÕ�ÈãÏ�mol�l�Ç�qzØ2�'l�moÆPl�Ý�ÆPmPÚ�ï�l�Í¹ÌwÌ�l�^íÌ�n�ÌoÏ�ÆP^�Ì�Í¤l�^íÞ�l�×
Ìã]<^�_?_\Ö\^4]<Ê·Í¹ÕS]<Ñ
Ì�Ö�Ì#ÈwÆPÊËÌ+ÕIl�Ê·Í¤^�ÔÎÇÃmol�Ê Ì#Èz]/ÈwÍ¤l�^4]<m�ÖËÌ�Ö\Ê·Ê·ÆIÈwmoÍ¹Õ

α â Ì�Èz]<Ò�Ñ¤Æ±Ï�mol\ÕIÆSÌoÌoÆSÌ}]<Ñ¹Ìol¸ÆP^��#l�ÖãÈwÉ�Æ�2�3 òÏ�mol�Ï�ÆPm�È®Ö¨i�ÌoÆPÆÅì<;<ñeqzØ
ú�n�Ï�Ï�l�Ì�Æ8ÈwÉ4]/È T = {Tt}t∈R

Í¹Ì£]<^ãÆPmoÔ�l\_�Í¹Õ8Þ�l�×íl�^
(X,B, µ)

Ø�÷óÍ�Ý�ÆP^Å]
Ï�mol�Ò4] âÒ�Í¤Ñ¤Í�È®Ö �+l�moÆPÑ�Ê·Æ�]�Ìon�moÆ
P
l�^
R
_�ÆPß�^�ÆWÈwÉ�Æ
Í¤^¢ÈwÆPÔ�m�]<Ñ��F]<moÛ�l�Ý·l�Ï�ÆPm�]/Èwl�m �

R Ts dP (s)l�^
L2(X,B, µ)

Ò¢Ö
〈( �

R
Ts dP (s)

)
f, g
〉

= �
R
〈Tsf, g〉 dP (s)

ÇÃl�m¸]<Ñ¤Ñ
f, g ∈ L2(X,B, µ)

Ø@é
^4]<Ñ�Ö�Ì�Í¹ÌÎÌoÍ¤Ê·Í¤Ñå]<móÈwl6ÈwÉ4]/È;Í¤^¨ï£mol�Ï�l�Ì�Í�ÈwÍ¤l�^;\Ø²ùàl�Çóì#4�ñ
Ô�Í�Ý�ÆSÌ8ÈwÉ�Æ;ÇÃl�Ñ¤Ñ¤l�×WÍ¤^�ÔÅmoÆSÌon�Ñ�ÈSØ

�
	�����������������¶ô���� � ��� ,-) �D/�����/ T = {Tt}t∈R
(*) �-. ��� ��,�&-( � � ,���,-.

(Y, C, ν)� ,�� ��� ( ���9/������
� �! �(*)�/ � )��#"�� � . ��� {tn} ⊂ R ��.!&
0 < α ≤ 1

)�� �$� /�����/

Ttn → α �
R
Ts dP (s) + (1− α)J,

�������
�
P

(*) � � � ,������ (  ($/���%@, �
�  �����-)��	�
� ,-.
R

�-. &
J ∈ J(T ) &(' ����.

ieÍÃq T (*) &-(*)$+�,-(*. / � � ,�� �   � () �(*.���� ,�� )+*
ieÍ¤ÍÃq T (*)�&-(*)$+�,-(*.0/ � � ,�� �   � ���-, .� � () �(*.��/�0�1� � ,�� )�������. ��2����

P
(*) .!,�/ �

3 ( �
��� � ���-)����
� &
k}É�Æ;ÇÃl�Ñ¤Ñ¤l�×WÍ¤^�Ô·È®×Dl·Ñ¤ÆPÊ·ÊË]�ÌD×WÍ¤Ñ¤Ñ°Ò�Æ;ÕIl�^¢Ý�ÆP^�Í¤ÆP^¢È±Í¤^']<Ï�Ï�Ñ¤Í¹ÕS]/ÈwÍ¤l�^�Ì�l�Ç�ï£mol�Ï�l�Ì�Í âÈwÍ¤l�^¨ô�Ø
405�67698 ù:��� � ��� ,-)�� /�����/

T : L2(X,B, µ) → L2(X,B, µ)
(*) � � , ��.!&�� &

 (*. ����� ,�� ���
��/ , ��)�� ���9/���� / 〈TχA, χB〉 ≥ 0
� ,�� �  

A,B ∈ B &
ieÍÃq<; �

T1 = T ∗1 = 1
Ú /�����.

T
(*) �/=����#,�,-2 ,�� ���
��/ , � &ieÍ¤ÍÃq>; �

T1 = 0
Ú /�����.

T ≡ 0 &
? � ,�, � & ieÍÃq}ú�Í¤^�ÕIÆ 〈χA, T ∗χB〉 ≥ 0

ÇÃl�m�]<Ñ¤Ñ
A,B ∈ B Ú\×DÆ±É4]PÝ�Æ 〈f, T ∗χB〉 ≥ 0ÇÃl�mªÆ�]�Õ�É ^�l�^ â ^�ÆPÔ¢]/ÈwÍ�Ý�Æ f ∈ L2(X,B, µ)

]<^�_
B ∈ B Ø �
ÆP^�ÕIÆ 〈Tf, χB〉 ≥ 0

ÇÃl�m
Æ�]�Õ�É

B ∈ B ]<^�_9ÈwÉ�n�Ì Tf ≥ 0
ÇÃl�m±]<^¢Ö

f ≥ 0
Ø

ieÍ¤ÍÃq �+ÖL]�ÌoÌon�Ê·Ï�ÈwÍ¤l�^@Ú
TχA ≥ 0

ÇÃl�mWÆIÝ�ÆPm�Ö
A ∈ B ØUä+l�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú

TχA = T (1− χAc) = −TχAc ≤ 0
]<^�_9ÈwÉ�ÆPmoÆPÇÃl�moÆ

TχA = 0
ÇÃl�m8ÆIÝ�ÆPm�Ö

A ∈ B Ú�×�É�Í¹Õ�ÉLÍ¤Ê·Ï�Ñ¤Í¤ÆSÌ T ≡ 0
Ø



# ûIû �}¡ ¦ ���z�������
�z�/�ó¬Ð¡��\���8���/���#H��

405�676985; �/� � / {Tn}, J �
� =����#,�,-2�,�� ���
��/ ,�� ) ,-.
L2(X,B, µ) & � � ��� ,-) � /�����//���� )��!"�� ��. ��� {Tn} ��,-. 2���� ����) (*./������ ���-,8,�� ���
��/ ,�� / ,�� , :,��+� �-. &8/��	����� �! -(*) /1)

0 < α ≤ 1
)�� ���9/��	��/

lim
n→∞

〈TnχA, χB〉 ≥ α〈JχA, χB〉
� ,�� �  

A,B ∈ B &
' ����.

Tn → αJ + (1− α)J ′
� ���+,  �4Ú

�������
�
J ′

(*) �  )�, �/= ���$,�,-2 ,�� ���
��/ ,�� &? � ,�, � & ?±ÆP^�l�ÈwÆËÒ¢Ö T : L2(X,B, µ) → L2(X,B, µ)
ÈwÉ�ÆÅ×}Æ�]<ÛÙÑ¤Í¤Ê·Í�È¸l�Ç}ÈwÉ�Æ

ÌoÆCB¢n�ÆP^�ÕIÆ {Tn}
Ø
�+ÖL]�ÌoÌon�Ê·Ï�ÈwÍ¤l�^@Ú�×}ÆªÉ4]PÝ�Æ

ieö�q 〈TχA, χB〉 ≥ α〈JχA, χB〉
ÇÃl�m�]<Ñ¤Ñ

A,B ∈ B Ø

Case 1
�
α < 1

Ø��°ÆIÈ
J ′ : L2(X,B, µ) → L2(X,B, µ)

Ò�Æã_�ÆPß�^�ÆS_ÙÒ¢Ö
J ′ =

1
1−α(T − αJ)

Ø  �mol�Ê ieö�qzÚ�×DÆ6É4]PÝ�Æ 〈J ′χA, χB〉 ≥ 0
ÇÃl�mÅ]<Ñ¤Ñ

A,B ∈ B Ø+ú�Í¤^�ÕIÆ
J ′1 = J ′∗1 = 1

Ú
J ′
Í¹ÌD] �F]<moÛ�l�Ý·l�Ï�ÆPm�]/Èwl�m8]�Ì£×}ÆPÑ¤Ñ�Ú¢Ò¢Ö �°ÆPÊ·ÊË]Îù�Ø�ä+l�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú

Tn → αJ + (1− α)J ′
Ø

Case 2
�
α = 1

Ø� �mol�Ê ieö�qzÚ�×}ÆWÉ4]PÝ�Æ 〈(T −J)χA, χB〉 ≥ 0
ÇÃl�mD]<Ñ¤Ñ

A,B ∈ B Øú�Í¤^�ÕIÆ
(T − J)1 = 0

Ú
T ≡ J Ú�Ò¢Ö9�°ÆPÊ·ÊË]ãù�ØUä+l�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú Tn → J

Ø

�¿�� #£Z\Y�cÃb�����R	�ÅO ¿ �°ÆIÈ
T
Ò�Æ ]<^>ÆPmoÔ�l\_�Í¹Õa]<n�Èwl�Ê·l�moÏ�É�Í¹ÌoÊèl�Ç¸]µÌ#Èz]<^�_�]<mw_

Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®ÖòÌoÏ4]�ÕIÆ
(X,B, µ)

Ø3?±ÆP^�l�ÈwÆËÒ¢Ö
λ
�@ÆPÒ�ÆSÌoÔ�n�ÆàÊ·Æ�]�Ì�n�moÆËl�^

R
Ø�é
ÌwÌon�Ê·Æ

ÈwÉ4]/È
f ∈ L1(X,B, µ)

Í¹Ì£]
Ï�l�ÌoÍ�ÈwÍ�Ý�Æ8ÇÃn�^�Õ�ÈwÍ¤l�^@Ø¢k}É�Æ ) �	����( �  � , �
T f = {(T f )t}t∈RÒ�n�Í¤Ñ�È±ÇÃmol�Ê

T
]<^�_

f
Í¹Ì�_�ÆPß�^�ÆS_Ll�^LÈwÉ�Æ¸ÌoÏ4]�ÕIÆ

Xf = {(x, t) ∈ X × R : 0 ≤ t <
f(x)} i�ÕIl�^�ÌoÍ¹_�ÆPmoÆS_Ë×�Í�ÈwÉ Bf Ú¢ÈwÉ�Æ±moÆSÌ#ÈwmoÍ¹Õ�ÈwÍ¤l�^6l�ÇÈwÉ�Æ±Ï�mol\_�n�Õ�È σ â ]<Ñ¤Ô�ÆPÒ�m�]\Ú�]<^�_ µf ÚÈwÉ�Æ·moÆSÌ#ÈwmoÍ¹Õ�ÈwÍ¤l�^µl�Ç3ÈwÉ�Æ·Ï�mol\_�n�Õ�È¸Ê·Æ�]�Ìon�moÆ

µ ⊗ λ Èwl X × R qzØ�

^�_�ÆPmªÈwÉ�ÆË]�Õ�ÈwÍ¤l�^l�Ç�ÈwÉ�ÆáÌ�Ï�ÆSÕIÍå]<Ñ�Þ�l�× Æ�]�Õ�ÉFÏ�l�Í¤^¢È±Í¤^
Xf Ê·l�Ý�ÆSÌWÝ�ÆPm�ÈwÍ¹ÕS]<Ñ¤Ñ�Ö¶]/È
n�^�Í�ÈóÌoÏ�ÆPÆS_Ú@]<^�_L×DÆ

Í¹_�ÆP^¢ÈwÍ¤ÇåÖ³ÈwÉ�ÆFÏ�l�Í¤^¢È
(x, f(x))

×WÍ�ÈwÉ
(Tx, 0)

i�Ì�ÆPÆFÆ�Ø�Ô�Ø±ì�ù�Ú}ä+É4]<Ï�ÈwÆPm¶ô�ô�ñeqzØ}÷±Í�Ý�ÆP^
m ∈ Z ×DÆ;Ï�n�È

f (m)(x) =





f(x) + f(Tx) + · · ·+ f(Tm−1x)
Í¤Ç
m > 0,

0
Í¤Ç
m = 0,

−(f(Tmx) + · · ·+ f(T−1x))
Í¤Ç
m < 0.

k}É�Æª]�Õ�ÈwÍ¤l�^9l�Ç
T f

ÕS]<^àÒ�Æ
×}ÆPÑ¤Ñ�n�^�_�ÆPmwÌ�Èwl�l\_à×WÉ�ÆP^Ë×}Æ±ÕIl�^�ÌoÍ¹_�ÆPmDÈwÉ�Æ±ÇÃl�Ñ¤Ñ¤l�×�Í¤^�Ô
]�Õ�ÈwÍ¤l�^�ÌËl�^íÈwÉ�Æ¶Ì�Ï4]�ÕIÆ

(X × R, µ ⊗ λ)
Ø7 �Í¤mwÌ�ÈSÚ3Ñ¤ÆIÈ

S−f : (X × R, µ ⊗ λ) →
(X × R, µ⊗ λ)

_�ÆP^�l�ÈwÆªÈwÉ�Æ¸Ì�Û�ÆI× Ï�mol\_�n�Õ�È
Ô�Í�Ý�ÆP^LÒ¢Ö

S−f (x, r) = (Tx, r − f(x)).
�
l�ÈwÍ¹ÕIÆáÈwÉ4]/È

(S−f )k(x, r) = (T kx, r − f (k)(x))
ÇÃl�mªÆ�]�Õ�É

k ∈ Z Ø�äDl�^�Ì�Í¹_�ÆPmóÈwÉ�ÆB¢n�l�ÈwÍ¤ÆP^¢È;ÌoÏ4]�ÕIÆ
Γ f = X × R/∼ Ú�×�É�ÆPmoÆÎÈwÉ�ÆámoÆPÑå]/ÈwÍ¤l�^ ∼ Í¹Ì±_�ÆPß�^�ÆS_¶Ò¢Ö

(x, r) ∼
(x′, r′)

Í��
(x, r) = (S−f )k(x′, r′)

ÇÃl�m+]<^ãÍ¤^¢ÈwÆPÔ�ÆPm
k
Ø�ú�Í¤^�ÕIÆ

f (k)(x)→ +∞ µ â ]\Ø�Æ�Ø¤Ú×�Í�ÈwÉ6^�l·Ñ¤l�ÌwÌ8l�Ç�Ô�ÆP^�ÆPm�]<Ñ¤Í�È®Ö6×DÆ;ÕS]<^¶]�ÌoÌon�Ê·ÆªÈwÉ4]/È8ÈwÉ�ÆÎÌoÆIÈ

{(x, r) ∈ X × R : 0 ≤ r < f(x)}
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Í¤^¢ÈwÆPmwÌoÆSÕ�È�Ì¸Æ�]�Õ�É¨ÆCB¢n�Í�Ý�]<Ñ¤ÆP^�ÕIÆ9ÕIÑå]�ÌwÌÎl�Ç ∼ Í¤^¨Æ�
�]�Õ�ÈwÑ�Öal�^�ÆÅÏ�l�Í¤^¢È9i�]<^�_¨É�ÆP^�ÕIÆàÕS]<^
Ò�Æ±Í¹_�ÆP^¢ÈwÍ¤ß�ÆS_Ë×WÍ�ÈwÉ

Γ f
qzØ��°ÆIÈ

σ = {σt}t∈R
Ì#Èz]<^�_ËÇÃl�m3ÈwÉ�Æ±Þ�l�×jl�^

(X ×R, µ⊗λ)Ô�Í�Ý�ÆP^LÒ¢Ö
σt(x, r) = (x, r + t).

�
l�ÈwÍ¹ÕIÆ·ÈwÉ4]/È
σt
ÕIl�Ê·ÊÐn�ÈwÆSÌó×�Í�ÈwÉ

S−f
Ø�k}É�ÆP^¨ÈwÉ�ÆËÌoÏ�ÆSÕIÍå]<Ñ+Þ�l�×

T f
ÕS]<^µÒ�ÆÅÌoÆPÆP^

]�ÌWÈwÉ�Æ B¢n�l�ÈwÍ¤ÆP^¢ÈóÞ�l�×Cl�Ç�ÈwÉ�ÆÐ]�Õ�ÈwÍ¤l�^
σ
Ò¢Ö9ÈwÉ�Æ¸moÆPÑå]/ÈwÍ¤l�^ ∼ Ø�ð0È
ÇÃl�Ñ¤Ñ¤l�×�Ì�ÈwÉ4]/È±Ô�Í�Ý�ÆP^

(x, r) ∈ Xf ]<^�_ t ∈ R ÈwÉ�ÆPmoÆ;Æ�
\Í¹Ì�È�Ì
]án�^�Í B¢n�Æ
k ∈ Z Ì�n�Õ�É6ÈwÉ4]/È

(T f )t(x, r) = (S−f )k ◦ σt(x, r).
� 5�6(8�	��Óô��  �l�m
]<Ñ¤Ñ@ÊÅÆ�]�Ì�n�m�]<Ò�Ñ¤Æ

A,B ⊂ Xf ×}ÆªÉ4]PÝ�Æ

µf ((T f )tA ∩B) =
∑

k∈Z
µ⊗ λ((S−f )kσtA ∩B).

� 5�6(8�	��Cù:�ãú�n�Ï�Ï�l�Ì�ÆÅÈwÉ4]/È
A,B ⊂ X × R ]<moÆÅÊ·Æ�]�Ì�n�m�]<Ò�Ñ¤ÆËmoÆSÕ�Èz]<^�Ô�Ñ¤ÆSÌÎl�Ç

ÈwÉ�Æ;ÇÃl�moÊ
A = A1 × A2

Ú
B = B1 ×B2

Ø�k}É�ÆP^

µ⊗ λ((S−f )kA ∩B) = �
T kA1∩B1

λ((A2 + f (−k)(x)) ∩B2) dµ(x).

k}É�Æ;Ï�mol�l�ÇeÌWl�Ç�ÈwÉ�Æ;moÆPÊË]<moÛ\Ì�]<moÆÎÌ�Èwm�]<Í¤Ô�É¢ÈwÇÃl�m�×W]<mw_F]<^�_LÕS]<^LÒ�Æ;ÇÃl�n�^�_6Í¤^µì#4�ñ0Ø
÷±Í�Ý�ÆP^

A ∈ B l�Ç±Ï�l�Ì�Í�ÈwÍ�Ý�Æ'Ê·Æ�]�Ìon�moÆ'ÕIl�^�Ì�Í¹_�ÆPm·ÈwÉ�ÆLÍ¤^�_�n�ÕIÆS_«]<n�Èwl�ÊÅl�moÏ�É�Í¹Ì�Ê
TA : A → A

]<^�_³ÈwÉ�Æ'ß�mwÌ#ÈàmoÆIÈwn�mo^«ÈwÍ¤Ê·ÆLÊË]<Ï
τA : A → N

Èwl
A
Ø}÷óÍ�Ý�ÆP^ ]

Ï�l�ÌoÍ�ÈwÍ�Ý�Æ Í¤^¢ÈwÆPÔ�m�]<Ò�Ñ¤Æ ÇÃn�^�Õ�ÈwÍ¤l�^
f : X → R

Ñ¤ÆIÈ
fA : A → R

Ò�Æ _�ÆPß�^�ÆS_>Ò¢Ö
fA(x) = f (τA(x))(x)

Ø�k8É�ÆP^µÈwÉ�Æ6Ì�Ï�ÆSÕIÍå]<Ñ8Þ�l�×�Ì
T f

]<^�_
(TA)fA

]<moÆàÊ·ÆIÈwmoÍ¹ÕS]<Ñ¤Ñ�Ö
Í¹Ìol�Ê·l�moÏ�É�Í¹Õ�Ø

�°¿ � #£Z\Y�cÃb�� ��R �ÅO R��UZ�K b4d°QSRUgaR4K #���c�OSg¨O���b	��c Á � b �eR°Y�b � K<c � ceÂ�cåQzN#�K/R�#�Z�K�QzN ¿ �°ÆIÈ
(X, d)

Ò�ÆL]¶ÕIl�Ê·Ï4]�Õ�ÈãÊ·ÆIÈwmoÍ¹Õ9ÌoÏ4]�ÕIÆ�Ø>�°ÆIÈ B Ì�Èz]<^�_?ÇÃl�máÈwÉ�Æ
σ â]<Ñ¤Ô�ÆPÒ�m�]al�Çª]<Ñ¤Ñ �Dl�moÆPÑ�ÌoÆIÈ�ÌË]<^�_³Ñ¤ÆIÈ

µ
Ò�ÆF]ÙÏ�mol�Ò4]<Ò�Í¤Ñ¤Í�È®Ö$�Dl�moÆPÑ�Ê·Æ�]�Ìon�moÆLl�^

X
Ø

ú�n�Ï�Ï�l�ÌoÆ±ÈwÉ4]/È
T : (X,B, µ)→ (X,B, µ)

Í¹Ì8]<^àÆPmoÔ�l\_�Í¹ÕóÊ·Æ�]�Ìon�moÆ â Ï�moÆSÌ�ÆPm�Ý\Í¤^�ÔË]<n âÈwl�Ê·l�moÏ�É�Í¹ÌoÊ ]<^�_·ÈwÉ�ÆPmoÆóÆ�
\Í¹Ì�ÈW]<^àÍ¤^�ÕImoÆ�]�Ì�Í¤^�Ô·Ì�ÆCB¢n�ÆP^�ÕIÆ {qn}
l�Ç°^4]/Èwn�m�]<Ñ^�n�ÊáÒ�ÆPmwÌ

]<^�_']ÐÌoÆCB¢n�ÆP^�ÕIÆ {Cn}
l�Ç �Dl�moÆPÑ�ÌoÆIÈ�ÌWÌon�Õ�É6ÈwÉ4]/È

µ(Cn)→ α > 0, µ(Cn4 T−1Cn)→ 0, sup
x∈Cn

d(x, T qnx)→ 0.

�@ÆIÈ
f ∈ L2(X,µ)

Ò�ÆÎ]¸Ï�l�ÌoÍ�ÈwÍ�Ý�Æ �Dl�moÆPÑ@ÇÃn�^�Õ�ÈwÍ¤l�^@ØUú�n�Ï�Ï�l�ÌoÆªÈwÉ4]/È8ÈwÉ�ÆPmoÆ;Æ�
\Í¹Ì#È�Ì
];ÌoÆCB¢n�ÆP^�ÕIÆ {an}

l�ÇmoÆ�]<Ñ�^�n�ÊáÒ�ÆPmwÌ+Ì�n�Õ�ÉÅÈwÉ4]/È+ÈwÉ�Æ
ÌoÆCB¢n�ÆP^�ÕIÆ { � Cn |fn(x)|2 dµ(x)}Í¹Ì8Ò�l�n�^�_�ÆS_Ú�×�É�ÆPmoÆ
fn := f (qn) − an

ÇÃl�m
n ∈ N Ø4é±ÌDÈwÉ�ÆÎ_�Í¹Ì�ÈwmoÍ¤Ò�n�ÈwÍ¤l�^�Ì{

1

µ(Cn)
(fn|Cn)∗(µ|Cn) : n ∈ N

}

]<moÆªn�^�Í¤ÇÃl�moÊ·Ñ�ÖÅÈwÍ¤Ô�É¢ÈSÚ�Ò¢ÖÅÏ4]�ÌwÌoÍ¤^�ÔÐÈwl·]¸ÇÃn�m�ÈwÉ�ÆPmWÌ�n�Ò�ÌoÆCB¢n�ÆP^�ÕIÆ;Í¤Ç°^�ÆSÕIÆSÌwÌ�]<m�ÖË×}ÆªÕS]<^
]�ÌwÌ�n�ÊÅÆóÈwÉ4]/È

1

µ(Cn)
(fn|Cn)∗(µ|Cn)→ P
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×}Æ�]<Û�Ñ�ÖáÍ¤^ P(R)
Ú<ÈwÉ�ÆWÌ�ÆIÈ£l�Ç4Ï�mol�Ò4]<Ò�Í¤Ñ¤Í�È®Ö��Dl�moÆPÑ�Ê·Æ�]�Ìon�moÆSÌ�l�^

R
Ø �°ÆIÈ

C(R)
_�ÆP^�l�ÈwÆ

ÈwÉ�ÆàÌoÆIÈál�Ç�]<Ñ¤ÑDÕIl�^¢ÈwÍ¤^�n�l�n�ÌáÇÃn�^�Õ�ÈwÍ¤l�^�Ì
ϕ : R → R

Ì�n�Õ�É¨ÈwÉ4]/È
limx→−∞ ϕ(x) =

limx→+∞ ϕ(x)
Ø�k8É�ÆP^

i�4�q �
Cn

ϕ(fn(x)) dµ(x)→ α �
R
ϕ(t) dP (t)

ÇÃl�mWÆIÝ�ÆPm�Ö
ϕ ∈ C(R)

Ø
405�67698)ö��/�6,�� ��2����$�

ϕ ∈ C(R)
Ú
g ∈ L1(X,B, µ)

�-.!& ��. � ������)����
������
� ��. � /1( ,-.

h : X → R
� � ���+2��

�
Cn

ϕ(fn(x) + h(x))g(x) dµ(x)→ α �
X

�
R
ϕ(t+ h(x))g(x) dP (t) dµ(x).

? � ,�, � & �¨Æªß�mwÌ�È�Ï�mol�Ý�Æ;l�n�m�ÕIÑå]<Í¤Ê Í¤^6ÈwÉ�ÆÎÕS]�Ì�Æª×�É�ÆPmoÆ
h ≡ 0

Ú�Í�Ø�Æ�Ø
i ��q �

Cn

(ϕ ◦ fn) · g dµ→ α �
R
ϕdP �

X

g dµ

×�É�ÆP^�ÆIÝ�ÆPm
ϕ ∈ C(R)

]<^�_
g ∈ L1(X,B, µ)

Ø�ð0ÈóÇÃl�Ñ¤Ñ¤l�×
Ì
ÇÃmol�Ê i�4�q}ÈwÉ4]/È·i ��qWÉ�l�Ñ¹_�Ì
ÇÃl�màÕIl�^�Ì�Èz]<^¢È9ÇÃn�^�Õ�ÈwÍ¤l�^�Ì

g
]<^�_«ÈwÉ�n�ÌÅÍ�ÈàÍ¹ÌÅÆP^�l�n�Ô�É ÈwlµÏ�mol�Ý�Æ'ÈwÉ4]/ÈËÈwÉ�ÆFÑ¤Í¤ÊÅÍ�ÈËÍ¹Ì

0
×�É�ÆP^ �

X g dµ = 0
Ø3ú�Í¤^�ÕIÆàÈwÉ�ÆLÕIl�Ò�l�n�^�_�]<moÍ¤ÆSÌË]<moÆ6_�ÆP^�ÌoÆ9Í¤^òÈwÉ�Æ6Ìon�Ò�Ì�Ï4]�ÕIÆ6l�Ç

ÇÃn�^�Õ�ÈwÍ¤l�^�Ì+×�Í�ÈwÉÅæPÆPmol¸Ê·Æ�]<^@Ú¢×DÆ±ÕS]<^ËmoÆSÌ#ÈwmoÍ¹Õ�È}l�n�mwÌ�ÆPÑ�Ý�ÆSÌ+ÈwlÎÈwÉ�Æ±ÕS]�Ì�Æ
g = ξ− ξ ◦T Ú

ξ ∈ L1(X,B, µ)
Ø�k8É�ÆP^

∣∣∣ �
Cn

(ϕ ◦ fn) · g dµ
∣∣∣ =

∣∣∣ �
Cn

(ϕ ◦ fn) · ξ dµ− �
Cn

(ϕ ◦ fn) · (ξ ◦ T ) dµ
∣∣∣

=
∣∣∣ �
T−1Cn

ϕ(fn(Tx))ξ(Tx) dµ(x)− �
Cn

ϕ(fn(x))ξ(Tx) dµ(x)
∣∣∣

≤
∣∣∣ �
Cn

(ϕ(fn(Tx))− ϕ(fn(x)))ξ(Tx) dµ(x)|

+ �
T−1Cn4Cn

‖ϕ‖∞|ξ(Tx)| dµ(x).

�¨Æó×WÍ¤Ñ¤Ñ°^�l�× Ï�mol�Ý�ÆªÈwÉ4]/È

χCn · (f ◦ T qn − f) = χCn · (fn ◦ T − fn)
ÕIl�^¢Ý�ÆPmoÔ�ÆSÌWÈwl

0
Í¤^LÊ·Æ�]�Ìon�moÆ�Ú�Í�Ø�Æ�Ø�ÇÃl�mWÆIÝ�ÆPm�Ö

a > 0
Ú

µ({x ∈ Cn : |f(x)− f(T qnx)| ≥ a})→ 0.
 �Í:


ε > 0
]<^�_

a > 0
Ø�k8É�ÆP^aÈwÉ�ÆPmoÆÅÆ�
\Í¹Ì�È�Ìá]LÕIl�Ê·Ï4]�Õ�ÈáÌoÆIÈ

Bε ⊂ X
Ì�n�Õ�É¨ÈwÉ4]/È

µ(Bc
ε) < ε/2

]<^�_
f : Bε → R

Í¹Ìán�^�Í¤ÇÃl�moÊ·Ñ�ÖòÕIl�^¢ÈwÍ¤^�n�l�n�ÌIØ3k8É�ÆP^µÈwÉ�ÆPmoÆ6Æ�
\Í¹Ì#È�Ì
δ > 0

Ì�n�Õ�ÉÙÈwÉ4]/È
d(x, y) < δ

Í¤Ê·Ï�Ñ¤Í¤ÆSÌ |f(x) − f(y)| < a
ÇÃl�m;]<Ñ¤Ñ

x, y ∈ Bε
Ø �+Ö

]�ÌwÌ�n�ÊÅÏ�ÈwÍ¤l�^@ÚUÈwÉ�ÆPmoÆÐÆ�
\Í¹Ì�È�Ì
n0 ∈ N

Ì�n�Õ�ÉÙÈwÉ4]/ÈªÇÃl�m
n ≥ n0

]<^�_
x ∈ Cn

×}ÆáÉ4]PÝ�Æ
d(x, T qnx) < δ

Ø°ð0È;ÇÃl�Ñ¤Ñ¤l�×�ÌóÈwÉ4]/È;Í¤Ç
n ≥ n0

]<^�_
x ∈ Cn ∩ Bε ∩ T−qnBε

ÚUÈwÉ�ÆP^
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|f(x)− f(T qnx)| < a
ØUä+l�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú

µ({x ∈ Cn : |f(x)− f(T qnx)| ≥ a}) ≤ µ(Cn ∩ (Bc
ε ∪ T−qnBc

ε)) < ε
ÇÃl�m

n ≥ n0
ÚU]<^�_6ÈwÉ�ÆPmoÆPÇÃl�moÆ

χCn · (fn ◦ T − fn)
ÕIl�^¢Ý�ÆPmoÔ�ÆSÌ
Èwl

0
Í¤^FÊ·Æ�]�Ì�n�moÆ�ØUé
Ì

ϕ
Í¹ÌWn�^�Í¤ÇÃl�moÊ·Ñ�Ö6ÕIl�^¢ÈwÍ¤^�n�l�n�ÌPÚ

χCn · (ϕ ◦ fn ◦ T − ϕ ◦ fn)
Ì�ÈwÍ¤Ñ¤Ñ�ÕIl�^¢Ý�ÆPmoÔ�ÆSÌWÈwl·æPÆPmol

Í¤^LÊ·Æ�]�Ìon�moÆÎ]<^�_9ÈwÉ�n�Ì

�
Cn

(ϕ(fn(Tx))− ϕ(fn(x)))ξ(Tx) dµ→ 0,

Ò�ÆSÕS]<n�ÌoÆ
ϕ
Í¹Ì�]<Ñ¹Ìol·Ò�l�n�^�_�ÆS_Øú�Í¤^�ÕIÆ

µ(T−1Cn4 Cn)→ 0
Ú�i ��qDÇÃl�Ñ¤Ñ¤l�×
ÌIØ

�@ÆIÈ£n�Ì�moÆIÈwn�mo^ÐÈwl±ÈwÉ�Æ8Ï�mol�l�Ç�l�Ç�ÈwÉ�Æ�]�ÌwÌoÆPm�ÈwÍ¤l�^ãl�Ç�ÈwÉ�Æ8Ñ¤ÆPÊ·ÊË]\Ø�ú�Í¤^�ÕIÆ8ÆIÝ�ÆPm�ÖáÊ·Æ�] âÌon�m�]<Ò�Ñ¤ÆãÇÃn�^�Õ�ÈwÍ¤l�^aÕS]<^ Ò�Æ·]<Ï�Ï�mol�
\Í¤ÊË]/ÈwÆS_ÙÍ¤^ Ê·Æ�]�Ìon�moÆáÒ¢Ö¶ÇÃn�^�Õ�ÈwÍ¤l�^�ÌóÈz]<Û�Í¤^�Ô6l�^�Ñ�Ö
ß�^�Í�ÈwÆPÑ�ÖËÊË]<^¢ÖãÝ�]<Ñ¤n�ÆSÌW]<^�_

ϕ
Í¹Ì+n�^�Í¤ÇÃl�moÊÅÑ�ÖËÕIl�^¢ÈwÍ¤^�n�l�n�ÌW]<^�_ÅÒ�l�n�^�_�ÆS_Ú�×DÆ±ÕS]<^9moÆ âÌ�ÈwmoÍ¹Õ�Èãl�n�mwÌ�ÆPÑ�Ý�ÆSÌáÈwlFÈwÉ�Æ6ÕS]�ÌoÆ
h =

∑k
j=1 hj · χAj

Ú�×WÉ�ÆPmoÆ {Aj : j = 1, . . . , k}]<moÆòÏ4]<Í¤m�×WÍ¹ÌoÆ³_�Í¹Ì$�#l�Í¤^¢È¨]<^�_
hj ∈ R

Ú
j = 1, . . . , k

Ø±k}É�ÆP^ ÇÃmol�Ê i ��q6×DÆòl�Ò âÈz]<Í¤^

�
Cn

ϕ(fn(x) + h(x))g(x) dµ(x) =

k∑

j=1

�
Cn

ϕ(fn(x) + hj)(g · χAj )(x) dµ(x)

→ α
k∑

j=1

�
R
ϕ(t+ hj) dP (t) �

X

(g · χAj)(x) dµ(x)

= α �
X

�
R
ϕ(t+ h(x))g(x) dP (t) dµ(x),

×�É�Í¹Õ�ÉLÕIl�ÊÅÏ�Ñ¤ÆIÈwÆSÌ}ÈwÉ�Æ;Ï�mol�l�Ç®Ø
405�67698 4:� �3,�� ��2 ���#�

ϕ ∈ C(R)
Ú
g, ξ ∈ L∞(X,B, µ)

��.!& �-. � ������)����
������
� ��. � /1( ,-.

h : X → R
� � ���+2��

�
Cn

ϕ(fn(x) + h(x))g(x)ξ(T qnx) dµ(x)

→ α �
X

�
R
ϕ(t+ h(x))g(x)ξ(x) dP (t) dµ(x).

? � ,�, � & �+ÖÅÈwÉ�ÆóÏ�mol�l�Ç�l�Ç �°ÆPÊ·ÊË];ö�Ú χCn · (ξ− ξ ◦ T qn)
ÕIl�^¢Ý�ÆPmoÔ�ÆSÌ}ÈwlÐæPÆPmolãÍ¤^

Ê·Æ�]�Ìon�moÆ¸]<^�_LÌ�Í¤^�ÕIÆ
ϕ, g, ξ

]<moÆªÒ�l�n�^�_�ÆS_Ú
∣∣∣ �
Cn

ϕ(fn(x) + h(x))g(x)ξ(T qnx) dµ(x)− �
Cn

ϕ (fn(x) + h(x)) g(x)ξ(x) dµ(x)
∣∣∣

≤ ‖ϕ‖∞‖g‖∞ �
Cn

|ξ(x)− ξ(T qnx)|dµ(x)→ 0.

k8É�ÆªmoÆSÌon�Ñ�È�ÇÃl�Ñ¤Ñ¤l�×
Ì�_�Í¤moÆSÕ�ÈwÑ�Ö9ÇÃmol�Ê �°ÆPÊ·ÊË]áö�Ø
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��� 5���	�5 6 � ��� � /
T : (X,B, µ)→ (X,B, µ)

�
� �-. ��� ��,C&�( � ��� / ,�� , � ����(*)��
�-. &

f ∈ L2(X,µ)
� � ,-)�($/1( 2 � � � . � /1( ,-. � , � ��� ( ����/��	�������! -(*) /1)

c > 0
)�� ����/�����/

0 < c ≤ f(x)
� ,�� � & � & x ∈ X & � ����� ,-)���/�����/ {Cn} (*) � )��#"�� ��. ���', � %@, �
� 

)�� � )�� /1) , �
X
Ú {qn}

(*) ��.�(*. ���
����) (*.�� )��!"�� ��. ��� , � . � / ���
�  . ��� �
��� )�Ú �-. & {an}(*) � ) �!"�� ��. ��� , � �
��� �. ��� �
����)�)�� ���9/�����/

• µ(Cn)→ α > 0
�-)
n→∞ Ú

• µ(Cn4 T−1Cn)→ 0
�-)
n→∞ Ú

• supx∈Cn d(x, T qnx)→ 0
��)
n→∞ Ú

• /��	��) �!"�� ��. ��� { � Cn |fn(x)|2 dµ(x)} (*) � ,�� .!&���&�Ú ���	����� fn := f (qn) − an
Ú

• 1
µ(Cn)(fn|Cn)∗(µ|Cn)→ P

� ���+,  � (*. P(R)
Ú

• /��	��) �!"�� ��. ��� {(T f )an}
� ,�. 2 ��� ����) (*. /���� � ���-, ,��	���
� / ,���/ ,�� , :,��+� &

' ����. {(T f )an}
� ,-. 2 ��� ����) � ���+,  � / , /��	� ,�� ���
��/ ,��

α �
R
(T f )−t dP (t) + (1− α)J,

�������
�
J ∈ J(T f ) &

? � ,�, � & �+Ö9�°ÆPÊ·Êà] ;\Ú�Í�È�Í¹Ì8Æ�]�Ì#Ö9Èwl·ÌoÆPÆóÈwÉ4]/Èó]<Ñ¤Ñ×}Æª^�ÆPÆS_9ÈwlÅÌ�É�l�× Í¹Ì8ÈwÉ4]/È

µf ((T f )an(A ∩ (Cn × R)) ∩B)→ α �
R
µf ((T f )−tA ∩B) dP (t)

ÇÃl�m±]<^¢Ö6Ï4]<Í¤m�l�Ç�Ê·Æ�]�Ìon�m�]<Ò�Ñ¤Æ¸moÆSÕ�Èz]<^�Ô�Ñ¤ÆSÌ
A,B ⊂ Xf l�Ç�ÈwÉ�ÆÎÇÃl�moÊ A = A1 × A2

Ú
B = B1 ×B2

Ì�n�Õ�É6ÈwÉ4]/È
A2, B2 ⊂ R

]<moÆ;Ò�l�n�^�_�ÆS_Ø��+Ö9%WÆPÊË]<moÛ\Ì;ôÎ]<^�_'ù�Ú
µf ((T f )an((A1 ∩ Cn)× A2) ∩B1 ×B2)

=
∑

k∈Z
µ⊗ λ((S−f )k(S−f )qnσan((A1 ∩ Cn)× A2) ∩B1 ×B2)

]<^�_

µ⊗ λ((S−f )k(S−f )qnσan((A1 ∩ Cn)× A2) ∩B1 ×B2)

= �
T qn+k(A1∩Cn)∩B1

λ((A2 + an + f (−qn−k)(x)) ∩B2) dµ(x)

= �
T qn+k(A1∩Cn)∩B1

λ((A2 + an − f (qn)(T−qn−kx) + f (−k)(x)) ∩B2) dµ(x)

= �
A1∩Cn∩T−qn−kB1

λ((A2 − fn(x)− f (k)(T qnx)) ∩B2) dµ(x).

ú�ÆIÈ
s :=

_�Íå]<Ê
(A2 ∪B2)

Ø �°ÆIÈ
k
Ò�Æ¸]<^6Í¤^¢ÈwÆPÔ�ÆPm
Ìon�Õ�É6ÈwÉ4]/È |k| > s/c

Ø�k}É�ÆP^
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µ⊗ λ((S−f )k(S−f )qnσan((A1 ∩ Cn)× A2) ∩B1 ×B2)

≤ �
Cn

λ((A2 − fn(x)− f (k)(T qnx)) ∩B2) dµ(x)

= �
{x∈Cn : |fn(x)+f (k)(T qnx)|≤s}

λ((A2 − fn(x)− f (k)(T qnx)) ∩B2) dµ(x)

≤ sµ({x ∈ Cn : |fn(x) + f (k)(T qnx)| ≤ s})
≤ sµ({x ∈ Cn : |fn(x)| ≥ c|k| − s}) ≤ sC/(c|k| − s)2

Ò¢ÖÅäDÉ�ÆPÒ¢Ö�ÌoÉ�ÆIÝUë�Ì£Í¤^�ÆCB¢n4]<Ñ¤Í�È®Ö�Ú¢×�É�ÆPmoÆ
C = supn

�
Cn
|fn(x)|2 dµ(x)

Ø�ï£n�ÈoÈwÍ¤^�Ô
bk :=

sC/(c|k| − s)2 ×�É�ÆP^�ÆIÝ�ÆPm |k| > s/c
]<^�_

bk := s
l�ÈwÉ�ÆPm�×WÍ¹ÌoÆ;×DÆªl�Ò�Èz]<Í¤^

i�"�q
µ⊗ λ((S−f )k(S−f )qnσan((A1 ∩ Cn)× A2) ∩B1 ×B2) ≤ bkÇÃl�mWÆ�]�Õ�ÉL^4]/Èwn�m�]<Ñ

n
]<^�_6ÊÅl�moÆPl�Ý�ÆPm ∑

k∈Z bk <∞
Ø

Ä ^9ÈwÉ�Æ;l�ÈwÉ�ÆPm�É4]<^�_Ú�Ô�Í�Ý�ÆP^F]<^LÍ¤^¢ÈwÆPÔ�ÆPm
k
Ú�ÇÃl�m
]<^¢Ö9^4]/Èwn�m�]<Ñ

n
Ú

µ⊗ λ((S−f )k(S−f )qnσan((A1 ∩ Cn)× A2) ∩B1 ×B2)

= �
T qn+k(A1∩Cn)∩B1

λ((A2 + an + f (−qn−k)(x)) ∩B2) dµ(x)

= �
T qn+k(A1∩Cn)∩B1

λ((A2 + an−f (qn)(T−qnx)+f (−k)(T−qnx)) ∩B2) dµ(x)

= �
T k(A1∩Cn)∩T−qnB1

λ((A2 + an − f (qn)(x) + f (−k)(x)) ∩B2) dµ(x).

ú�Í¤^�ÕIÆ
µ(T kCn 4 Cn)→ 0

]�Ì
n→∞ Ú∣∣∣µ⊗ λ((S−f )k(S−f )qnσan((A1 ∩ Cn)×A2) ∩B1 ×B2)

− �
T kA1∩Cn∩T−qnB1

λ((A2 − fn(x) + f (−k)(x)) ∩B2) dµ(x)
∣∣∣

≤ µ(T kCn4 Cn)λ(B2)→ 0
]�Ì
n→∞ Ø  �n�m�ÈwÉ�ÆPmoÊ·l�moÆ�Ú4Ò¢Ö9�°ÆPÊ·ÊË] 4�Ú�Ô�Í�Ý�ÆP^ k ∈ Z Ú

�
T kA1∩Cn∩T−qnB1

λ((A2 − fn(x) + f (−k)(x)) ∩B2) dµ(x)

= �
Cn

λ((A2 − fn(x) + f (−k)(x)) ∩B2)χT kA1
(x)χB1(T qnx) dµ(x)

→ α �
T kA1∩B1

�
R
λ((A2 − t+ f (−k)(x)) ∩B2) dP (t) dµ(x)

]�Ì
n→∞ Ø�ä+l�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú4Ô�Í�Ý�ÆP^ k ∈ Z Ú
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µ⊗ λ((S−f )k(S−f )qnσan((A1 ∩ Cn)× A2) ∩B1 ×B2)

→ α �
T kA1∩B1

�
R
λ((A2 − t+ f (−k)(x)) ∩B2) dP (t) dµ(x)

]�Ì
n→∞ Ø
�+Ö i�"�qzÚ�Í�ÈWÇÃl�Ñ¤Ñ¤l�×
Ì8ÈwÉ4]/È
µf ((T f )an((A1 ∩ Cn)× A2) ∩B1 ×B2)

→ α
∑

k∈Z
�
R

�
T kA1∩B1

λ((A2 − t+ f (−k)(x)) ∩B2) dµ(x) dP (t).

Ä ^9ÈwÉ�Æ;l�ÈwÉ�ÆPmWÉ4]<^�_Ú

�
R
µf ((T f )−t(A1 × A2) ∩B1 ×B2) dP (t)

= �
R

∑

k∈Z
µ⊗ λ((S−f )kσ−t(A1 × A2) ∩B1 ×B2) dP (t)

= �
R

∑

k∈Z
�

T kA1∩B1

λ((A2 − t+ f (−k)(x)) ∩B2) dµ(x) dP (t)

=
∑

k∈Z
�
R

�
T kA1∩B1

λ((A2 − t+ f (−k)(x)) ∩B2) dµ(x) dP (t),

×�É�Í¹Õ�ÉLÕIl�ÊÅÏ�Ñ¤ÆIÈwÆSÌ}ÈwÉ�Æ;Ï�mol�l�Ç®Ø

�¿ � #£Z\Y�cÃb�����R	�ÅO}R ��Z�K�c Á Q�Z�K ��b �4Z���Y ��b Á � ZªQ�K/b Á OST0R�K<gab�Q�cÃR Á O ¿ ä+l�^�ÌoÍ¹_�ÆPm
]ÅÏ�ÆPmoÊÐn�Èz]/ÈwÍ¤l�^

π
l�Ç {1, . . . ,m} Ú@]ãÝ�ÆSÕ�Èwl�m λ = (λ1, . . . , λm)

Í¤^FÈwÉ�ÆáÍ¤^¢ÈwÆPmoÍ¤l�mªl�Ç
ÈwÉ�Æ·n�^�Í�ÈÎÌoÍ¤Ê·Ï�Ñ¤Æ�
UÚ@Í�Ø�Æ�Ø

λi > 0
ÇÃl�m

i = 1, . . . ,m
]<^�_ ∑m

i=1 λi = 1
Ú�]<^�_a]ËÝ�ÆSÕ âÈwl�m

ε = (ε1, . . . , εm)
×�É�l�ÌoÆãÕIl�l�mw_�Í¤^4]/ÈwÆSÌ¸]<moÆãÆPÍ�ÈwÉ�ÆPm

1
l�m −1

Ø6�°ÆIÈ
β0 = 0

]<^�_
βi = λ1 + · · · + λi

ÇÃl�m
i = 1, . . . ,m

Ø�k8É�Æ�(*. / ���$2��  �! ������-.���� / �
�-. ) � ,�������/1( ,-.

Tλ,π,ε : [0, 1]→ [0, 1]
Í¹Ì�ÈwÉ�Æ8ÊË]<ÏáÈwÉ4]/È£Í¹Ì�Ñ¤Í¤^�Æ�]<m3]<^�_ �°ÆPÒ�ÆSÌoÔ�n�Æ8ÊÅÆ�]�Ì�n�moÆ8Ï�moÆSÌoÆPm�Ý âÍ¤^�ÔLl�^ ÆIÝ�ÆPm�Ö Í¤^¢ÈwÆPm�Ý�]<Ñ
(βi−1, βi)

Ú@moÆ�]<mom�]<^�Ô�ÆSÌ;ÈwÉ�l�ÌoÆãÍ¤^¢ÈwÆPm�Ý�]<Ñ¹Ìá]�ÕPÕIl�mw_�Í¤^�ÔLÈwl6ÈwÉ�Æ
Ï�ÆPmoÊán�Èz]/ÈwÍ¤l�^

π
Ú�]<^�_³Ï�moÆSÌoÆPm�Ý�ÆSÌãl�mãmoÆIÝ�ÆPmwÌ�ÆSÌ·l�moÍ¤ÆP^¢Èz]/ÈwÍ¤l�^«l�^

(βi−1, βi)
]�ÕPÕIl�mw_ âÍ¤^�ÔLÈwlLÈwÉ�ÆËÌ�Í¤Ô�^µl�Ç

εi
i
i = 1, . . . ,m

qzØ ?
ÆP^�l�ÈwÆËÒ¢Ö��@ÆPÒaÈwÉ�Æ	�°ÆPÒ�ÆSÌ�Ô�n�ÆËÊÅÆ�]�Ì�n�moÆ
l�^

[0, 1]
Ø

��� 5���	�5 6 ":�/� � /
Tλ,π,ε : ([0, 1],Leb) → ([0, 1],Leb)

�
� �-. ��� ��,�&-( �8(*.��
/ ���$2��  �! ������-.���� / �
�-. ) � ,�������/1( ,�. ��.!& ���/

f : [0, 1] → R
�
� � � ,-)�($/1( 2�� � ��. � /1( ,-.

, � � ,���. &�� & 2 ��� ( ��/1( ,-. � ,�� ��� ( ��� /������
� �  �(*) /1) � � ,�) ($/1( 2 � � ,-. )�/ �-.0/
c
)�� ����/���� /

f ≥ c > 0 &(' ����. /���� ) � ����( � �� ,��
T fλ,π,ε

(*) &�(*)*+�,-(*.0/ � � ,�� �   � () �(*.���� , � ) &
? � ,�, � & k�líÌoÉ�l�m�ÈwÆP^ ^�l�Èz]/ÈwÍ¤l�^@ÚW×}ÆÙ×WÍ¤Ñ¤Ñª×WmoÍ�ÈwÆ

T
Í¤^�Ì�ÈwÆ�]�_çl�Ç

Tλ,π,ε
ØWé ÕIl�Ñ âÑ¤ÆSÕ�ÈwÍ¤l�^

Ξ = {T iI}0≤i<q
l�Ç
Ï4]<Í¤m�×�Í¹ÌoÆL_�Í¹Ì1�#l�Í¤^¢ÈËÌon�Ò�Í¤^¢ÈwÆPm�Ý�]<Ñ¹Ì·Í¹ÌãÕS]<Ñ¤Ñ¤ÆS_«] / ,�� ���

, � (*.0/ ���#2 �  )ãÇÃl�m
T
Ø}k}É�ÆFÊ·Æ�]�Ìon�moÆ¶l�Ç

Ξ
Ú+Í�Ø�Æ�Ø3ÈwÉ�Æ¶^�n�ÊáÒ�ÆPm ∑

0≤i<q |T iI|
Ú3×�Í¤Ñ¤Ñ

Ò�Æ¶_�ÆP^�l�ÈwÆS_ Ò¢Ö |Ξ| Ø+é
ÌËÌoÉ�l�×W^>Ò¢Ö«êÎ]/Èwl�Û³Í¤^)ì��/ñ0Ú3ÈwÉ�ÆPmoÆFÆ�
\Í¹Ì�ÈËÈ®×}lµÌoÆCB¢n�ÆP^�ÕIÆSÌ
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Ξn = {T iIn}0≤i<pn

Ú
Ξ ′n = {T iJn}0≤i<qn

l�Ç\Èwl�×}ÆPmwÌ�l�Ç\Í¤^¢ÈwÆPm�Ý�]<Ñ¹Ì�ÇÃl�m
T
Ìon�Õ�É;ÈwÉ4]/È

|In| → 0
]�Ì
n→∞,i�î�q

|Ξn| ≥
1

m+ 1
,

i ��q
Jn ⊂ In

]<^�_
T qnJn ⊂ In,

i�ô���q
⋃

0≤i<pn
T iIn ∩

⋃

pn≤i<qn
T iJn = ∅,i�ô�ô�q

|Jn| ≥
1

m+ 1
|In|.

i�ô�ù�q

ï£n�È
Cn :=

⋃
0≤i<pn T

iJn
Ø� �mol�Ê i ��q±]<^�_?i�ô�ù�qW×DÆÐl�Ò�Èz]<Í¤^ |Cn| ≥ 1/(m + 1)2 Ø

�'l�moÆPl�Ý�ÆPmPÚ4ÇÃmol�Ê i�î�qD×DÆ;É4]PÝ�Æ |Cn4 T−1Cn| ≤ 2|In| → 0
]�Ì
n→∞ ØUú�n�Ï�Ï�l�Ì�ÆÈwÉ4]/È

x ∈ Cn
Ú�Ì�]PÖ

x ∈ T kJn
Ú�×�É�ÆPmoÆ

0 ≤ k < pn
Ø�k8É�ÆP^

T ix ∈





T i+kIn
Í¤Ç

0 ≤ i < pn − k,
T i+kJn

Í¤Ç
pn − k ≤ i < qn − k,

T i+k−qnIn
Í¤Ç
qn − k ≤ i ≤ qn,

Ò¢Öòi�ô���qzØUð"^FÏ4]<m�ÈwÍ¹ÕIn�Ñå]<m
x, T qnx ∈ T kIn

Ú]<^�_'É�ÆP^�ÕIÆ
supx∈Cn |x − T qnx| ≤ |In|

→ 0
]�Ì
n→∞ Ø�ú�ÆIÈ

an :=
1

|In|
�

⋃
0≤i<pn T

iIn

f(t) dt+
1

|Jn|
�

⋃
pn≤i<qn T

iJn

f(t) dt.

k8É�ÆP^6ÇÃl�m
x ∈ T kJn

×DÆ;É4]PÝ�Æ

|f (qn)(x)− an| ≤
∑

k≤i<pn

1

|In|
�

T iIn

|f(T i−kx)− f(t)| dt

+
∑

pn≤i<qn

1

|Jn|
�

T iJn

|f(T i−kx)− f(t)| dt

+
∑

0≤i<k

1

|In|
�

T iIn

|f(T qn−k+ix)− f(t)| dt

≤
∑

0≤i<pn
VarT iIn f +

∑

pn≤i<qn
VarT iJn f ≤ Var[0,1] f,

Ò¢ÖCi�ô�ô�qzØ}äDl�^�Ì�ÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú |f (qn)(x) − an| ≤ Var[0,1] f
ÇÃl�mà]<Ñ¤Ñ

x ∈ Cn
Ø7�
ÆP^�ÕIÆ

ÈwÉ�ÆÅÌ�ÆCB¢n�ÆP^�ÕIÆSÌ {Cn}
Ú {qn}

]<^�_ {an}
Ì�]/ÈwÍ¹Ì�ÇåÖ¶ÈwÉ�ÆË]�ÌwÌ�n�Ê·Ï�ÈwÍ¤l�^�Ì;l�Ç}k}É�ÆPl�moÆPÊ �\Ø

k8É�ÆPmoÆPÇÃl�moÆÎÒ¢ÖàÏ4]�ÌwÌ�Í¤^�Ô·ÈwlË]áÇÃn�m�ÈwÉ�ÆPm
Ì�n�Ò�ÌoÆCB¢n�ÆP^�ÕIÆÎl�Ç {an}
Í¤Ç�^�ÆSÕIÆSÌoÌ�]<m�Ö�Ú�×}ÆªÉ4]PÝ�Æ

T fan → α �
R
T ft dP (t) + (1− α)J,

×�É�ÆPmoÆ
0 < α ≤ 1

Ú
P ∈ P(R)

]<^�_
J ∈ J(T f )

Ø¢é�^à]<Ï�Ï�Ñ¤Í¹ÕS]/ÈwÍ¤l�^àl�Ç@ï�mol�Ï�l�ÌoÍ�ÈwÍ¤l�^Ùô
ÕIl�Ê·Ï�Ñ¤ÆIÈwÆSÌ8ÈwÉ�Æ;Ï�mol�l�Ç®Ø
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�¿�¾4¿ % (   ( ��� &-) (*. �
��/1( ,-. � �� , .� ��,-. ) & �°ÆIÈ P Ò�Æ;]ÎÕIl�^�^�ÆSÕ�ÈwÆS_9Ï�l�Ñ�Ö\Ô�l�^9Í¤^
R2 Ø

k8É�ÆWÒ�Í¤Ñ¤Ñ¤Íå]<mw_ÅÞ�l�× T = {Tt}t∈R
Í¤^
P
Í¹Ì�ÈwÉ�Æ�Þ�l�× l�^ãÈwÉ�Æ
ÌoÏ4]�ÕIÆ

P ×S1 l�Ç@]<Ñ¤Ñ4n�^�Í�È
Èz]<^�Ô�ÆP^¢È
Ý�ÆSÕ�Èwl�mwÌ�Èwl

R2 ×�Í�ÈwÉ'ÇÃl�l�ÈwÏ�l�Í¤^¢È�Ì
Í¤^ P _�ÆSÌwÕImoÍ¤Ò�ÆS_¶]�Ì�ÇÃl�Ñ¤Ñ¤l�×�ÌPØ�éCÝ�ÆSÕ�Èwl�m
v×�Í�ÈwÉ ÇÃl�l�ÈwÏ�l�Í¤^¢È

p ∈ P Ê·l�Ý�ÆSÌó×�Í�ÈwÉ n�^�Í�È¸Ì�Ï�ÆPÆS_¨]<Ñ¤l�^�Ô6ÈwÉ�ÆÅÌ#Èwm�]<Í¤Ô�É¢È¸Ñ¤Í¤^�Æ
p + vtn�^¢ÈwÍ¤Ñ3Í�ÈÎmoÆ�]�Õ�É�ÆSÌ;ÈwÉ�Æ·Ò�l�n�^�_�]<m�Ö l�Ç

P
ÚÈwÉ�ÆP^¨Í�È¸Õ�É4]<^�Ô�ÆSÌÎÍ�È�Ì;_�Í¤moÆSÕ�ÈwÍ¤l�^?]�ÕPÕIl�mw_�Í¤^�Ô

ÈwlÙÈwÉ�Æ6mon�Ñ¤Æ6l�Ç�moÆPÞ�ÆSÕ�ÈwÍ¤l�^ ]<^�_³ÕIl�^¢ÈwÍ¤^�n�ÆSÌ·Í�È�ÌÐÊ·l�Ý�ÆPÊ·ÆP^¢ÈSØ�é±ÌoÌon�Ê·Æ9ÈwÉ4]/È
P
Í¹Ì·]

m�]/ÈwÍ¤l�^4]<Ñ
k â Ô�l�^@Ú8Í�Ø�Æ�ØW]<Ñ¤Ñ;]<^�Ô�Ñ¤ÆSÌ6l�Ç P É4]PÝ�ÆÙÈwÉ�Æ ÇÃl�moÊ

πmj/nj
Ú
j = 1, . . . , k

Ú
×�É�ÆPmoÆà]<Ñ¤Ñ

mj , nj
]<moÆÅ^4]/Èwn�m�]<Ñ3^�n�ÊáÒ�ÆPmwÌPØ�k8É�ÆP^aÈwÉ�Æ·Ï�É4]�Ì�ÆàÌ�Ï4]�ÕIÆ

P × S1 Ì�Ï�Ñ¤Í�È�Ì
Í¤^¢ÈwlãÍ¤^¢Ý�]<moÍå]<^¢È
Ì�ÆIÈ�Ì

Mc
Ú
0 ≤ c ≤ π/N Ú\×�É�ÆPmoÆ N Í¹ÌDÈwÉ�ÆóÑ¤Æ�]�Ì�È�ÕIl�Ê·Ê·l�^àÊán�Ñ�ÈwÍ¤Ï�Ñ¤Æ

l�Ç {nj : j = 1, . . . , k} i�ÌoÆPÆLì�ô��/ñeqzØ �'l�moÆPl�Ý�ÆPmPÚÇÃl�móÆIÝ�ÆPm�Ö 0 ≤ c ≤ π/N
ÈwÉ�ÆáÞ�l�×

T moÆSÌ�ÈwmoÍ¹Õ�ÈwÆS_«Èwl
Mc

É4]�Ìà] ^4]/Èwn�m�]<Ñ±moÆPÏ�moÆSÌ�ÆP^¢Èz]/ÈwÍ¤l�^ç]�Ì·ÈwÉ�ÆFÌoÏ�ÆSÕIÍå]<Ñ
Þ�l�× Ò�n�Í¤Ñ�È
l�Ý�ÆPm9]<^ Í¤^¢ÈwÆPm�Ý�]<Ñ±Æ�
�Õ�É4]<^�Ô�Æ¶Èwm�]<^�Ì�ÇÃl�moÊË]/ÈwÍ¤l�^

Ic : [0, 1] → [0, 1]
]<^�_«n�^�_�ÆPm6]

Ï�Í¤ÆSÕIÆI×�Í¹Ì�Æ'Ñ¤Í¤^�Æ�]<mÅÇÃn�^�Õ�ÈwÍ¤l�^
fc : [0, 1] → R

Ø}ú�n�Ï�Ï�l�Ì�ÆLÈwÉ4]/È
µ
Í¹ÌÅ]"�+l�moÆPÑ�^�l�^ â]/Èwl�Ê·Í¹ÕÅÏ�mol�Ò4]<Ò�Í¤Ñ¤Í�È®ÖòÊ·Æ�]�Ìon�moÆËl�^

[0, 1]
Í¤^¢Ý�]<moÍå]<^¢ÈÅ]<^�_¨ÆPmoÔ�l\_�Í¹ÕÅ×�Í�ÈwÉòmoÆSÌ�Ï�ÆSÕ�ÈáÈwl

Ic
Ø �+Ö��@ÆPÊÅÊË]Ùô·Í¤^>ì��<ñ0Ú

Ic : ([0, 1], µ) → ([0, 1], µ)
Í¹ÌÎÊ·ÆIÈwmoÍ¹ÕS]<Ñ¤Ñ�Ö Í¹Ìol�Ê·l�moÏ�É�Í¹Õ

Èwl ]<^?Í¤^¢ÈwÆPm�Ý�]<Ñ8Æ�
�Õ�É4]<^�Ô�ÆàÈwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^
I ′ : ([0, 1],Leb) → ([0, 1],Leb)

Ý\Íå]
]ËÊ·l�^�l�Èwl�^�ÆãÇÃn�^�Õ�ÈwÍ¤l�^

R : [0, 1] → [0, 1]
Ø°ä+l�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú@ÈwÉ�ÆÐÌoÏ�ÆSÕIÍå]<Ñ�Þ�l�× l�Ý�ÆPm

Ic : ([0, 1], µ)→ ([0, 1], µ)
]<^�_;n�^�_�ÆPm

fc
Í¹Ì�Ê·ÆIÈwmoÍ¹ÕS]<Ñ¤Ñ�ÖªÍ¹Ìol�Ê·l�moÏ�É�Í¹Õ£ÈwlWÈwÉ�ÆDÌ�Ï�ÆSÕIÍå]<Ñ

Þ�l�×
I ′fc◦R

Ø��'l�moÆPl�Ý�ÆPmPÚ
fc ◦R : [0, 1]→ R

Í¹Ì�l�ÇÒ�l�n�^�_�ÆS_ãÝ�]<moÍå]/ÈwÍ¤l�^ÅÒ�ÆSÕS]<n�ÌoÆ�Í�È+Í¹Ì
]ã_�Í���ÆPmoÆP^�ÕIÆÎl�Ç�È®×}lãÊÅl�^�l�Èwl�^�ÆªÇÃn�^�Õ�ÈwÍ¤l�^�ÌPØ�k8É�n�ÌIÚ�Í¤Ç

ν
Í¹Ì�]<^LÆPmoÔ�l\_�Í¹Õ T â Í¤^¢Ý�]<moÍå]<^¢ÈÊ·Æ�]�Ìon�moÆ+ÈwÉ�ÆP^

(P×S1, ν, T )
Í¹Ì�Ê·ÆIÈwmoÍ¹ÕS]<Ñ¤Ñ�Ö¸Í¹Ìol�Ê·l�moÏ�É�Í¹Õ+Èwl±ÆPÍ�ÈwÉ�ÆPm£]�Ï�ÆPmoÍ¤l\_�Í¹Õ}l�moÒ�Í�È

l�m�ÈwÉ�Æ}Ì�Ï�ÆSÕIÍå]<Ñ\Þ�l�×?Ò�n�Í¤Ñ�È�l�Ý�ÆPm�]<^¸ÆPmoÔ�l\_�Í¹Õ+Í¤^¢ÈwÆPm�Ý�]<Ñ\Æ�
�Õ�É4]<^�Ô�ÆDÈwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^ã]<^�_
n�^�_�ÆPmÐ]9ÇÃn�^�Õ�ÈwÍ¤l�^µl�ÇDÒ�l�n�^�_�ÆS_aÝ�]<moÍå]/ÈwÍ¤l�^@Ø �
l�× Ò¢Öak}É�ÆPl�moÆPÊ "�Ú@×}Æ·l�Ò�Èz]<Í¤^¨ÈwÉ�Æ
ÇÃl�Ñ¤Ñ¤l�×�Í¤^�Ô�Ø

��� 5���	�5 6 î �/� ��/
P

�
� � �
��/1( ,�. �  ��,-. . ����/ ��& � , .� ��,-. &�� ) )�������/���� /
ν
(*) �

� � ,��
��� (  ($/��������-)������ ,-.
P×S1 (*. 2�� ��( �-.0/ �-. & ��� ��,�&-( � � ($/�� �
��) � ����/�/ , /���� � (   ( � � &

� ,�� T (*.
P &(' ����. /���� � ,��

(P × S1, ν, T )
(*) &-(*)$+�,-(*. / � � ,�� �   � () �(*.���� ,�� ) &

�¿ V �ÃR �ÅOËR Á OSd�K<T0b4Y�Z\O�� ��ceY �jb�K/ZaÂ�ceO��PR�c Á Q6T�K/RUg !±f+V ��R �ÅO ¿ �°ÆIÈ
MÒ�Æ ]¨Ì�ÊÅl�l�ÈwÉ l�moÍ¤ÆP^¢Èz]<Ò�Ñ¤ÆÙÌon�moÇ�]�ÕIÆíiÃÈ®×Dl â _�Í¤ÊÅÆP^�Ì�Í¤l�^4]<Ñ±Êà]<^�Í¤ÇÃl�Ñ¹_4qÐ×�Í�ÈwÉ ^�ÆPÔ¢]/ÈwÍ�Ý�Æ

�£n�Ñ¤ÆPmãÕ�É4]<m�]�Õ�ÈwÆPmoÍ¹Ì#ÈwÍ¹Õ�Ø3é±ÌoÌon�Ê·ÆËÈwÉ4]/È
φ = {φt}t∈R

Í¹Ìã]
C3 â Þ�l�× ÇÃl�m¸×�É�Í¹Õ�ÉòÈwÉ�Æ

l�^�Ñ�Ö'Í¹Ìol�Ñå]/ÈwÆS_¶ÕImoÍ�ÈwÍ¹ÕS]<Ñ�Ï�l�Í¤^¢È�Ìª]<moÆ¸^�l�^ â _�ÆPÔ�ÆP^�ÆPm�]/ÈwÆÅÌ�]�_�_�Ñ¤ÆSÌó]<^�_F×WÉ�Í¹Õ�ÉÙÕS]<momoÍ¤ÆSÌª]Ï�l�ÌoÍ�ÈwÍ�Ý�Æ
C1 â ÊÅÆ�]�Ì�n�moÆÐÍ¤^¢Ý�]<moÍå]<^¢È¸]<^�_¶ÆPmoÔ�l\_�Í¹Õá×WÍ�ÈwÉÙmoÆSÌ�Ï�ÆSÕ�ÈªÈwl φ Ø�ú�n�Ï�Ï�l�ÌoÆáÈwÉ4]/È

φ
É4]�ÌË]aÌoÊ·l�l�ÈwÉ ÕIÑ¤l�Ì�ÆS_íÈwm�]<^�Ì#Ý�ÆPmwÌ�]<Ñ

τ
×WÉ�l�ÌoÆ'ß�mwÌ�ÈËmoÆIÈwn�mo^ ÊË]<ÏíÍ¹Ì·Ê·l�^�l�Èwl�^�Æ

iÃÈwÉ4]/ÈËÍ¹ÌPÚ�ÈwÉ�Æ'ï�l�Í¤^�ÕS]<m��FÊË]<Ï³Ï�moÆSÌ�ÆPm�Ý�ÆSÌÅl�moÍ¤ÆP^¢Èz]/ÈwÍ¤l�^ l�^
τ
qzØ3k8É�ÆP^³ÈwÉ�Í¹Ì·ÊË]<Ï³Í¹Ì

Í¹Ìol�Ê·l�moÏ�É�Í¹Õ
ÈwlÐÈwÉ�Æómol�Èz]/ÈwÍ¤l�^6l�^àÈwÉ�ÆªÕIÍ¤mwÕIÑ¤ÆªÒ¢Ö9]<^9Í¤mom�]/ÈwÍ¤l�^4]<Ñ°^�n�ÊáÒ�ÆPm8_�ÆP^�l�ÈwÆS_9Ò¢Ö
α(φ)

Ø�é±ÌWÌoÉ�l�×W^LÒ¢Ö9ê
l\Õ�É�ÆPmoÔ�Í¤^'Í¤^¨ì�ô�ôIñ0Ú�ÈwÉ�Æ;Þ�l�×
φ
Í¹Ì8Ê·ÆIÈwmoÍ¹ÕS]<Ñ¤Ñ�Ö9Í¹Ìol�Ê·l�moÏ�É�Í¹ÕóÈwl

ÈwÉ�Æ�Ì�Ï�ÆSÕIÍå]<Ñ4Þ�l�×íÒ�n�Í¤Ñ�È3l�Ý�ÆPm�ÈwÉ�Æ8mol�Èz]/ÈwÍ¤l�^ÅÒ¢Ö
α(φ)

]<^�_Ðn�^�_�ÆPm+]±Ï�l�ÌoÍ�ÈwÍ�Ý�ÆWÇÃn�^�Õ�ÈwÍ¤l�^
F : T→ R

l�Ç�ÈwÉ�Æ;ÇÃl�moÊ

F (x) = G(x)−
k∑

i=1

(bi log({x− βi}) + ci log({βi − x})),
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×�É�ÆPmoÆ
G : T→ R

Í¹Ì�]áÇÃn�^�Õ�ÈwÍ¤l�^'l�Ç�Ò�l�n�^�_�ÆS_LÝ�]<moÍå]/ÈwÍ¤l�^@ÚU]<^�_
bi, ci

Ú
i = 1, . . . , k,]<moÆã^�l�^�^�ÆPÔ¢]/ÈwÍ�Ý�ÆÅÕIl�^�Ì�Èz]<^¢È�ÌÎÌ�n�Õ�ÉÙÈwÉ4]/È ∑k

i=1 bi =
∑k

i=1 ci > 0
Ø@k8É�ÆÐÇ�]<Ê·Í¤Ñ�ÖFl�Ç

]<Ñ¤Ñ°Ì�n�Õ�É6ÇÃn�^�Õ�ÈwÍ¤l�^�Ì8×�Í¤Ñ¤ÑÒ�Æª_�ÆP^�l�ÈwÆS_6Ò¢Ö9� Ä ÷Îú����
+
Ø �Ll�moÆPl�Ý�ÆPmPÚ�É�ÆóÏ�mol�Ý�ÆS_9ÈwÉ4]/È

Í¤Ç
α = α(φ)

Ì�]/ÈwÍ¹Ì�ß�ÆSÌ
i�ôC;�q

lim inf
n

(log qn)qn‖qnα‖ <∞,
×�É�ÆPmoÆ {qn}

Í¹ÌãÈwÉ�ÆFÌoÆCB¢n�ÆP^�ÕIÆFl�Çª_�ÆP^�l�Ê·Í¤^4]/Èwl�mwÌËl�Ç
α
Ú�ÈwÉ�ÆP^«ÈwÉ�Æ'Þ�l�×

φ
Í¹ÌÅ^�l�È

Ê·Í:
\Í¤^�Ô�Ø4ð"^9ÈwÉ�Í¹ÌWÌoÆSÕ�ÈwÍ¤l�^L×DÆªÔ�Í�Ý�Æ;Ê·l�moÆóÍ¤^�ÇÃl�moÊà]/ÈwÍ¤l�^F]<Ò�l�n�ÈWÈwÉ�Í¹Ì8Þ�l�×ÎØ0�'l�moÆªÏ�moÆ âÕIÍ¹ÌoÆPÑ�Ö�Ú@×}Æ·ÌoÉ�l�× ÈwÉ4]/ÈÎn�^�_�ÆPmªÈwÉ�ÆË]�ÌwÌ�n�Ê·Ï�ÈwÍ¤l�^>i�ôC;�q
ÈwÉ�ÆãÞ�l�×
φ
Í¹ÌÎ_�Í¹Ì$�#l�Í¤^¢È¸ÇÃmol�Ê

]<Ñ¤Ñ×}Æ�]<Û�Ñ�ÖàÊÅÍ:
\Í¤^�Ô �>�3 µÞ�l�×
ÌPØ �aÆ;Ì�É�l�n�Ñ¹_6ÊÅÆP^¢ÈwÍ¤l�^9ÈwÉ4]/ÈWÍ¤Ç ∑k
i=1 bi 6=

∑k
i=1 ci

Ú
G ∈ C2(T \⋃k

i=1{βi})
Ú
G′′

Í¹Ì�Ò�l�n�^�_�ÆS_Ù]<^�_
α
Ìw]/ÈwÍ¹Ìoß�ÆSÌó] ?±Í¤l�Ï�É4]<^¢ÈwÍ¤^�ÆãÕIl�^�_�Í âÈwÍ¤l�^@Ú�ÈwÉ�ÆP^ÐÈwÉ�ÆWÌoÏ�ÆSÕIÍå]<Ñ�Þ�l�×íÒ�n�Í¤Ñ�È£l�Ý�ÆPm�ÈwÉ�Æ8mol�Èz]/ÈwÍ¤l�^ãÒ¢Ö

α
]<^�_Ðn�^�_�ÆPm

F
Í¹Ì�ÊÅÍ:
\Í¤^�Ô

i�ÌoÆPÆËì�ô �<ñeqzØ
�@ÆIÈ

α ∈ T Ò�Æó]<^àÍ¤mom�]/ÈwÍ¤l�^4]<Ñ^�n�ÊáÒ�ÆPm8]<^�_ÅÑ¤ÆIÈ T = Tα
Ì�Èz]<^�_ËÇÃl�m+ÈwÉ�Æ
mol�Èz]/ÈwÍ¤l�^

Ò¢Ö
α
l�^ãÈwÉ�Æ�ÕIÍ¤mwÕIÑ¤Æ�Ø�é
ÌwÌon�Ê·Æ}ÈwÉ4]/È

α
Ì�]/ÈwÍ¹Ìoß�ÆSÌ
i�ôC;�qzØ �+ÖáÏ4]�ÌwÌ�Í¤^�ÔÎÈwlÎ];Ì�n�Ò�ÌoÆCB¢n�ÆP^�ÕIÆ

l�Ç {qn}
Í¤Ç�^�ÆSÕIÆSÌwÌw]<m�ÖF×DÆÐÕS]<^ ]�ÌwÌ�n�ÊÅÆÎÈwÉ4]/È {(log qn)qn‖qnα‖}

Í¹Ì
Ò�l�n�^�_�ÆS_Ø6 �l�m
ÆIÝ�ÆPm�Ö

β ∈ T _�ÆP^�l�ÈwÆàÒ¢Ö
fβ : T → R

ÈwÉ�ÆËÇÃn�^�Õ�ÈwÍ¤l�^
fβ(x) = l(x) + l(β − x)

Ú
×�É�ÆPmoÆ

l : T → R
Í¹ÌáÔ�Í�Ý�ÆP^?Ò¢Ö

l(x) = − log{x} Ø�ï£n�È q := qn
Ø£äDl�^�Ì�Í¹_�ÆPmÐÈwÉ�Æ

ÇÃn�^�Õ�ÈwÍ¤l�^
lq : T→ R

Ô�Í�Ý�ÆP^LÒ¢Ö

lq(x) =

q−1∑

j=0

l(x+ j/q).

�¨Æó×WÍ¤Ñ¤Ñ�_�ÆP^�l�ÈwÆ;Ò¢Ö
zq : T→ T

ÈwÉ�ÆÎÇÃn�^�Õ�ÈwÍ¤l�^
zq(x) = {qx} Ø ?±ÆPß�^�Æ

Aq := z−1
q ([2q‖qα‖, 1− 2q‖qα‖]).

k8É�ÆP^ |Aq| = 1− 4q‖qα‖ Ø405�67698 �Fi�Ì�ÆPÆ��°ÆPÊ·ÊË] �¸Í¤^aì��<ñeq�� ' �����
� �! �(*)�/1) � � ,-) ($/1( 2 � � ,�. ) / �-. /
c1

)�� ���
/���� /

|l(q)(x)− lq(x)| ≤ c1
� ,�� �  

x ∈ Aq
�-. & �  

q.
ú�ÆIÈ

Bq,β = z−1
q ([0, {qβ}]) ]<^�_ B′q,β = z−1

q ([{qβ}, 1])
Ø  �l�m}ÆIÝ�ÆPm�Ö

a ∈ [0, 1)Ñ¤ÆIÈ
δa : [0, 1)→ R

Ò�Æ;_�ÆPß�^�ÆS_LÒ¢Ö

δa(x) =





x
ÇÃl�m

x ∈ [0, a/2) ∪ [a, (1 + a)/2),

a− x ÇÃl�m
x ∈ [a/2, a),

1 + a− x ÇÃl�m
x ∈ [(1 + a)/2, 1),

]<^�_6Ï�n�È
γa := max

a/2≤x≤2
|logΓ (x)|.

 �Í¤^4]<Ñ¤Ñ�Ö�Ú4_�ÆP^�l�ÈwÆÎÒ¢Ö
rq : T→ R

ÈwÉ�ÆÎÇÃn�^�Õ�ÈwÍ¤l�^

rq(x) := 2q − {qβ} log q − log δ{qβ}({qx}).
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405�67698Óô�� � ' �����
� �! �(*)�/1) � � ,-)�($/1( 2�� ��,-. ) / �-.0/
c2

)�� ��� /��	��/
i�ôIö�q |lq(x) + lq(β − x)− rq(x)− log q| ≤ c2 + 2γ{qβ}
� ,�� ��2 ���$�

x ∈ Bq,β
Ú �-. &

i�ô�4�q |lq(x) + lq(β − x)− rq(x)| ≤ c2 + 2γ1

� ,�� ��2 ���$�
x ∈ B′q,β &

? � ,�, � &  �Í¤mwÌ#È
moÆSÕS]<Ñ¤Ñ@ÈwÉ4]/È

i�ô ��q
0 ≤ −

n∑

k=0

log(x+ k)− (− log n!− x log(n+ 1) + logΓ (x)) ≤ x log 2

ÇÃl�mª]<Ñ¤Ñ
x > 0

]<^�_
n ∈ N i�ÌoÆPÆ¸ÈwÉ�ÆÐÏ�mol�l�Ç3l�Ç3k8É�ÆPl�moÆPÊÜî\Ø¹ô �ËÍ¤^³ì�ôIö�ñeqzØ6�Ll�moÆPl�Ý�ÆPmPÚ

Ò¢ÖàÈwÉ�Æáú¢ÈwÍ¤moÑ¤Í¤^�Ô·ÇÃl�moÊán�Ñå]\Ú�ÈwÉ�ÆPmoÆ;Æ�
\Í¹Ì#È�Ì
c′ > 0

Ìon�Õ�É6ÈwÉ4]/È

i�ô�"�q ∣∣∣∣ lognn +
1

2
log 2πn− logn!− n

∣∣∣∣ ≤ c′

ÇÃl�mWÆIÝ�ÆPm�Ö9^4]/Èwn�m�]<Ñ
n
Ø

k}É�Æ·ÇÃn�^�Õ�ÈwÍ¤l�^�Ì
lq( · ) + lq(β − · )

]<^�_
log δ{qβ}({q ·})

]<moÆãÍ¤^¢Ý�]<moÍå]<^¢Èán�^�_�ÆPm
ÈwÉ�Æªmol�Èz]/ÈwÍ¤l�^6Ò¢Ö

1/q
Ø�äDÑ¤Æ�]<moÑ�ÖÅÈwÉ�ÆóÇÃl�moÊÅÆPmDÇÃn�^�Õ�ÈwÍ¤l�^6Í¹Ì}Í¤^¢Ý�]<moÍå]<^¢ÈWn�^�_�ÆPm}ÈwÉ�ÆªÌ�Ö\Ê âÊ·ÆIÈwm�Ö

i�ôSî�q
x 7→ β − x.

�+Ö6ÕIl�^�Ì�Í¹_�ÆPmoÍ¤^�Ô
x
ÌolÐÈwÉ4]/È
ÕIl�^�ÌoÆSÕIn�ÈwÍ�Ý�ÆPÑ�Ö

{qx} ∈ [0, {qβ}/2), {qx} ∈ [{qβ}/2, {qβ}),
{qx} ∈ [{qβ}, (1 + {qβ})/2), {qx} ∈ [{qβ}, 1),

]<Ñ¹Ìol9ÈwÉ�ÆãÑå]/ÈoÈwÆPmªÇÃn�^�Õ�ÈwÍ¤l�^aÍ¹ÌóÍ¤^¢Ý�]<moÍå]<^¢ÈÎn�^�_�ÆPmËi�ôSî�qzØ°k}É�ÆPmoÆPÇÃl�moÆ·Í¤^Ùl�mw_�ÆPmªÈwl6ÌoÉ�l�×
i�ôIö�q�×DÆÐl�^�Ñ�ÖF^�ÆPÆS_¶Èwl6ÕIl�^�Ì�Í¹_�ÆPm

0 ≤ x ≤ {qβ}/2q Ø ��l�ÈwÍ¹ÕIÆáÈwÉ4]/ÈªÇÃl�m;Ì�n�Õ�É¨]<^ x×}ÆªÉ4]PÝ�Æ

{x+ j/q} = x+ j/q, j = 0, . . . , q − 1.

�'l�moÆPl�Ý�ÆPmPÚ

{{β − x+ j/q} : j = 0, . . . , q − 1}
= {{β − [qβ]/q − x+ j/q} : j = 0, . . . , q − 1}

]<^�_

−x+ (j + {qβ})/q ∈ [0, 1)
ÇÃl�m

j = 0, . . . , q − 1.
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äDl�^�Ì�ÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú�Ò¢Ö i�ô ��qzÚ
|lq(x) + lq(β − x)− rq(x)− log q|

=

∣∣∣∣−
q−1∑

j=0

log

(
x+

j

q

)
−

q−1∑

j=0

log

(
−x+

j + {qβ}
q

)

− rq(x)− log q ± log(x+ 1)

∣∣∣∣

≤
∣∣∣∣−

q∑

j=1

log(qx+ j)−
q−1∑

j=0

log(−qx+ j + {qβ})

− log x+ 2 log qq − rq(x)− log q

∣∣∣∣+ log 2

≤ |−2 log(q − 1)!− (qx+ 1) log q − (−qx+ {qβ}) log q

+ logΓ (qx+ 1) + logΓ (−qx+ {qβ})

− log x− rq(x)− log q + 2 log qq|+ 5

2
log 2.

�
l�×

1 ≤ qx+ 1 ≤ 1 + {qβ}/2 ≤ 2
]<^�_ {qβ}/2 ≤ −qx+ {qβ} ≤ 1,

ÌolãÒ¢Öai�ô�"�qzÚ

|lq(x) + lq(β − x)− rq(x)− log q|
≤ |−2 log q!− {qβ} log q − log x− rq(x) + 2 log qq|+ 5

2
log 2 + 2γ{qβ}

≤ |−2 log q!− 2q + log q + 2 log qq|+ 5

2
log 2 + 2γ{qβ}

≤ 2c′ + log 2π +
5

2
log 2 + 2γ{qβ}.

k8É�ÆªÏ�mol�l�Ç�l�Ç}i�ôIö�qDÍ¹Ì8^�l�×CÕIl�Ê·Ï�Ñ¤ÆIÈwÆ�Ø
ú�Í¤Ê·Í¤Ñå]<moÑ�Ö�Ú°×DÆ·l�^�Ñ�ÖÙ^�ÆPÆS_ Èwl'ÌoÉ�l�× i�ô�4�qóÇÃl�m {qβ}/q ≤ x ≤ (1 + {qβ})/2q Øé
Ï�Ï�Ñ�Ö\Í¤^�ÔË]<Ô¢]<Í¤^òi�ô ��q}]<^�_µi�ô�"�q+×DÆ;ÌoÆPÆªÈwÉ4]/È�n�^�_�ÆPm8ÈwÉ�Í¹Ì�ÕIl�^�_�Í�ÈwÍ¤l�^@Ú

|lq(x) + lq(β − x)− rq(x)|

=

∣∣∣∣−
q−1∑

j=0

log

(
x+

j

q

)
−

q∑

j=1

log

(
−x+

j + {qβ}
q

)
− rq(x)± log(x+ 1)

∣∣∣∣

≤
∣∣∣∣−

q∑

j=1

log(qx+ j)−
q∑

j=1

log(−qx+j+{qβ})−logx+2 log qq−rq(x)

∣∣∣∣+log 2
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≤ |−2 log(q − 1)!− (qx+ 1) log q − (−qx+ 1 + {qβ}) log q

+ logΓ (qx+ 1) + logΓ (−qx+ 1 + {qβ})
− log x− rq(x) + 2 log qq|+ 4 log 2

≤ |−2 log q!− {qβ} log q − log x− rq(x) + 2 log qq|+ 4 log 2 + 2γ1

≤ |−2 log q!− 2q + log q + 2 log qq|+ 4 log 2 + 2γ1

≤ 2c′ + log 2π + 4 log 2 + 2γ1.
ú�n�Ï�Ï�l�Ì�Æ;ÈwÉ4]/È {(log qn)qn‖qnα‖}

Í¹Ì}Ò�l�n�^�_�ÆS_Ø@÷±Í�Ý�ÆP^
β ∈ T Ï�n�È

C0
n(β) = C0

n := Bqn,β ∩ Aqn ∩ (β − Aqn)

= z−1
qn ([2qn‖qnα‖, {qnβ} − 2qn‖qnα‖]),

C1
n(β) = C1

n := B′qn,β ∩ Aqn ∩ (β − Aqn)

= z−1
qn ([{qnβ}+ 2qn‖qnα‖, 1− 2qn‖qnα‖]),

a0
n(β) = a0

n := 2qn + (1− {qnβ}) log qn − (2c1 + c2 + 2γ{qnβ}),

a1
n(β) = a1

n := 2qn − {qnβ} log qn − (2c1 + c2 + 2γ1).
405�67698Óô�ô����6. &���� /���� ��� ,-2 � .!, / ��/1( ,-.�Ú � � �	�-2 �

(19)
C0
n ∩ C1

n = ∅, |C0
n| = {qnβ} − 4qn‖qnα‖,
|C1
n| = 1− {qnβ} − 4qn‖qnα‖;

(20) f
(qn)
β (x)− ain ≥ − log δ{qnβ}({qnx}) ≥ 0

� ,��
x ∈ Cin

�-.!&
i = 0, 1;

(21) �
C0
n

|f (qn)
β (x)− a0

n|2 dx ≤ 8((2c1 + c2 + 2γ{qnβ})
2 + 1);

(22) �
C1
n

|f (qn)
β (x)− a1

n|2dx ≤ 8((2c1 + c2 + 2γ1)2 + 1);

� ,�� ��2 ���$�
2qn‖qnα‖ ≤ t

�-. &
s > 0

� � �	�-2 �

(23) |{x ∈ C0
n ∩ z−1

qn ([2qn‖qnα‖, t]) : f
(qn)
β (x)− a0

n > s}|
≥ min(t, e−s, {qnβ}/2)− 2qn‖qnα‖;

�-. & � ,�� �$2 ���$�
2qn‖qnα‖ ≤ t

�-. &
s > 0

� � �	�-2 �

(24) |{x ∈ C1
n ∩ z−1

qn ([2qn‖qnα‖, t] + {qnβ}) : f
(qn)
β (x)− a1

n > s}|
≥ min(t, e−s − {qnβ}, (1− {qnβ})/2)− 2qn‖qnα‖.

? � ,�, � & i�ô ��qWÇÃl�Ñ¤Ñ¤l�×
Ì±Í¤Ê·Ê·ÆS_�Íå]/ÈwÆPÑ�Ö�Øð"^Fl�mw_�ÆPm±ÈwlàÔ�ÆIÈãi0ù ��q8×}ÆÐ]<Ï�Ï�Ñ�Ö¶ÕIl�^�Ì�ÆSÕIn âÈwÍ�Ý�ÆPÑ�Ö��@ÆPÊÅÊË]�Ì �·]<^�_¨ô��'ieÆSÌ#ÈwÍ¤ÊË]/ÈwÍ¤^�ÔÅÇÃmol�ÊøÒ�ÆPÑ¤l�×óqzÚ�]<^�_6ÈwÉ�Æ¸_�ÆPß�^�Í�ÈwÍ¤l�^�Ì
l�Ç
rqn]<^�_

ain
Ø4é�Ï�Ï�Ñ�Ö\Í¤^�Ô �@ÆPÊÅÊË]�Ì �·]<^�_¨ô��LieÆSÌ�ÈwÍ¤ÊË]/ÈwÍ¤^�ÔÅÇÃmol�Ê ]<Ò�l�Ý�Æ/q}ÇÃl�m

x ∈ C0
n

×DÆ



� � 	 ����� �/ÿ�� � 	�	��������(���®ÿ�����	2���
	 ��� 	 # �"-

l�Ò�Èz]<Í¤^

f
(qn)
β (x)− a0

n ≤ − log δ{qnβ}({qnx}) + 2(2c1 + c2 + 2γ{qnβ}).�
ÆP^�ÕIÆ

�
C0
n

|f (qn)
β (x)−a0

n|2 dx ≤ 2
(

4(2c1 + c2 + 2γ{qnβ})
2 + �

C0
n

log2 δ{qnβ}({qnx}) dx
)
.

�
l�ÈwÍ¹ÕIÍ¤^�Ôãl�^�ÕIÆªÊÅl�moÆ
ÈwÉ4]/È
δ{qnβ}({qn · })

Í¹Ì8Í¤^¢Ý�]<moÍå]<^¢È�n�^�_�ÆPm
x 7→ x+ 1/qn

]<^�_
x 7→ β − x ×DÆªl�Ò�Èz]<Í¤^

�
C0
n

log2 δ{qnβ}({qnx}) dx ≤ 2qn

{qnβ}/2qn�
0

log2(qnx) dx

≤ 2qn

1/qn�
0

log2(qnx) dx = 2

1�
0

log2 x dx = 4,

]<^�_íi0ù\ô�q
Í¹ÌóÏ�mol�Ý�ÆS_Ø�ð"^ÙÈwÉ�ÆãÌ�]<Ê·ÆÐÊà]<^�^�ÆPmól�^�Æ·ÕS]<^ÙÏ�mol�Ý�ÆFi0ù�ù�qzØ°k�l9Ï�mol�Ý�Æ'i0ù�;�q
Ìon�Ï�Ï�l�Ì�Æ;ÈwÉ4]/È

x ∈ D := z−1
qn ([2qn‖qnα‖,min(t, e−s, {qnβ}/2)).

k8É�ÆP^

x ∈ C0
n ∩ z−1

qn ([2qn‖qnα‖, t])
]<^�_ {qnx} < min({qnβ}/2, e−s).�+Öai0ù ��qzÚ

f
(qn)
β (x)− a0

n ≥ − log δ{qnβ}({qnx}) = − log{qnx} > s.
�
l�×õi0ù�;�qDÇÃl�Ñ¤Ñ¤l�×
Ì8ÇÃmol�Ê ÈwÉ�ÆªÇ�]�Õ�ÈWÈwÉ4]/È

|D| = max(0,min(t, e−s, {qnβ})− 2qn‖qnα‖).ð"^6ÈwÉ�Æ;Ì�]<Ê·ÆªÊË]<^�^�ÆPmWl�^�ÆÎÕS]<^LÏ�mol�Ý�ÆËi0ù/ö�q#*�ÈwÉ�Í¹Ì8ÈwÍ¤Ê·Æó×}Æ;_�ÆPß�^�Æ
D
]�Ì

z−1
qn ([2qn‖qnα‖,min(t, e−s − {qnβ}, (1− {qnβ})/2)) + {qnβ}).

��� 5���	�5 6 ô�ù:� � )�)���� �5/�����/
α ∈ T (*) �-. ( ���
��/1( ,-. � @. ��� ������) ��/1(*) � ��(*.��

i�ôC;�q & � � / F : T→ R
�
� � � ,-)�($/1( 2 � � � . � /1( ,-.�, � /���� � ,����

F (x) = G(x) +

k∑

j=1

κjfβj (x− ωj),

�������
�
G : T → R

(*) , � � ,���. &�� & 2 ��� ( ��/1( ,-.�Ú
κj

(*) � � ,-)�($/1( 2�� . ��� ����� �-.!&

βj , ωj ∈ T
� , �

j = 1, . . . , k & ' ����. /����9) � ��� ( �  � , �
TFα

(*)9&-(*)$+�,-(*. / � � ,�� �  
� ���-, .��� () -(*.��/����� � ,�� ) &? � ,�, � & ÷±Í�Ý�ÆP^ 0 ≤ a ≤ 1

ÌoÆIÈ

aε =

{
a

Í¤Ç
ε = 0,

1− a Í¤Ç
ε = 1.
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�+Ö¨Ï4]�ÌwÌ�Í¤^�ÔÙÈwl ]FÌon�Ò�Ì�ÆCB¢n�ÆP^�ÕIÆLl�Ç {qn}n∈N Í¤ÇW^�ÆSÕIÆSÌwÌw]<m�Ö�Ú�×}Æ9ÕS]<^³]�ÌwÌon�Ê·ÆËÈwÉ4]/È
{(log qn)qn‖qnα‖}n∈N

Í¹ÌÙÒ�l�n�^�_�ÆS_ ]<^�_ {qnβj} → βj
]�Ì

n → ∞ ÇÃl�m¨]<Ñ¤Ñ
j = 1, . . . , k

Ø£ð"^?ÈwÉ�ÆLß�mwÌ#ÈËÏ4]<m�È·l�Ç�ÈwÉ�ÆLÏ�mol�l�Ç
×DÆ6Ô�Í�Ý�ÆF]¶Ô�ÆP^�ÆPm�]<Ñ�moÆSÕIÍ¤Ï�Æ6ÇÃl�mË]
ÕIl�^�Ì�Èwmon�Õ�ÈwÍ¤l�^µl�ÇDÌ�ÆCB¢n�ÆP^�ÕIÆSÌ {Cn}n∈N

]<^�_ {an}n∈N
×WÉ�Í¹Õ�Éµ]<moÆ·^�ÆSÕIÆSÌwÌw]<m�Ö Í¤Ç+×DÆ

×W]<^¢È�Èwló]<Ï�Ï�Ñ�ÖÎk}É�ÆPl�moÆPÊ �\Ø<k}É�Æ3ÊË]<Í¤^ÎÍ¤^�Ô�moÆS_�Í¤ÆP^¢È�Ì�]<moÆ ��]8ß�^�Í�ÈwÆDÌ�ÆCB¢n�ÆP^�ÕIÆ {εj}kj=1l�ÇUÆPÑ¤ÆPÊÅÆP^¢È�Ì�l�Ç {0, 1} ]<^�_Ë]ªÌ�ÆCB¢n�ÆP^�ÕIÆ {Jn}n∈N
l�ÇÌon�Ò�Í¤^¢ÈwÆPm�Ý�]<Ñ¹Ì+l�Ç

T
Ø¢ð"^ãÈwÉ�Æ�ÌoÆSÕ âl�^�_ËÏ4]<m�È8l�Ç@ÈwÉ�ÆóÏ�mol�l�Ç@×}Æ
×WÍ¤Ñ¤ÑUÔ�Í�Ý�ÆªÕIl�^�ÕImoÆIÈwÆªÍ¤^�Ô�moÆS_�Í¤ÆP^¢È�ÌD×�É�Í¹Õ�ÉË×�Í¤Ñ¤ÑU_�ÆPÏ�ÆP^�_9l�^

βj
Ú
j = 1, . . . , k

Ø

Part I.
ú�n�Ï�Ï�l�Ì�ÆFÈwÉ4]/È {εj}kj=1

Í¹Ìà]aÌ�ÆCB¢n�ÆP^�ÕIÆ¶l�ÇóÆPÑ¤ÆPÊ·ÆP^¢È�ÌÅl�Ç {0, 1} ÇÃl�m×�É�Í¹Õ�É9ÈwÉ�ÆPmoÆÎÍ¹Ì
% > 0

Ìon�Õ�É6ÈwÉ4]/È

∣∣∣
k⋂

j=1

(C
εj
n (βj) + ωj)

∣∣∣ ≥ %

ÇÃl�mª]<Ñ¤Ñ
n ∈ N Ñå]<moÔ�ÆáÆP^�l�n�Ô�É@Ø�ú�Í¤^�ÕIÆ

C
εj
n (βj) + ωj = z−1

qn (Inj )
Ú4×WÉ�ÆPmoÆ

Inj ⊂ T
Í¹Ì

]<^LÍ¤^¢ÈwÆPm�Ý�]<Ñ�ÇÃl�m�]<^¢Ö
j = 1, . . . , k

Ú�×DÆ;É4]PÝ�Æ

k⋂

j=1

(C
εj
n (βj) + ωj) = z−1

qn

( k⋂

j=1

Inj

)

]<^�_ |⋂kj=1 I
n
j | ≥ %

Ø3�'l�moÆPl�Ý�ÆPmPÚ ⋂k
j=1 I

n
j

Í¹ÌªÈwÉ�Æ·n�^�Í¤l�^al�Ç8]/ÈÎÊ·l�Ì�È
k
Í¤^¢ÈwÆPm�Ý�]<Ñ¹ÌPØ

?±ÆP^�l�ÈwÆ¸Ò¢Ö An
ÈwÉ�Æ¸Ç�]<Ê·Í¤Ñ�Ö6l�Ç£Ì�n�Õ�ÉFÍ¤^¢ÈwÆPm�Ý�]<Ñ¹ÌPØ �
Æ�
�È±Ìon�Ï�Ï�l�Ì�Æ¸ÈwÉ4]/È {Jn}n∈N

Í¹Ì±]
ÌoÆCB¢n�ÆP^�ÕIÆ9l�Ç8Í¤^¢ÈwÆPm�Ý�]<Ñ¹ÌãÌ�n�Õ�ÉµÈwÉ4]/È

Jn ∈ An
]<^�_ |Jn| ≥ τ > 0

ÇÃl�mã]<Ñ¤Ñ
n
Ñå]<moÔ�Æ

ÆP^�l�n�Ô�É@Ø�ï£n�È

Cn := z−1
qn (Jn)

]<^�_
an := qn �

T
G(x) dx+

k∑

j=1

κja
εj
n (βj).

k8É�ÆP^ |Cn| ≥ τ
ÇÃl�mW]<Ñ¤Ñ

n
Ñå]<moÔ�ÆóÆP^�l�n�Ô�É']<^�_ |Cn4 T−1Cn| → 0

]�Ì
n→∞ Ø��¨Æ]<Ñ¹Ìol·É4]PÝ�ÆËi�ÌoÆPÆÅi�ô ��qoq

% ≤ |Cεjn (βj)| = |Inj | = {qnβj}εj − 4qn‖qnα‖,
Ìol
i0ù 4�q

min{{qnβj}εj : j = 1, . . . , k} ≥ %/2
ÇÃl�m�]<Ñ¤Ñ

n
Ñå]<moÔ�Æ;ÆP^�l�n�Ô�É@Ø%�3ÖËÈwÉ�Æ�?±ÆP^��#l�Ö�A�ê�l�Û\ÌoÊË]ÐÍ¤^�ÆCB¢n4]<Ñ¤Í�È®Öai�]<Ï�Ï�Ñ¤Í¤ÆS_àÈwl

G
q£×}Æ

É4]PÝ�Æ

|F (qn)(x)− an| ≤
∣∣∣G(qn)(x)− qn �

T
G(t) dt

∣∣∣+
k∑

j=1

κj |f (qn)
βj

(x− ωj)− aεjn (βj)|

≤ � ]<m (G) +

k∑

j=1

κj |f (qn)
βj

(x− ωj)− aεjn (βj)|.
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�
ÆP^�ÕIÆªÒ¢ÖàÈwÉ�Æáä8]<n�Õ�É¢Ö�A �Dn�^¢Ö�]<Û�l�Ý�Ì�Û�Í��
�
A�ú\Õ�É¢×W]<moæÐÍ¤^�ÆCB¢n4]<Ñ¤Í�È®Ö�Ú

|F (qn)(x)− an|2 ≤ (k + 1)
(

Var2(G) +
k∑

j=1

κ2
j |f

(qn)
βj

(x− ωj)− aεjn (βj)|2
)
.

ð0È�ÇÃl�Ñ¤Ñ¤l�×�Ì8ÈwÉ4]/Èáie^�l�ÈwÍ¹ÕIÆ;ÈwÉ4]/È
Cn ⊂

⋂k
j=1(C

εj
n (βj) + ωj)

q

�
Cn

|F (qn)(x)− an|2 dx

≤ (k + 1)
(

Var2(G) +
k∑

j=1

κ2
j �
C
εj
n (βj)+ωj

|f (qn)
βj

(x− ωj)− aεjn (βj)|2 dx
)

≤ (k + 1)
(

Var2(G) +
k∑

j=1

κ2
j �
C
εj
n (βj)

|f (qn)
βj

(x)− aεjn (βj)|2 dx
)

≤ (k + 1)
(

Var2(G) + 8((2c1 + c2 + γ%/2)2 + 1)
k∑

j=1

κ2
j

)

ÇÃl�m
]<Ñ¤Ñ
n
Ñå]<moÔ�ÆÎÆP^�l�n�Ô�É@Ú�Ò¢Öai0ù\ô�qzÚ�i0ù�ù�q8]<^�_¨i0ù 4�qzØ

Part II.
�+ÖÙÏ4]�ÌwÌ�Í¤^�Ô'ÈwlF]6ÇÃn�m�ÈwÉ�ÆPm¸Ìon�Ò�Ì�ÆCB¢n�ÆP^�ÕIÆËl�Ç {qn}n∈N Í¤Ç}^�ÆSÕIÆSÌoÌ�]<m�Ö�Ú×}Æ;ÕS]<^F]�ÌwÌ�n�Ê·ÆóÈwÉ4]/È

1

|Cn|
(Fn|Cn)∗(Leb|Cn)→ P

×}Æ�]<Û�Ñ�ÖòÍ¤^ P(R)
Ú�×�É�ÆPmoÆ

Fn = F (qn) − an
Ø �¨Æà×WÍ¤Ñ¤ÑWÌ�É�l�× ÈwÉ4]/È·ÇÃl�mÅ]FÕS]<moÆPÇÃn�Ñ

Õ�É�l�Í¹ÕIÆÎl�Ç {εj}
]<^�_ {Jn}

ÈwÉ�ÆªÈwl�Ï�l�Ñ¤l�Ô�Í¹ÕS]<Ñ�Ì�n�Ï�Ï�l�m�È±l�Ç
P
×�Í¤Ñ¤Ñ@Ò�Æ;n�^�Ò�l�n�^�_�ÆS_Ú�Í¤^

Ï4]<m�ÈwÍ¹ÕIn�Ñå]<mPÚ
P
×WÍ¤Ñ¤Ñ°^�l�È�Ò�ÆÎ] ?±Í¤m�]�ÕªÊ·Æ�]�Ìon�moÆ�Ø

Case 1.
ú�n�Ï�Ï�l�Ì�Æ9ÈwÉ4]/È

βj = 0
ÇÃl�mã]<Ñ¤Ñ

j = 1, . . . , k
Ø�ï£n�È

εj = 1
ÇÃl�mã]<Ñ¤Ñ

j = 1, . . . , k
Ø�k8É�ÆP^

∣∣∣
k⋂

j=1

(C
εj
n (βj) + ωj)

∣∣∣ ≥ 1−
k∑

j=1

{qnβj} − 4kqn‖qnα‖ ≥ 1/2

ÇÃl�mÐ]<Ñ¤Ñ
n
Ñå]<moÔ�ÆËÆP^�l�n�Ô�É@Ø ��Æ�
�ÈáÑ¤ÆIÈ

Jn
Ò�ÆÅÈwÉ�ÆËÑ¤l�^�Ô�ÆSÌ#ÈÐÍ¤^¢ÈwÆPm�Ý�]<ÑDÇÃmol�Ê An

Ø�k8É�ÆP^
|Jn| ≥ 1/2k

Ø! �Í:

s > 0

×WÉ�Í¹Õ�É¶Í¹Ì�^�l�Èª]<^Ù]/Èwl�Ê l�Ç
P
ØUk8É�ÆPmoÆ¸Æ�
\Í¹Ì#È�Ì

1 ≤ j0 ≤ kÌon�Õ�ÉÐÈwÉ4]/È�ÈwÉ�Æ8Ñ¤ÆPÇåÈ�ÆP^�_�Ï�l�Í¤^¢È3l�Ç
Jn

ÕIl�Í¤^�ÕIÍ¹_�ÆSÌ�×�Í�ÈwÉ¸ÈwÉ�Æ8Ñ¤ÆPÇåÈ£ÆP^�_�Ï�l�Í¤^¢È£l�Ç
Inj0
Ø�k8É�ÆP^

Cn − ωj0 = C1
n(βj0) ∩ z−1

qn ([2qn‖qnα‖, tn] + {qnβj0}),
×�É�ÆPmoÆ

tn = |Jn|+ 2qn‖qnα‖
Ø �
Æ�
�ÈW^�l�ÈwÍ¹ÕIÆªÈwÉ4]/È
Í¤Ç

x ∈ C1
n(βj0) ∩ z−1

qn ([2qn‖qnα‖, tn] + {qnβj0}) + ωj0
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Ì�]/ÈwÍ¹Ì�ß�ÆSÌ

f
(qn)
βj0

(x− ωj0)− a1
n(βj0) >

s+ Var(G)

κj0ÈwÉ�ÆP^
x ∈ Cn

Ú�Ìol
x− ωj ∈ C1

n(βj)
ÇÃl�m

j = 1, . . . , k,
]<^�_6Ò¢Ö i0ù ��qzÚ

F (qn)(x)− an = G(qn)(x)− qn �
T
G(t) dt+

k∑

j=1

κj(f
(qn)
βj

(x− ωj)− aεjn (βj))

≥ −Var(G) + κj0(f
(qn)
βj0

(x− ωj0)− aεj0n (βj0)) > s.
k8É�ÆPmoÆPÇÃl�moÆÎÒ¢Ö i0ù/ö�qzÚ

P ({t ∈ R : t > s})
= lim

n→∞
1

|Cn|
|{x ∈ Cn : F (qn)(x)− an > s}|

≥ lim inf
n
|{x ∈ C1

n(βj0) ∩ z−1
qn ([2qn‖qnα‖, tn] + {qnβj0}) :

f
(qn)
βj0

(x)− a1
n(βj0) > (s+ Var(G))/κj0}|

≥ lim inf
n

[min(tn, e
−(s+Var(G))/κj0 − {qnβj0}, (1− {qnβj0})/2)− 2qn‖qnα‖]

≥ min(1/2k, e−(s+Var(G))/κj0 ) > 0.
äDl�^�Ì�ÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú4ÈwÉ�ÆÎÌon�Ï�Ï�l�m�È�l�Ç

P
Í¹Ì8n�^�Ò�l�n�^�_�ÆS_Ø

Case 2.
ú�n�Ï�Ï�l�Ì�ÆªÈwÉ4]/È

β1 > 0
Ø�ï£n�È

ε1 = 0
Ø  �l�m

ε = 0, 1
]<^�_

j = 1, . . . , kÑ¤ÆIÈ
Inj,ε ⊂ T

Ò�Æ¸]<^6Í¤^¢ÈwÆPm�Ý�]<Ñ�Ìon�Õ�É6ÈwÉ4]/È
Cεn(βj) + ωj = z−1

qn (Inj,ε)
Ø�k}É�ÆP^

i0ù���q ∣∣∣In1,0 ∩
k⋂

j=2

⋃

ε=0,1

Inj,ε

∣∣∣ ≥ {qnβ1} − 8kqn‖qnα‖,

Í¤^LÏ4]<m�ÈwÍ¹ÕIn�Ñå]<m
∣∣∣In1,0 ∩

k⋂

j=2

⋃

ε=0,1

Inj,ε

∣∣∣ ≥ β1/2

ÇÃl�mó]<Ñ¤Ñ
n
Ñå]<moÔ�Æ¸ÆP^�l�n�Ô�ÉÙ]<^�_

In1,0 ∩
⋂k
j=2

⋃
ε=0,1 I

n
j,ε

Í¹ÌWÈwÉ�ÆÎn�^�Í¤l�^Fl�Ç3]/È
Ê·l�Ì�È
2kÍ¤^¢ÈwÆPm�Ý�]<Ñ¹ÌPØ ?
ÆP^�l�ÈwÆáÒ¢Ö An

ÈwÉ�Æ¸Ç�]<ÊÅÍ¤Ñ�ÖLl�Ç�ÈwÉ�l�Ì�ÆáÍ¤^¢ÈwÆPm�Ý�]<Ñ¹ÌIØ�ú�Í¤^�ÕIÆ
#An ≤ 2k

]<^�_
i0ù���q}É�l�Ñ¹_�ÌPÚ4Í�È�Í¹ÌWÆ�]�Ì�Ö9ÈwlÅÌoÆPÆ;ÈwÉ4]/ÈW×}ÆÎÕS]<^'Õ�É�l�l�ÌoÆá]·Ì�ÆCB¢n�ÆP^�ÕIÆ {Jn} l�Ç�Í¤^¢ÈwÆPm�Ý�]<Ñ¹ÌÌon�Õ�ÉaÈwÉ4]/È

Jn ∈ An
Ú |Jn| ≥ % > 0

ÇÃl�má]<Ñ¤Ñ
n
Ñå]<moÔ�ÆËÆP^�l�n�Ô�É?]<^�_ ÈwÉ�Æà_�Í¹Ì#Èz]<^�ÕIÆ�Ú

_�ÆP^�l�ÈwÆS_6Ò¢Ö
dn
Ú�Ò�ÆIÈ®×DÆPÆP^6ÈwÉ�Æ;Ñ¤ÆPÇåÈWÆP^�_�Ï�l�Í¤^¢È�l�Ç

Jn
]<^�_àÈwÉ�Æ;Ñ¤ÆPÇåÈWÆP^�_�Ï�l�Í¤^¢È
l�Ç

In1,0ÈwÆP^�_�Ì
ÈwlàæPÆPmol6]�Ì
n → ∞ Ø��3Ö'Ï4]�ÌwÌ�Í¤^�ÔàÈwl9]ËÌ�n�Ò�ÌoÆCB¢n�ÆP^�ÕIÆãl�Ç {Jn} Í¤Ç£^�ÆSÕIÆSÌoÌ�]<m�Ö�Ú×}Æ;ÕS]<^F]�ÌwÌ�n�Ê·ÆóÈwÉ4]/È�ÈwÉ�ÆPmoÆ;Æ�
\Í¹Ì#È

ε2, . . . , εk ∈ {0, 1}
Ìon�Õ�É6ÈwÉ4]/È

Jn ⊂
k⋂

j=1

Inj,εj .
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k8É�ÆP^

Cn − ω1 = C0
n(β1) ∩ z−1

qn ([2qn‖qnα‖, tn] + dn)
Ú8×WÉ�ÆPmoÆ

tn = |Jn| +
2qn‖qnα‖

Ø0%WÆPÏ�Æ�]/ÈwÍ¤^�ÔãÈwÉ�Æ¸]<moÔ�n�Ê·ÆP^¢È�ÌWÇÃmol�Ê ä8]�Ì�ÆÅô�Ú�n�Ì�Í¤^�ÔFi0ù�;�q}Í¤^�Ì#ÈwÆ�]�_6l�Ç8i0ù/ö�q
]<^�_9Èz]<Û�Í¤^�ÔÅÍ¤^¢ÈwlË]�ÕPÕIl�n�^¢È�ÈwÉ4]/È

dn → 0
×}Æªl�Ò�Èz]<Í¤^

P ({t ∈ R : t > s}) = lim
n→∞

1

|Cn|
|{x ∈ Cn : F (qn)(x)− an > s}|

≥ lim inf
n
|{x ∈ C0

n(β1) ∩ z−1
qn ([2qn‖qnα‖, tn] + dn) :

f
(qn)
β1

(x)− a0
n(β1) > (s+ Var(G))/κ1}|

≥ lim inf
n
|{x ∈ C0

n(β1) ∩ z−1
qn ([2qn‖qnα‖, tn]) :

f
(qn)
β1

(x)− a0
n(β1) > (s+ Var(G))/κ1}|

≥ lim inf
n

[min(tn, e
−(s+Var(G))/κ1 , {qnβ1}/2)− 2qn‖qnα‖]

≥ min(%, e−(s+Var(G))/κ1 , β1/2) > 0,
×�É�Í¹Õ�ÉjÏ�mol�Ý�ÆSÌàÈwÉ4]/È6ÈwÉ�Æ Ìon�Ï�Ï�l�m�ÈLl�Ç

P
Í¹Ìàn�^�Ò�l�n�^�_�ÆS_Ø�k8É�Æ¶moÆ�]�Ìol�^�Í¤^�ÔíÍ¹Ì9n�^ âÕ�É4]<^�Ô�ÆS_µÍ¤Ç

βj > 0
ÇÃl�máÌ�l�ÊÅÆ

2 ≤ j ≤ k
Ø�é
^ò]<Ï�Ï�Ñ¤Í¹ÕS]/ÈwÍ¤l�^?l�ÇWk}É�ÆPl�moÆPÊ �F]<^�_

ï£mol�Ï�l�ÌoÍ�ÈwÍ¤l�^µô;ÕIl�Ê·Ï�Ñ¤ÆIÈwÆSÌ}ÈwÉ�Æ;Ï�mol�l�Ç®Ø
�aÆ9×�Í¤Ñ¤Ñ8^�l�× ]<moÔ�n�ÆLÈwÉ4]/È·ÈwÉ�Æ6Ç�]<ÊÅÍ¤Ñ�Öòl�Ç
ÇÃn�^�Õ�ÈwÍ¤l�^�Ìã×�É�Í¹Õ�É«]<Ï�Ï�Æ�]<mÅÍ¤^ík8É�Æ âl�moÆPÊ ô�ù'ÕIl�Í¤^�ÕIÍ¹_�ÆSÌÐ×�Í�ÈwÉ � Ä ÷;ú����

+
Ø �°ÆIÈ

F : T → R
Ò�ÆL]FÇÃn�^�Õ�ÈwÍ¤l�^³l�Ç8ÈwÉ�Æ

ÇÃl�moÊ

F (x) = −
k∑

i=1

(bi log({x− βi}) + ci log({βi − x})),

×�É�ÆPmoÆ
bi, ci

Ú
i = 1, . . . , k,

]<moÆ9^�l�^ â ^�ÆPÔ¢]/ÈwÍ�Ý�Æ'ÕIl�^�Ì�Èz]<^¢È�Ì·Ì�n�Õ�É?ÈwÉ4]/È ∑k
i=1 bi =∑k

i=1 ci
]<^�_

βj ∈ T
Ú
j = 1, . . . , k,

]<moÆFÏ4]<Í¤m�×�Í¹Ì�ÆÙ_�Í¹Ì#ÈwÍ¤^�Õ�ÈSØ ?
ÆPß�^�Æ
N(F ) =

]{1 ≤ j ≤ k : bj > 0}+ ]{1 ≤ j ≤ k : cj > 0} Øú�n�Ï�Ï�l�Ì�ÆÎÈwÉ4]/È N(F ) > 0
Ø0�°ÆIÈ

bj0
]<^�_

cj1
Ò�Æ±Ï�l�ÌoÍ�ÈwÍ�Ý�Æó^�n�ÊáÒ�ÆPmwÌPØ�é
ÌwÌ�n�ÊÅÆ�ÈwÉ4]/È

bj0 ≥ cj1
ieÍ¤^àÈwÉ�Æ±l�Ï�Ï�l�ÌoÍ�ÈwÆªÕS]�ÌoÆ

ÈwÉ�Æ;moÆ�]�Ì�l�^�Í¤^�ÔËÒ�ÆPÑ¤l�×ç×�Í¤Ñ¤Ñ@Ò�ÆªÈwÉ�Æ;Ì�]<Ê·Æ/qzØ4k}É�ÆP^

F (x) = F̃ (x) + cj1fβj1−βj0 (x− βj0),
×�É�ÆPmoÆ

F̃ (x) = −
k∑

i=1

(b̃i log({x− βi}) + c̃i log({βi − x}))
]<^�_

b̃j =

{
bj − cj1

Í¤Ç
j = j0,

bj
Í¤Ç
j 6= j0,

c̃j =

{
0

Í¤Ç
j = j1,

cj
Í¤Ç
j 6= j1.

k8É�ÆP^
N(F̃ ) < N(F )

]<^�_ ∑k
i=1 b̃i =

∑k
i=1 c̃i

Ø �aÆáÈwÉ�ÆP^¨]<Ï�Ï�Ñ�ÖFÈwÉ�ÆãÌ�]<Ê·ÆámoÆ�] â
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Ìol�^�Í¤^�Ô¶Èwl
F̃
]<^�_òÍ�ÈÐÇÃl�Ñ¤Ñ¤l�×
Ì¸ÈwÉ4]/ÈãÍ¤^í]'ß�^�Í�ÈwÆ9^�n�ÊáÒ�ÆPmÐl�Ç�Ì�ÈwÆPÏ�Ìá×DÆË×�Í¤Ñ¤ÑDß�^�_³]

^4]/Èwn�m�]<ÑD^�n�ÊÐÒ�ÆPm
k̂
Ú�ÆPÑ¤ÆPÊ·ÆP^¢È�Ì¸l�Ç8ÈwÉ�ÆàÕIÍ¤mwÕIÑ¤Æ

β̂j , ωj
Ú
j = 1, . . . , k̂,

]<^�_µÏ�l�Ì�Í�ÈwÍ�Ý�Æ
^�n�ÊáÒ�ÆPmwÌ

κj
Ú
j = 1, . . . , k̂,

Ì�n�Õ�É6ÈwÉ4]/È

F (x) =
k̂∑

j=1

κjfβ̂j (x− ωj).

�+Ö6k}É�ÆPl�moÆPÊ ô�ù�Ú�×}ÆªÉ4]PÝ�ÆªÈwÉ�Æ;ÇÃl�Ñ¤Ñ¤l�×�Í¤^�Ô�Ø
��� 5���	�5 6 ôC; � � )�)���� �5/�����/

α ∈ T (*) �-. ( ���
��/1( ,-. � @. ��� ������) ��/1(*) � ��(*.��
i�ôC;�q & � � / F : T→ R

�
� � � ,-)�($/1( 2 � � � . � /1( ,-.�, � /���� � ,����

F (x) = G(x)−
k∑

i=1

(bi log({x− βi}) + ci log({βi − x})),
�������
�

G : T→ R
(*) � � ��. � /1( ,-. , � � ,���. &�� & 2�� ��( ��/1( ,�.�Ú

bi, ci
Ú
i = 1, . . . , k,

� �
�
. ,-. � . � ��� /1( 2���� ,-. )�/ ��. /1)7)�� ��� /�����/ ∑k

i=1 bi =
∑k

i=1 ci > 0
��.!&

βj
Ú
j = 1, . . . , k,

����� � �-( ��� (*)���&-(*)�/1(*. � / &/' �	� . /����9) �	����( �  � ,��
TFα

(*) &-(*)$+�,-(*.0/ � � ,�� �   � ���-, .�
� () �(*.��/�0�1� � ,�� ) &

k}É�n�ÌPÚ�ÇÃl�Ñ¤Ñ¤l�×�Í¤^�ÔËê�l\Õ�É�ÆPmoÔ�Í¤^òì�ô�ô�ñ0Ú�×DÆªl�Ò�Èz]<Í¤^LÈwÉ�Æ;ÇÃl�Ñ¤Ñ¤l�×WÍ¤^�Ô�Ø
� ��	������ 8�	��>ôIö��/� � /

M
��� ��)�� ,�,�/�� ,�� ( � .0/ ������ )���� � ������� ($/�� . � ��� /1( 2��
� � �

���� ����� �
��� / ����(*) /1( � & � ) )������ /�����/
φ = {φt}t∈R

(*) �
C3 � � ,�� � , � ����( �$�8/���� ,�.  �

(*) , �� / � & ��� ($/1( ���  � ,-(*.0/1)�� �
� . ,-. ��&�� ����. ������/ � )���& &����)��-. & ����( �$� ���-) � � ,�) ($/1( 2 �
C1 � � ���-)����
�

ν
(*. 2 ��� ( �-. / �-.!& ��� ��,�&-( � � ($/�� �
��) � ��� /7/ ,

φ & � � ��� ,�)�� /�����/ φ ���-) �
)�� ,�,�/�� � �,-)���& / �
�-. )!2 ��� )��  ����,-) ��� ��) / �
� / ��� . ����� (*) � ,-. ,�/ ,-. � & ; � α(φ)

) ��/ �
(*)�� ��)'i�ôC;�q'/�����. /���� � ,��

(M,ν, φ)
(*)'&-(*)*+�,�(*. / � � ,�� �   � ���-, .� � () �(*.����0�1�

� ,�� ) &
	 ¿ � #�Z\Y�ceb � ��R �ÅO9R ��Z�K'Z���Y ��b Á � Z¨R�TóQ ��K/Z�Zµc Á Q�Z�K ��b �eO ¿ ð"^¶ÈwÉ�Í¹ÌªÌ�ÆSÕ�ÈwÍ¤l�^

×}ÆÎÕIl�^�ÌoÍ¹_�ÆPm±Ì�Ï�ÆSÕIÍå]<Ñ�Þ�l�×�Ì�Ò�n�Í¤Ñ�È�l�Ý�ÆPm�ÈwÉ�moÆPÆ â Í¤^¢ÈwÆPm�Ý�]<Ñ�Æ�
�Õ�É4]<^�Ô�ÆÎÈwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^�Ì]<^�_ín�^�_�ÆPm	� Ä ÷;ú����
+ â
ÇÃn�^�Õ�ÈwÍ¤l�^�ÌPØ}é�Ï�Ï�Ñ�Ö\Í¤^�Ô%�]<n�æIÖíÍ¤^�_�n�Õ�ÈwÍ¤l�^)i�Ì�ÆPÆòì�ôC;<ñeqá×DÆ

×�Í¤Ñ¤Ñ�moÆPÏ�moÆSÌ�ÆP^¢ÈÎÆIÝ�ÆPm�Ö'ÈwÉ�moÆPÆ â Í¤^¢ÈwÆPm�Ý�]<Ñ£Æ�
�Õ�É4]<^�Ô�ÆãÈwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^¨]�Ì;]àÕIÆPm�Èz]<Í¤^ Í¤^ âÈwÆPÔ�m�]<Ñ°Èwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^'l�Ý�ÆPm
]ámol�Èz]/ÈwÍ¤l�^Fl�^9ÈwÉ�Æ¸ÕIÍ¤mwÕIÑ¤Æ�Ø4k8É�Í¹Ì}×�Í¤Ñ¤Ñ�]<Ñ¤Ñ¤l�×Cn�Ì}ÈwlÅÌoÆPÆ
ÆIÝ�ÆPm�ÖÙÌoÏ�ÆSÕIÍå]<Ñ�Þ�l�× l�Ý�ÆPmÎ]·ÈwÉ�moÆPÆ â Í¤^¢ÈwÆPm�Ý�]<Ñ3Æ�
�Õ�É4]<^�Ô�ÆÐÈwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^µ]<^�_¶n�^�_�ÆPm]	� Ä ÷;ú����

+ â
ÇÃn�^�Õ�ÈwÍ¤l�^µ]�Ì
ÈwÉ�ÆãÌ�Ï�ÆSÕIÍå]<Ñ�Þ�l�× l�Ý�ÆPm;]Ëmol�Èz]/ÈwÍ¤l�^ l�^FÈwÉ�ÆãÕIÍ¤mwÕIÑ¤Æ·]<^�_

n�^�_�ÆPm
]<^�l�ÈwÉ�ÆPm � Ä ÷;ú����
+ â
ÇÃn�^�Õ�ÈwÍ¤l�^@Ø

�@ÆIÈ
∆ := {(x, y) ∈ (0, 1) × (0, 1) : x + y < 1} Ø�÷óÍ�Ý�ÆP^³]<^¢Ö (α, β) ∈ ∆×}Æª_�ÆP^�l�ÈwÆªÒ¢Ö

Tα,β : [0, 1)→ [0, 1)
ÈwÉ�ÆªÌ�Ö\Ê·Ê·ÆIÈwmoÍ¹Õ±Æ�
�Õ�É4]<^�Ô�Æ;l�Ç°ÈwÉ�moÆPÆªÍ¤^¢ÈwÆPm�Ý�]<Ñ¹Ì

[0, α)
Ú
[α, α+ β)

]<^�_
[α+ β, 1)

Ú�Í�Ø�Æ�Ø

Tα,β = T(α,β,1−α−β),π,(1,1,1),
×�É�ÆPmoÆ

π(1) = 3
Ú
π(2) = 2

]<^�_
π(3) = 1

Ø �
Æ�
�È�_�ÆPß�^�Æ



� � 	 ����� �/ÿ�� � 	�	��������(���®ÿ�����	2���
	 ��� 	 # ' #

a(α, β) =

{
1− α Í¤Ç

α ≤ 1− α− β,
α+ β

Í¤Ç
α > 1− α− β,

A(α, β) = [0, a(α, β)),

B(α, β) =

{
[0, α)

Í¤Ç
α ≤ 1− α− β,

[2α+ β − 1, α)
Í¤Ç
α > 1− α− β,

]<^�_9ÈwÉ�Æ;ÇÃn�^�Õ�ÈwÍ¤l�^
R : ∆→ [0, 1)

Ò¢Ö

R(α, β) =





1− 2α− β
1− α

Í¤Ç
α ≤ 1− α− β,

1− α
α+ β

Í¤Ç
α > 1− α− β.

÷±Í�Ý�ÆP^í]<^¢Ö
0 ≤ a < 1

Ñ¤ÆIÈ
Ma : [0, 1) → [0, a)

Ì�Èz]<^�_òÇÃl�máÈwÉ�Æ9Ñ¤Í¤^�Æ�]<mãÌwÕS]<Ñ¤Í¤^�Ô
Max = ax

Ø�ð0È±Í¹Ì�Æ�]�Ì�Ö6ÈwlàÕ�É�ÆSÕ�Û6ÈwÉ4]/È
ÈwÉ�Æ¸Í¤^�_�n�ÕIÆS_'Èwm�]<^�ÌoÇÃl�moÊË]/ÈwÍ¤l�^
(Tα,β)A(α,β)Í¹ÌªÍ¹Ì�l�ÊÅl�moÏ�É�Í¹ÕáÝ\Íå]ËÈwÉ�Æ·Ñ¤Í¤^�Æ�]<m;ÌwÕS]<Ñ¤Í¤^�Ô

Ma(α,β)
Èwl9ÈwÉ�Æãmol�Èz]/ÈwÍ¤l�^al�Ç3ÈwÉ�ÆÅÕIÍ¤mwÕIÑ¤Æ·Ò¢Ö

R(α, β)
Ø��Ll�moÆPl�Ý�ÆPmPÚ¢ÈwÉ�Æ�ß�mwÌ#È+moÆIÈwn�mo^·ÈwÍ¤ÊÅÆWÊË]<Ï

τA(α,β)
ÆCB¢n4]<Ñ¹Ì

1+χB(α,β)
Ø\äDl�^ â

ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö�Ú
TFα,β

Í¹Ì�Í¹Ì�l�ÊÅl�moÏ�É�Í¹ÕªÈwl
T
Fα,β
R(α,β)

i�ÌoÆPÆ;ÈwÉ�ÆÎÑå]�Ì�È±ÌoÆP^¢ÈwÆP^�ÕIÆál�Ç3ú�ÆSÕ�ÈwÍ¤l�^ ;�qzÚ
×�É�ÆPmoÆ

Fα,β(x) =




F (Ma(α,β)x) + F (Ma(α,β)x+ 1− α)

Í¤Ç
x ∈M−1

a(α,β)B(α, β),

F (Ma(α,β)x)
l�ÈwÉ�ÆPm�×�Í¹ÌoÆ�Ø

ð0È�Í¹Ì�ÕIÑ¤Æ�]<m�ÈwÉ4]/È�Í¤Ç
(α, β) ∈ ∆ ]<^�_

F ∈ LOGSYM+
Ú�ÈwÉ�ÆP^

Fα,β ∈ LOGSYM+
Ø

ð"^6Ý\Í¤ÆI× l�Ç�k}É�ÆPl�moÆPÊ ôC;\Ú�×}ÆªÉ4]PÝ�ÆªÈwÉ�Æ;ÇÃl�Ñ¤Ñ¤l�×�Í¤^�Ô�Ø
��� 5���	�5 6 ô�4:�/� � /

F : T→ R
�
� � � ,�) ($/1( 2 � � ��. � /1( ,-. , � /���� � ,����

F (x) = G(x)−
k∑

i=1

(bi log({x− βi}) + ci log({βi − x})),

�������
�
G : T → R

(*) � � ��. � /1( ,-. , � � ,���. &�� & 2 ��� ( ��/1( ,-.�Ú
bi, ci

Ú
i = 1, . . . , k,�����	. ,-. � . � ��� /1( 2�� � ,-. )�/ �-.0/1) )�� ��� /�����/ ∑k

i=1 bi =
∑k

i=1 ci > 0,
�-. &

βj ∈ T
Ú

j = 1, . . . , k,
���
��� �-( ��� (*) � &-(*) /1(*. � / & ; � R(α, β)

)���/1(*)�� ��)ái�ôC;�qzÚ>/�����.�/���� ) �	����( � 
� ,��

TFα,β
(*) &-(*)*+�,�(*. / � � ,�� �   � ���-,  ��� () �(*.��/�0�1� � , � ) &

� 5�6(8�	�� ; �Ðú�Í¤^�ÕIÆFÈwÉ�ÆÙÌ�ÆIÈ D ⊂ T
l�ÇÎ]<Ñ¤Ñ
Í¤mom�]/ÈwÍ¤l�^4]<Ñó^�n�ÊáÒ�ÆPmwÌËÌ�]/ÈwÍ¹ÌoÇåÖ\Í¤^�Ô

i�ôC;�q·É4]�ÌàÇÃn�Ñ¤Ñ �°ÆPÒ�ÆSÌoÔ�n�Æ¶ÊÅÆ�]�Ì�n�moÆ ]<^�_«Í¹Ì
Gδ

]<^�_>_�ÆP^�Ì�Æ�ÚDÍ�È9Í¹ÌËÆ�]�Ì#ÖíÈwl?Õ�É�ÆSÕ�Û
ÈwÉ4]/È;ÈwÉ�ÆÅÌoÆIÈ

R−1D ⊂ ∆
É4]�ÌªÇÃn�Ñ¤Ñ2�°ÆPÒ�ÆSÌ�Ô�n�ÆÅÊ·Æ�]�Ìon�moÆË]<^�_ ÕIl�^¢Èz]<Í¤^�Ìá]

Gδ
]<^�_

_�ÆP^�ÌoÆËÌ�n�Ò�ÌoÆIÈÐ]�Ìª×}ÆPÑ¤Ñ�Ø�ä+l�^�ÌoÆCB¢n�ÆP^¢ÈwÑ�Ö@Ú�ÇÃl�m¸]àÈ®Ö\Ï�Í¹ÕS]<Ñ
(α, β) ∈ ∆ ]<^�_aÇÃl�m;ÆIÝ�ÆPm�Ö

F ∈ � Ä ÷;ú���� +
ÈwÉ�Æ
ÌoÏ�ÆSÕIÍå]<Ñ4Þ�l�×

TFα,β
Í¹Ì3_�Í¹Ì1�#l�Í¤^¢È+ÇÃmol�Ê ]<Ñ¤Ñ�×}Æ�]<Û�Ñ�ÖãÊ·Í:
\Í¤^�Ô �2�6 

Þ�l�×
ÌIØ
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