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ON HAUSDORFF DIMENSION OF THE SET OF CLOSED

ORBITS FOR A CYLINDRICAL TRANSFORMATION

K. FRĄCZEK AND M. LEMAŃCZYK

Abstract. We deal with Besicovitch’s problem of existence of discrete orbits
for transitive cylindrical transformations Tϕ : (x, t) 7→ (x+ α, t+ ϕ(x)) where
Tx = x+α is an irrational rotation on the circle T and ϕ : T → R is continuous,
i.e. we try to estimate how big can be the set D(α, ϕ) := {x ∈ T : |ϕ(n)(x)| →
+∞ as |n| → +∞}. We show that for almost every α there exists ϕ such
that the Hausdorff dimension of D(α, ϕ) is at least 1/2. We also provide a
Diophantine condition on α that guarantees the existence of ϕ such that the
dimension of D(α, ϕ) is positive. Finally, for some multidimensional rotations
T on Td, d ≥ 3, we construct smooth ϕ so that the Hausdorff dimension of
D(α, ϕ) is positive.

1. Introduction

Let T : X → X be a minimal homeomorphism of a compact metric space (X, d)
and let ϕ : X → R be a continuous function. Denote by Tϕ : X × R → X × R the
corresponding cylindrical transformation

Tϕ(x, t) = (Tx, t+ ϕ(x)).

Then T nϕ (x, t) = (T nx, t+ ϕ(n)(x)) for every integer n, where

ϕ(n)(x) =





ϕ(x) + ϕ(Tx) + . . .+ ϕ(T n−1x) if n > 0
0 if n = 0

−(ϕ(T−1x) + . . .+ ϕ(T n+1x) + ϕ(T nx)) if n < 0.

Cylindrical transformations appear naturally when studying some autonomous or-
dinary differential equations on R3 or on other non-compact manifolds (cf. [17]
and Section 8). Moreover, in the case of circle rotations T , cylindrical transfor-
mations yield a broad and interesting class of homeomorphisms of the plane. If
Tx = x + α then every continuous function ϕ : T → R defines the homeomor-
phism fα,ϕ : R2 → R2, fα,ϕ(re

2πiω) = reϕ(ω)+2πi(ω+α) for r ≥ 0 and ω ∈ T. The
homeomorphism fα,ϕ has a fixed point at zero and restricted to R2 \ {(0, 0)} is
topologically isomorphic to Tϕ via the map

T× R ∋ (ω, r) 7→ ere2πiω ∈ R2 \ {(0, 0)}.
A surprising property of general cylindrical transformations is that they are never

minimal, that is, there are points whose orbits are not dense [5], [16], (see also [13]
for a more general non-minimality result in case of homeomorphisms of the cylinder
T × R) and the problem of classifying minimal subsets for such transformations
is still open1. Clearly, a minimal subset arises if we are given a discrete orbit.

2000 Mathematics Subject Classification. 37B05, 37C45, 37C29.
Research partially supported by Polish MNiSzW grant N N201 384834; partially supported by

Marie Curie “Transfer of Knowledge” EU program – project MTKD-CT-2005-030042 (TODEQ).
1 The situation changes if instead of minimality we consider so called positive minimality i.e.

for a continuous map T (not necessarily invertible) of a locally compact space X we require all
semi-orbits {Tnx : n ≥ 0}, x ∈ X, to be dense in X. As it has already been noticed in [4]
(see Chapter I, Exercise 11 or the subsequent article [6]) if there is a recurrent point in X and
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Recall that a subset S of a topological space is discrete if every point x ∈ S has a
neighborhood U such that S ∩ U = {x}. Moreover, the orbit of (x, t) ∈ X × R for
the cylindrical transformation Tϕ is discrete if and only if

|ϕ(n)(x)| → +∞ as |n| → +∞.

If T is uniquely ergodic with µ the only T –invariant measure and if
∫
X
ϕdµ 6= 0

then by unique ergodicity, ϕ(n)/n →
∫
ϕdµ uniformly as |n| → +∞. Therefore

|ϕ(n)(x)| → +∞ as |n| → +∞ for each x ∈ X , i.e. ϕ is transient, and hence
every orbit of Tϕ is discrete. It follows that the partition of X × R into orbits of
Tϕ yields the decomposition into minimal components. Yet, in one more situation
X × R is the union of minimal components – it is the case when

∫
X
ϕdµ = 0

and ϕ(x) = j(x) − j(Tx) for a continuous function j : X → R, i.e. when ϕ is a
coboundary; indeed, the minimal components are of the form {(x, j(x)+a) : x ∈ X},
a ∈ R. Clearly, in this case there are no discrete orbits, in fact, j exists if and only
if each orbit of Tϕ is bounded [8].

When we restrict our considerations to T which is a minimal rotation on a
compact metric group (the case which is well known to be uniquely ergodic) then
we have the following.

Proposition 1 (see [3], [8] or [14]). If ϕ is not transient nor ϕ is a coboundary
then Tϕ has a dense orbit, i.e. Tϕ is topologically transitive.

Note that, by Proposition 1, it follows that if T is a minimal rotation, ϕ has zero
mean and Tϕ has a discrete orbit then Tϕ is automatically topologically transitive.

From now on we will only deal with the transitive case and we assume that T
is a minimal rotation on X . In this case the set of transitive points is Gδ and
dense, however it is always a proper subset of X ×R since Tϕ is not minimal. This
set is usually also large from the measure-theoretic point of view; indeed, if we
assume ergodicity of Tϕ (with respect to the product of Haar measure on X and
Lebesgue measure on R) then each open subset of X ×R has positive measure and
since X × R is second countable, the complement of the set of transitive points
has measure zero. Even in case of T a minimal rotation, the problem of classifying
possible minimal subsets for the corresponding cylindrical transformations remains
open. It is even open in case of irrational rotations on the circle, although in the
latter case we would like to emphasize that if ϕ is too smooth then there are no
minimal subsets at all. More precisely, if ϕ : T → R is of bounded variation then Tϕ
has no minimal subset (see [15] and [16]). However, Besicovitch [5] already in 1951
showed that, if we require ϕ to be only continuous, then for Tϕ a minimal subset
can exist, namely, despite its topological transitivity Tϕ can have a discrete orbit.
The problem of coexistence of dense orbits (topological transitivity) and discrete
orbits for cylindrical transformations when T is a minimal rotation is called the
Besicovitch problem, and we will call the cylindrical transformation Tϕ Besicovitch
if indeed dense and discrete orbits for Tϕ coexist. In the present paper we will deal
with the Besicovitch problem for rotations on finite dimensional tori Td.

In Section 2 we show that the phenomenon discovered by Besicovitch [5] – for a
particular irrational α there exists a continuous ϕ : T → R such that Tϕ is transitive
and admits discrete orbits – in fact happens for each irrational α. In other words,
we show that for every irrational α ∈ T there exists a continuous ϕ : T → R such

T is positively minimal then X has to be compact. Take now an arbitrary continuous map T of
a locally compact space X and suppose that M ⊂ X is positively minimal. Then M is locally
compact and it follows that either M is a discrete orbit or M is compact. Therefore there are no
positively minimal subsets for transitive Tϕ as above – if M ⊂ X × R is positively minimal then
it cannot be a discrete orbit and if M is compact then by [8], ϕ is a coboundary and therefore Tϕ

is not transitive.



ON HAUSDORFF DIMENSION OF THE SET OF CLOSED ORBITS 3

that Tϕ is Besicovitch; note that this implies the existence of Besicovitch cylindrical
transformations over each minimal rotation on Td, d ≥ 2. Indeed, if R is a rotation
on Td−1 such that T ×R is minimal then the cylindrical transformation (T ×R)ϕ̄,
with ϕ̄(x1, . . . , xd) = ϕ(x1), is Besicovitch if Tϕ is Besicovitch (this follows from
Proposition 1 since ϕ̃ is not transient and since no orbit of (T ×R)ϕ̃ is bounded, ϕ̃
is not a coboundary).

In Section 3, for α satisfying some Diophantine conditions, our construction
of ϕ is improved and we obtain γ–Hölder continuous functions ϕ such that Tϕ
is Besicovitch (it turns out however that in all our constructions γ < 1/2). A
slight modification of the construction yields ϕ : T → R whose Fourier coefficients
are O(log |n|/|n|); see Section 4. We have already mentioned that in case ϕ is of
bounded variation, Tϕ is not Besicovitch. This is one more (direct) consequence of
the classical Denjoy-Koksma inequality (see e.g. [11] or [9]); indeed, the inequality

(1) |ϕ(qn)(x)| ≤ Var ϕ for each x ∈ T,

where (qn) is the sequence of denominators of α means in particular that the orbit of
each point (x, t) is not discrete (in fact Tϕ has no minimal subsets at all; see [15] and
[16]). In [2], an inequality similar to (1) has been proved in L2 for functions whose
Fourier coefficients are O(1/|n|), we have been however unable to decide whether
there exists a continuous ϕ : T → R whose Fourier coefficients are O(1/|n|) and
which is Besicovitch for some rotation Tx = x + α. Recently, in [12], for every
minimal odometer T the existence of Besicovitch cylindrical transformation has
been proved to exist.

We then pass to deal with the Besicovitch problem for minimal rotations on
higher dimensional tori Td, d ≥ 2. As it was shown by Yoccoz in [19], the Denjoy-
Koksma inequality does not hold anymore in higher dimensions and one can expect
that among smooth cylindrical transformations there are Besicovitch cylindrical
maps. Such are indeed shown to exist in Section 7. More precisely, we prove that
for every r ≥ 1 there exist d ≥ 3, a minimal rotation T : Td → Td and ϕ : Td → R of
class Cr such that Tϕ is Besicovitch; the construction is based on Yoccoz’s method
from [19].

Once we know that Besicovitch cylindrical transformations exist for each minimal
rotation on Td, another natural problem arises to discuss the size of the set of points
whose orbits are discrete. More precisely, we will deal with the set

D(α, ϕ) = {x ∈ Td : lim
n→±∞

|ϕ(n)(x)| → +∞}.

By our standing assumption of transitivity,
∫
ϕ(x) dx = 0 and thus Tϕ is recurrent

as an infinite measure-preserving system (see [1], [18]), so for a.e. x ∈ Td there
exists kn = kn(x) → +∞ such that ϕ(kn)(x) → 0, hence D(α, ϕ) has zero Lebesgue
measure. Moreover, the set of transitive points for Tϕ is Gδ dense, so the set of
points whose orbits are discrete is a first category set. Furthermore, this set is
equal to D(α, ϕ) × R, so D(α, ϕ) is a first category subset of Td (which is dense if
it is nonempty). Consequently, D(α, ϕ) is small from both the topological and the
measure theoretical point of view. We are interested in the Hausdorff dimension of
D(α, ϕ).

If d = 1 then for almost every α ∈ T, using a modification of the construction
from Section 2, we built a continuous function ϕ : T → R with zero mean such that
dimH D(α, ϕ) > 0. Moreover, we give a lower bound on the Hausdorff dimension
related to some Diophantine condition of α; see Section 6. We also study the
coexistence problem of discrete orbits of different types, more precisely, the size of
sets

Ds−s+(α, ϕ) = {x ∈ T : lim
m→−∞

ϕ(m)(x) → s−∞ and lim
m→+∞

ϕ(m)(x) → s+∞}
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for s−, s+ ∈ {−,+} is investigated. We show that the coexistence of all types of
discrete orbits appears for some (transitive) cylindrical transformations; we mention
that the same phenomenon was also observed for cylindrical transformations over
odometers in [12]. For almost every α ∈ T we construct a class of examples for
which dimH D

s−s+(α, ϕ) ≥ 1/2 for every pair (s−, s+). This gives evidence that for
transitive homeomorphisms of the plane the coexistence of orbits with completely
different behavior is possible. Indeed, returning to the homeomorphisms of the
plane mentioned at the beginning of this section, let us consider fα,ϕ : R2 → R2.
Then for each ω ∈ T points from the ray Ray(ω) = {reiω : r > 0} generate orbits
of the same type and

• if ω ∈ D−−(α, ϕ) then each x ∈ Ray(ω) generates a homoclinic orbit at-
tracted by zero;

• if ω ∈ D++(α, ϕ) then each x ∈ Ray(ω) generates a discrete orbit;
• if ω ∈ D−+(α, ϕ)(D+−(α, ϕ)) then for each x ∈ Ray(ω) one semi-orbit is

attracted by zero and another semiorbit escapes to the infinity.

Therefore there exists a transitive homeomorphism fα,ϕ : R2 → R2 such that each
of the above orbit type appears and the Hausdorff dimension of the set of the
corresponding points is no smaller than 3/2.

In the higher dimensional case, for every r ≥ 1 we construct α ∈ Td and a Cr–
function ϕ : Td → R with zero mean such that dimH D

++(α, ϕ) > 0; see Section 7.
As an application, in Section 8 we demonstrate a family of continuous (or even

Hölder) perturbations of some integrable systems which completely destroys its
integrable dynamics. More precisely, the perturbed systems have plenty of orbits
which are dense, homoclinic and heteroclinic to limit cycles.

The authors are grateful to the referee for pointing out the references [6] and
[15].

2. Construction

By T we will mean the group R/Z which most of time will be treated as [0, 1)
with addition mod 1. By {t} we denote the fractional part of t and ‖t‖ is the
distance of t from the set of integers. Denote by ⌊t⌋ and ⌈t⌉ the floor and the
ceiling of t respectively.

We will show that for each irrational α ∈ T we can construct a continuous
ϕ : T → R so that the corresponding cylindrical flow Tϕ is Besicovitch, i.e. it is
topologically transitive but it has some minimal orbits. By Proposition 1, we only
need to construct a continuous function ϕ with integral zero and such that

ϕ(n)(0) → +∞ when |n| → +∞;

indeed such a ϕ is neither a coboundary nor transient, so Tϕ must be topologically
transitive.

Fix an irrational α ∈ [0, 1). Let (pn/qn) be the sequence of convergents of α, i.e.

q−1 = 0, q0 = 1, qn = anqn−1 + qn−2 for n ≥ 1

p−1 = 1, p0 = 0, pn = anpn−1 + pn−2 for n ≥ 1,

where [0; a1, a2, . . .] is the continued fraction of α. We have (see e.g. [10])

(2)
1

2qnqn+1
< (−1)n

(
α− pn

qn

)
=

∣∣∣∣α− pn
qn

∣∣∣∣ <
1

qnqn+1
,

hence

(3)
1

2qn+1
< ‖qnα‖ <

1

qn+1
.
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Let (Mn) be a sequence of natural numbers such that

(4) Mn → +∞
and

(5)

∞∑

n=1

Mn

qn−1
< +∞.

Set

(6) Ln =Mn · qnqn+1

qn−1
.

In view of (6) and (5),

(7)

∞∑

n=1

Ln
qnqn+1

< +∞.

We now define fn : [0, 1) → R+ which is Lipschitz continuous (with the Lipschitz
constant equal to Ln), 1/qn–periodic, fn(0) = 0 and |f ′

n(x)| = Ln for all x ∈ [0, 1)
except for the integer multiples of 1

2qn
. Notice that fn(y) = Lny for y ∈ [0, 1/(2qn))

and fn(y) = Ln(1/qn − y) for y ∈ [1/(2qn), 1/qn]. Using 1/qn–periodicity of fn
and (2) for each x ∈ [0, 1) we have

|fn(x+ α)− fn(x)| =
∣∣∣∣fn(x+ α)− fn(x+

pn
qn

)

∣∣∣∣ ≤ Ln

∣∣∣∣α− pn
qn

∣∣∣∣ <
Ln

qnqn+1
,

so

(8) ‖fn( · + α) − fn( · )‖C(T) <
Ln

qnqn+1

and it follows from (7) that the series

ϕ(x) =

∞∑

n=1

(fn(x+ α) − fn(x))

converges uniformly, so ϕ is continuous and clearly
∫ 1

0 ϕ(x) dx = 0. For each integer
k we have

ϕ(k)(x) =

∞∑

n=1

(fn(x+ kα)− fn(x)),

in particular

(9) ϕ(k)(0) =

∞∑

n=1

fn(kα).

We will show that ϕ(k)(0) → +∞ when |k| → +∞. Fix a nonzero integer k.
There is a unique n = n(k) ≥ 0 such that qn ≤ |k| < qn+1. By (2) applied to n+ 1
we have

|k|
2qn+1qn+2

<

∣∣∣∣kα− k
pn+1

qn+1

∣∣∣∣ <
|k|

qn+1qn+2
<

1

qn+2
,

so ∣∣∣∣kα− kpn+1

qn+1

∣∣∣∣ >
qn

2qn+1qn+2
.

Moreover.∣∣∣∣kα− kpn+1

qn+1

∣∣∣∣ <
1

qn+2
=

1

qn+1
−
(

1

qn+1
− 1

qn+2

)
=

1

qn+1
− qn+2 − qn+1

qn+1qn+2

≤ 1

qn+1
− qn
qn+1qn+2

<
1

qn+1
− qn

2qn+1qn+2
.
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Since fn+1 is 1/qn+1–periodic and fn+1(−x) = fn+1(x),

fn+1(kα) = fn+1

(
kα− k

pn+1

qn+1

)
= fn+1

(∣∣∣∣kα− k
pn+1

qn+1

∣∣∣∣
)
.

As
qn

2qn+1qn+2
<

∣∣∣∣kα− kpn+1

qn+1

∣∣∣∣ <
1

qn+1
− qn

2qn+1qn+2
,

by the definition of fn+1 and (6),

fn+1(kα) ≥ fn+1

(
qn

2qn+1qn+2

)
= Ln+1 ·

qn
2qn+1qn+2

=Mn+1/2.

Since all functions fl are nonnegative, it follows that

ϕ(k)(0) =

∞∑

l=1

fl(kα) ≥ fn+1(kα) ≥Mn+1/2

which tends to +∞ in view of (4) and of the fact that n = n(k) → +∞ when
|k| → +∞.

3. Hölder continuity condition

We need the following simple lemma.

Lemma 2. Let (X, d) be a compact metric space. Let (wn)
∞
n=1 be an increasing

sequence of positive real numbers with wn → +∞ such that for every 0 < β < 1
there exists Dβ > 0 for which

n∑

k=1

wβk ≤ Dβw
β
n and

∞∑

k=n

1

wβk
≤ Dβ

wβn
for all n ∈ N.(10)

Assume that ϕ(x) =
∑∞

n=1 ϕn(x), where ϕn : X → R is Lipschitz continuous with
a Lipschitz constant L(ϕn) = Ln such that for some 0 < γ < 1 we have

Ln ≤ w1−γ
n and ‖ϕn‖C(X) ≤

1

wγn
for n ≥ 1.

Then ϕ : X → R is γ–Hölder continuous.

Proof. Suppose that
1

wn+1
< d(x, y) ≤ 1

wn
.

Then

|ϕ(x) − ϕ(y)| ≤
n∑

k=1

|ϕk(x) − ϕk(y)|+
∞∑

k=n+1

|ϕk(x) − ϕk(y)|

≤
n∑

k=1

Lkd(x, y) + 2

∞∑

k=n+1

‖ϕk‖C(X)

≤ d(x, y)

n∑

k=1

w1−γ
k + 2

∞∑

k=n+1

1

wγk

≤ D1−γd(x, y)w
1−γ
n + 2Dγ

1

wγn+1

≤ Cd(x, y)γ

because d(x, y)1−γ ≤ 1

w1−γ
n

and 1
wγ

n+1
≤ d(x, y)γ . �
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Remark 1. Recall that if (vn)
∞
n=1 is a lacunary sequence, i.e. there exists A > 1

such that vn+1 > Avn for all n ≥ 1, then for each 1 ≤ k < n we have vn > An−kvk,
so

n∑

k=1

vk <
n∑

k=1

vn
An−k

< vn
A

A− 1

and (by changing the role of n and k)
∞∑

k=n

1

vk
<

∞∑

k=n

1

Ak−nvn
<

1

vn

A

A− 1
.

Note that if (vn)
∞
n=1 is lacunary, then for each 0 < β < 1 also (vβn)

∞
n=1 is lacunary

(with A replaced by Aβ) and therefore the assumption (10) is satisfied in this case.

Let (qn)
∞
n=0 be the sequence of denominators of an irrational number α ∈ T.

Note that
qn+2 = an+2qn+1 + qn ≥ qn+1 + qn > 2qn.

Therefore, the sequence (wn)
∞
n=0, wn := qnqn+1 is lacunary with A = 2. It follows

that for each 0 < β < 1 setting Dβ = 2β/(2β − 1) we have

(11)

n∑

k=1

wβk ≤ Dβw
β
n and

∞∑

k=n

1

wβk
≤ Dβ

wβn
for all n ∈ N.

Notation. For every a ≥ 1 denote by DC(a) the set of irrational numbers α ∈ T

satisfying the Diophantine condition∣∣∣∣α− p

q

∣∣∣∣ ≥
1

C|q|1+a for all p, q ∈ Z, q 6= 0

for some constant C > 0. Recall that (see [10]) α ∈ DC(a) if and only if there
exists C > 0 such that qn+1 ≤ C · qan for all n ≥ 1. Moreover, if a > 1 then DC(a)
has full Lebesgue measure.

Theorem 3. Assume that α ∈ DC(a) for some a ≥ 1. Then for every 0 < γ <
1

(1+a)a there exists a γ–Hölder continuous function ϕ : T → R with zero mean such

that the cylindrical transformation Tϕ : T×R → T×R, Tϕ(x, s) = (x+α, s+ϕ(x))
is Besicovitch.

Proof. Let C be a positive constant such that

(12) qn+1 ≤ C · qan for all n ≥ 1.

For any 0 < γ < 1
(1+a)a we set

Mn =
qn−1

2(qnqn+1)γ
.

Then we construct ϕ in the same manner as in Section 2. By (12),

qn−1

(qnqn+1)γ
≥ qn−1

Cγqγan−1C
γ(1+a)qγa

2

n−1

=
q
1−γ(1+a)a
n−1

Cγ(2+a)
,

and therefore (4) holds. But Mn/qn−1 = 1/(2wγn) and (wγn)
∞
n=0 is lacunary, so also

(5) is satisfied. Let ϕn(x) = fn(x+ α) − fn(x). Then

L(ϕn) = 2Ln = 2Mn · qnqn+1

qn−1
= (qnqn+1)

1−γ = w1−γ
n

and, by (8) and (6),

‖ϕn‖C(T) ≤
Ln

qnqn+1
=

Mn

qn−1
≤ 1

wγn
.

By Lemma 2 together with (11), the function ϕ is γ–Hölder continuous. �
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4. Function of class O(log |n|/|n|)
Assume that α ∈ [0, 1) is irrational and suppose that (Mm)m≥1 satisfies (4) and

(5). Set δm = qm−1

qmqm+1
. Then Mm = Lmδm. Let us consider a piecewise linear

function fm : [0, 1) → R+ which is 1/qm–periodic and

fm(x) =





Lmx if 0 ≤ x ≤ δm
Mm if δm ≤ x ≤ 1

qm
− δm

Lm(
1
qm

− x) if 1
qm

− δm ≤ x ≤ 1
qm
.

Next, consider ϕ(x) =
∑∞

m=1(fm(x + α) − fm(x)). An analysis similar to that
in Section 2 shows that ϕ is correctly defined and it is continuous. Moreover,
ϕ(k)(0) → +∞ as |k| → +∞. Let gm : [0, 1) → R+ be given by

gm(x) =





x if 0 ≤ x ≤ qmδm
qmδm if qmδm ≤ x ≤ 1− qmδm
1− x if 1− qmδm ≤ x ≤ 1.

Therefore fm(x) = Lm

qm
gm(qmx) for x ∈ [0, 1/qm) and for n 6= 0 we have

ĝm(n) =

∫ 1

0

gm(x)e−2πinx dx =
1

2πin

∫ 1

0

g′m(x)e
−2πinx dx

=
1

2πin

(∫ qmδm

0

e−2πinx dx−
∫ 1

1−qmδm
e−2πinx dx

)

=
1

4π2n2

(
e−2πinqmδm + e2πinqmδm − 2

)
= − 1

π2n2
sin2 πnqmδm.

Since fk is 1/qk–periodic,

f̂k(n) =

qk−1∑

j=0

e
−2πin j

qk

∫ 1/qk

0

fk(x)e
−2πinx dx,

whence f̂k(n) = 0 if qk does not divide n and moreover

f̂k(qks) = qk

∫ 1/qk

0

fk(x)e
−2πiqksx dx = qk

∫ 1/qk

0

Lk
qk
gk(qkx)e

−2πiqkx dx

= Lk

∫ 1

0

gk(y)e
−2πisy

(
1

qk
dy

)
=
Lk
qk
ĝk(s)

for each s ∈ Z. It follows that

ϕ̂(n) = (e2πinα − 1)

∞∑

k=1

f̂k(n) = (e2πinα − 1)
∑

k≥1:qk|n

Lk
qk
ĝk(

n

qk
)

= (e2πinα − 1)
∑

k≥1:qk|n

Lk
qk

· − sin2 πnδk

π2 n2

q2
k

=
1− e2πinα

π2n2

∑

k≥1:qk|n
Lkqk sin

2 πnδk.

Thus

(13) |ϕ̂(n)| = |ϕ̂(−n)| = 2| sinπnα|
π2n2

∑

k≥1:qk|n
Lkqk sin

2 πnδk.

Remark 2. Recall that

(14) | sinπx| ≤ π‖x‖ ≤ π|x| for all x ∈ R
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and

(15) sinπx ≥ 2x for all x ∈ [0, 1/2].

Lemma 4. Assume that α ∈ [0, 1) is an irrational number such that
(
log qk
kq2k−1

)

k≥1

is increasing and
log qk
kq2k−1

→ +∞ as k → +∞.

Then there exists (Mk)k∈N with Mk → +∞ such that for ϕ above we have ϕ̂(n) =
O(log |n|/|n|).
Proof. Fix 0 < ε < 1 and let

Mk = min

(
log qk
kq2k−1

, qεk−1

)
.

Then (Mk)k≥1 is increasing and Mk → +∞. Next note that the sequence (δk)
∞
k=1

is decreasing. Indeed, since q2k < q2k+1 < log qk+2 < qk+2, it follows that

δk =
qk−1

qkqk+1
>

qk−1qk
qk+1qk+2

≥ qk
qk+1qk+2

= δk+1.

Since Lk = Mk/δk, we see that (Lk)
∞
k=1 is increasing. Fix n > 0 and let m ≥ 0 be

the largest number such that qm divides n. Note that if m = 0, i.e. qk does not
divide n for all k ≥ 1, then ϕ̂(n) = 0, so assume that m ≥ 1.

First suppose that n ≥ qm+1. Since mq2mMm ≤ (m+1)q2mMm+1 ≤ log qm+1, by
(13),

|ϕ̂(n)| ≤ 2

π2n2

∑

k≥1:qk|n
Lkqk ≤ 2mLmqm

π2n2

≤ 2mLmqm
qm+1

1

n
=

2mMmq
2
m

qm−1

1

n
≤ log qm+1

n
≤ log n

n
.

Next, suppose that n ≤ qm+1. Since n = sqm, by (13), (14) and (3), we have

|ϕ̂(n)| ≤ 2‖sqmα‖
π2n2

∑

k≥1:qk|n
Lkqk sin

2 πnδk

≤ 2s

π2qm+1n2

(
Lmqm(πnδm)2 +

m−1∑

k=1

Lkqk

)
.

Moreover,

sLmqm(πnδm)2

π2qm+1n2
=

sqm
qm+1

Lmδ
2
m =

n

qm+1
Mm

qm−1

qmqm+1
≤ Mmqm−1

qmqm+1
≤ 1

qm+1
≤ 1

n

and

s

π2qm+1n2

m−1∑

k=1

Lkqk ≤ mLm−1qm−1s

qm+1n2
=
mMm−1q

2
m−1qms

qm−2qm+1n2

=
mMm−1q

2
m−1

qm−2qm+1n
≤ qm
qm−2qm+1n

≤ 1

n
.

Consequently, ϕ̂(n) = O(log |n|/|n|). �

In this way we have proved the following.

Theorem 5. There exist an irrational rotation Tx = x + α and a continuous
function ϕ : T → R such that the cylindrical transformation Tϕ is Besicovitch and
ϕ̂(n) = O(log |n|/|n|).
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Remark 3. Note that this is not true that ϕ̂(n) = O(1/|n|). Indeed, take m ≥ 1
and choose s ∈ N such that qm+1/(4qm−1) < s < qm+1/(2qm−1). Set n = sqm.
Since

‖nα‖ = ‖sqmα‖ ≤ s‖qmα‖ < 1/2 and nδm = s
qm−1

qm+1
< 1/2,

by (15) and (3), it follows that

| sinπnα| ≥ 2‖sqmα‖ = 2s‖qmα‖ >
1

4qm−1
,

| sinπnδm| ≥ 2nδm = 2s
qm−1

qm+1
> 1/2.

Therefore, from (13),

|ϕ̂(n)| ≥ 2| sinπnα|
π2n2

Lmqm sin2 πnδm ≥ 1

4π2n2

Lmqm
qm−1

=
1

4π2n2

Mmqm+1q
2
m

q2m−1

=
1

4π2n

Mmqm+1qm
sq2m−1

>
1

2π2n

Mmqm
qm−1

>
Mm

2π2n
.

Consequently,

|nϕ̂(n)| ≥ Mm

2π2
→ +∞.

5. Variants of the construction

Fix an irrational α ∈ [0, 1) and let (qkn) be a subsequence of the sequence of
denominators of α such that all kn are even (or all are odd). Let (Mn) be a sequence
of natural numbers such that

(16) Mn → +∞
and

(17)

∞∑

n=1

Mn

qkn−1

< +∞.

Set

(18) Ln =Mn · qknqkn+1

qkn−1

and δn =
qkn−1

qknqkn+1
.

In view of (17) and (18),

(19)

∞∑

n=1

Ln
qknqkn+1

< +∞.

We now define fn : [0, 1) → R+ a piecewise linear Lipschitz continuous function
which 1/qkn–periodic and

fn(x) =





0 if 0 ≤ x ≤ δn
8

Ln
(
x− δn

8

)
if δn

8 ≤ x ≤ δn
2 + δn

8
Mn

2 if δn
2 + δn

8 ≤ x ≤ 1
4qkn

− δn
2

Ln

(
x− 1

4qkn

)
+Mn if 1

4qkn
− δn

2 ≤ x ≤ 1
4qkn

+ δn
2

3Mn

2 if 1
4qkn

+ δn
2 ≤ x ≤ 1

2qkn
− δn

2 − δn
8

Ln

(
x− 1

2qkn
+ δn

8

)
+ 2Mn if 1

2qkn
− δn

2 − δn
8 ≤ x ≤ 1

2qkn
− δn

8

2Mn if 1
2qkn

− δn
8 ≤ x ≤ 1

2qkn
,

and such that fn (1/qkn − x) = fn(x) for all x ∈ [1/2qkn , 1/qkn ].
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�
Mn

2Mn

Mn/2

3Mn/2

F−+

n,0F++

n,0 F++

n,1F+−

n,0F−−n,0

1

2qkn

1

4qkn

3

4qkn

1

qkn

δn

8

Figure 1. The graph of fn

The Lipschitz constant of fn is Ln, fn takes only nonnegative values, fn(0) = 0
and ‖fn‖C(T) ≤ 2Mn. Moreover fn(−x) = fn(x) for all x ∈ [0, 1). Using 1/qkn–
periodicity of fn and (2) for each x ∈ [0, 1) we have

|fn(x+ α)− fn(x)| =

∣∣∣∣fn(x+ α)− fn

(
x+

pkn
qkn

)∣∣∣∣

≤ Ln

∣∣∣∣α− pkn
qkn

∣∣∣∣ < Ln · 1

qknqkn+1
,

so ‖fn( · + α)− fn( · )‖C(T) <
Ln

qknqkn+1
and it follows from (19) that the series

ϕ(x) =

∞∑

n=1

(fn(x+ α) − fn(x))

converges uniformly, so ϕ is continuous and clearly
∫ 1

0
ϕ(x) dx = 0. For each integer

k we have

(20) ϕ(k)(x) =
∞∑

n=1

(fn(x+ kα)− fn(x)).

Remark 4. Suppose additionally that

(21) qkn+1 > 16qknqkn+1/qkn−1 and qkn−1 ≥ 4qkn−1 for all n ∈ N.

It follows that

(22)
1

qkn
− 1

qkn+1
=
qkn+1 − qkn
qknqkn+1

≥ qkn−1

qknqkn+1
≥ 4qkn−1

4qknqkn+1
= 4δn.

Set

F++
n,j =

[
−δn

8
,
δn
8

]
+

j

qkn

and let F++ =
⋂∞
n=1

⋃qkn−1
j=0 F++

n,j . In view of (21),

|F++
n,j | =

δn
4

=
qkn−1

4qknqkn+1
>

4

qkn+1

,
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and hence there exist at least two intervals of the form F++
n+1,l which are included

in F++
n,j . Consequently the set F++ is uncountable. We will show that if x ∈ F++

then ϕ(n)(x) → +∞ as |n| → +∞.
Assume that x ∈ F++. Then there exists a sequence (jl)

∞
l=1 of natural numbers

such that x ∈ F++
l,jl

for all l ∈ N. Let x = jl
qkl

+ xl, where |xl| ≤ δl/8. Then

fl (x+mα)− fl (x) = fl (xl +mα)− fl (xl) .

Fix integer m 6= 0 and assume that qkn−1 ≤ |m| < qkn . Since |xl| ≤ δl/8 and
fl ≥ 0 for every l ∈ N, by the definition of fl, fl(xl) = 0, so

(23) fl (x+mα)− fl (x) = fl (xl +mα)− fl (xl) = fl (xl +mα) ≥ 0.

Since |m| < qkn , in view of (2) and (22), we have
∣∣∣∣xn +mα− mpkn

qkn

∣∣∣∣ ≤ |xn|+ |m|
∣∣∣∣α− pkn

qkn

∣∣∣∣ ≤ |xn|+
|m|

qknqkn+1

≤ δn
8

+
1

qkn+1
<

1

qkn
− 2δn.

Since |m| ≥ qkn−1 , in view of (2), we have
∣∣∣∣xn +mα− mpkn

qkn

∣∣∣∣ ≥ |m|
∣∣∣∣α− pkn

qkn

∣∣∣∣−|xn| ≥
qkn−1

2qknqkn+1
− δn

8
=
δn
2
− δn

8
=
δn
8
+
δn
4
.

By the definition of fn it follows that

fn

(∣∣∣∣xn +mα− mpkn
qkn

∣∣∣∣
)

≥ fn

(
δn
8

+
δn
4

)
= Ln

δn
4

=Mn/4.

Therefore, using additionally (23), we obtain

fn (x+mα)− fn (x) = fn (xn +mα) = fn

(
xn +mα− mpkn

qkn

)

= fn

(∣∣∣∣xn +mα− mpkn
qkn

∣∣∣∣
)

≥Mn/4.

Consequently, using (20) and (23) again,

ϕ(m)(x) =

∞∑

l=1

(fl (x+mα)− fl (x)) ≥ fn (x+mα)− fn (x) ≥
Mn

4
.

Remark 5. Suppose additionally that

(24) Mn+1 ≥ 33Mn for all n ∈ N.

We will prove that the set of all x ∈ [0, 1) for which ϕ(m)(x) → +∞ as m → +∞
and simultaneously ϕ(m)(x) → −∞ as m→ −∞ is uncountable.

Set

F−+
n,j =

[
−δn

4
,
δn
4

]
+

1

4qkn
+

j

qkn

and let F−+ =
⋂∞
n=1

⋃qkn−1
j=0 F−+

n,j . In view of (21),

|F−+
n,j | =

δn
2

=
qkn−1

2qknqkn+1
>

4

qkn+1

,

and hence there exist at least two intervals of the form F−+
n+1,l which are included

in F−+
n,j . Consequently the set F−+ is uncountable. We will prove that if x ∈ F−+

then ϕ(m)(x) → +∞ as m→ +∞ and ϕ(m)(x) → −∞ as m→ −∞.
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Assume that x ∈ F−+. Then there exists a sequence (jl)
∞
l=1 for natural numbers

such that x ∈ F−+
l,jl

for all l ∈ N. Let x = jl
qkl

+ 1
4qkl

+ xl, where |xl| ≤ δl/4. Then

(25) fl (x+mα)− fl (x) = fl

(
1

4qkl
+ xl +mα

)
− fl

(
1

4qkl
+ xl

)
.

For every l ≥ 1 we have

1

4qkl
− δl

4
<

1

4qkl
+ xl <

1

4qkl
+
δl
4
,

and hence

(26) fl

(
1

4qkl
+ xl

)
= Llxl +Ml.

Fix m > 0 and assume that qkn−1/4 ≤ m < qkn/4. Since kl is even, for every
l ≥ 1 we have

1

4qkl
− δl

4
<

1

4qkl
+ xl ≤

1

4qkl
+ xl +mα− mpkl

qkl
.

If additionally l ≥ n then, by (2),

1

4qkl
+ xl +mα− mpkl

qkl
<

1

4qkl
+
δl
4
+

qkn
4qklqkl+1

<
1

4qkl
+
δl
4
+

1

4qkl+1
.

In view of (22), 1
qkl+1

≤ 1
qkl

− 4δl. It follows that

1

4qkl
+ xl +mα− mpkl

qkl
<

1

2qkl
− 3δl

4
,

hence
1

4qkl
+ xl +mα− mpkl

qkl
∈ (1/(4qkl)− δl/4, 1/(2qkl)− 3δl/4) .

Case 1. Suppose that l ≥ n and

1

4qkl
+ xl +mα− mpkl

qkl
∈ (1/(4qkl)− δl/4, 1/(4qkl) + δl/2] .

By the definition of fl,

fl

(
1

4qkl
+ xl +mα

)
= fl

(
1

4qkl
+ xl +mα− mpkl

qkl

)

= Ll

(
xl +mα− mpkl

qkl

)
+Ml.

Hence, by (25), (26) and (2),

fl (x+mα)− fl (x) = fl

(
1

4qkl
+ xl +mα

)
− fl

(
1

4qkl
+ xl

)

= Ll

(
mα− mpkl

qkl

)
≥ Ll

qkn−1

8qklqkl+1
=Ml

qkn−1

8qkl−1

.

Case 2. Suppose that l ≥ n and

1

4qkl
+ xl +mα− mpkl

qkl
∈ (1/(4qkl) + δl/2, 1/(2qkl)− 3δl/4) .

By the definition of fl,

fl

(
1

4qkl
+ xl +mα

)
= fl

(
1

4qkl
+ xl +mα− mpkl

qkl

)
=

3

2
Ml.
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Moreover, by (26),

fl

(
1

4qkl
+ xl

)
= Llxl +Ml ≤ Ll

δl
4
+Ml =

5

4
Ml.

Therefore, using (25),

fl (x+mα)− fl (x) = fl

(
1

4qkl
+ xl +mα

)
− fl

(
1

4qkl
+ xl

)
≥ 1

4
Ml.

In summary, we have fn (x+mα)− fn (x) ≥Mn/8 and fl (x+mα)− fl (x) > 0
for l > n. Moreover, |fl (x+mα) − fl (x) | ≤ 2Ml for all l ≥ 1, in particular for
l < n. By (20) and (24), it follows that

ϕ(m)(x) =

∞∑

l=1

(fl (x+mα)− fl (x)) ≥
Mn

8
−
n−1∑

l=1

2Ml ≥
Mn

8
− 2

Mn

32
≥ Mn

16

whenever qkn−1/4 ≤ m < qkn/4. Consequently, ϕ(m)(x) → +∞ as m→ +∞.

Similar argument will show also that ϕ(−m)(x) ≤ −Mn/16 whenever x ∈ F−+

and qkn−1/4 ≤ −m < qkn/4. Since kl is even, |xl| ≤ δl/8 and m is negative, for
every l ≥ 1 we have

1

4qkl
+ xl +m

(
α− pkl

qkl

)
≤ 1

4qkl
+ xl <

1

4qkl
+
δl
4
.

Suppose additionally that l ≥ n. Since m > −qkn/4, by (2) and (22),

1

4qkl
+ xl +m

(
α− pkl

qkl

)
>

1

4qkl
− δl

4
+

m

qklqkl+1
>

1

4qkl
− δl

4
− qkn

4qklqkl+1

>
1

4qkl
− 1

4qkl+1
− δl

4
>

3δl
4
.

Hence
1

4qkl
+ xl +mα− mpkl

qkl
∈ (3δl/4, 1/(4qkl) + δl/4) .

Case 1. Suppose that l ≥ n and

1

4qkl
+ xl +mα− mpkl

qkl
∈ (1/(4qkl)− δl/2, 1/(4qkl) + δl/4] .

By the definition of fl,

fl

(
1

4qkl
+ xl +mα

)
= fl

(
1

4qkl
+ xl +mα− mpkl

qkl

)

= Ll

(
xl +mα− mpkl

qkl

)
+Ml.

Hence, by (25), (26) and (2),

fl (x+mα)− fl (x) = fl

(
1

4qkl
+ xl +mα

)
− fl

(
1

4qkl
+ xl

)

= Llm

(
α− pkl

qkl

)
≤ −Ll

qkn−1

8qklqkl+1
= −Ml

qkn−1

8qkl−1

.

Case 2. Suppose that l ≥ n and

1

4qkl
+ xl +mα− mpkl

qkl
∈ (3δl/4, 1/(4qkl)− δl/2) .

By the definition of fl,

fl

(
1

4qkl
+ xl +mα

)
= fl

(
1

4qkl
+ xl +mα− mpkl

qkl

)
=Ml/2.
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Moreover, by (26),

fl

(
1

4qkl
+ xl

)
= Llxl +Ml ≥ −Ll

δl
4
+Ml =

3

4
Ml.

Therefore, using (25),

fl (x+mα)− fl (x) = fl

(
1

4qkl
+ xl +mα

)
− fl

(
1

4qkl
+ xl

)
≤ −1

4
Ml.

In summary, we have fn (x+mα)−fn (x) ≤ −Mn/8 and fl (x+mα)−fl (x) < 0
for l > n. Moreover, fl (x+mα) − fl (x) ≤ 2Ml for all l ≥ 1. By (20) and (24), it
follows that

ϕ(m)(x) =
∞∑

l=1

(fl (x+mα)− fl (x)) ≤ −Mn

8
+
n−1∑

l=1

2Ml ≤ −Mn

8
+ 2

Mn

32
≤ −Mn

16

whenever qkn−1/4 ≤ −m < qkn/4. Consequently, ϕ(m)(x) → −∞ as m→ −∞.

Remark 6. In a similar way we can prove that the sets

F−− =

∞⋂

n=1

qkn−1⋃

j=0

([
−δn

8
,
δn
8

]
+

1

2qkn
+

j

qkn

)

and

F+− =

∞⋂

n=1

qkn−1⋃

j=0

([
−δn

4
,
δn
4

]
+

3

4qkn
+

j

qkn

)

are uncountable and x ∈ F−− implies ϕ(m)(x) → −∞ as |m| → +∞ and x ∈ F+−

implies ϕ(m)(x) → +∞ as m→ −∞ and ϕ(m)(x) → −∞ as m→ +∞.

Proposition 6. For every irrational α ∈ T there exists a continuous function
ϕ : T → R with zero mean such that the set Ds−s+(α, ϕ) is uncountable for every
s−, s+ ∈ {−,+}. �

In the next section, under some additional assumptions on α, we will show that
the sets Ds−s+(α, ϕ) may have positive Hausdorff dimension.

6. Hausdorff dimension of Ds−s+(α, ϕ)

Let (Ek)k≥0 be a sequence of subsets of [0, 1] such that each Ek is a union
of a finite number of disjoint closed intervals (called k–th level basic intervals).
Suppose that each interval of Ek−1 includes at least mk ≥ 2 intervals of Ek, and
the maximum length of k–th level intervals tends to zero as k → +∞. Let us
consider the set

F =

∞⋂

k=0

Ek.

We will use the following criterion to estimate the Hausdorff dimension from below.

Proposition 7 (see Example 4.6 in [7] and its proof). Suppose that the k–th level
intervals are separated by gaps of length at least εk so that εk ≥ εk+1 > 0 for every
k ∈ N. Then

dimH F ≥ lim inf
k→∞

log(m1 . . .mk−1)

− log(mkεk)
.

Remark 7. Let us consider two intervals A,B ⊂ R of length a and b respectively
and let h > 0. Suppose that a < h < b. Then there exist at least ⌊ b−ah ⌋ intervals of

the form A+ kh, k ∈ Z included in B. Moreover, if b ≥ 4h then ⌊ b−ah ⌋ ≥ b
4h .
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Fix s+, s− ∈ {+,−} and let

Es−s+n :=

qkn−1⋃

j=0

F
s−s+
n,j =

qkn−1⋃

j=0

(F
s−s+
n,0 +

j

qkn
).

Then F s−s+ =
⋂∞
n=0E

s−s+
n . As we have already noticed

|F s−s+n,j | ≥ δn/4 ≥ 4

qkn+1

and
1

qkn+1

≥ δn+1 ≥ |F s−s+n+1,l |,

so |F s−s+n,j | ≥ 4h and h ≥ |F s−s+n+1,l |, where h = 1/qkn+1, and then by Remark 7,

mn+1 ≥
⌊
|F s−s+n,j | − |F s−s+n+1,l |

h

⌋
≥

|F s−s+n,j |
4h

≥ δnqkn+1

16
=

qkn−1qkn+1

16qknqkn+1
.

Moreover,

εn =
1

qkn
− |F s−s+n,0 | ≥ 1

qkn
− δn

2
≥ 1

2qkn
.

It follows that

m1 . . .mn−1 ≥ mn−1 ≥ qkn−3qkn−1

16qkn−2qkn−2+1
≥ qkn−1

16qkn−2qkn−2+1
.

Moreover,

mnεn ≥ qkn−2qkn
16qkn−1qkn−1+1

1

2qkn
=

qkn−2

32qkn−1qkn−1+1
>

1

32qkn−1qkn−1+1
.

Thus

(27)
log(m1 . . .mn−1)

− log(mnεn)
≥ log qkn−1 − log 16− log qkn−2 − log qkn−2+1

log qkn−1 + log qkn−1+1 + log 32
.

Theorem 8. Suppose that there exist γ ≥ 1 and C > 0 such that

(28) qn+1 ≤ Cqγn for infinitely many n ∈ N.

Then there exists a continuous function ϕ : T → R with zero mean such that
dimH D

s−s+(α, ϕ) ≥ 1/(1 + γ) for all s+, s− ∈ {+,−}.

Proof. By assumption, we can find a subsequence (qkn) of even denominators of α
(or odd) such that

(29) qkn ≥ (qkn−1qkn−1+1)
n, qkn−1 ≥ 4qkn−1 and qkn+1 ≤ Cqγkn for all n ∈ N.

Take Mn = 33n and let us consider the function ϕ constructed in Section 5. Then
(16), (17), (21) and (24) hold. It follows that F s−s+ ⊂ Ds−s+(α, ϕ). Moreover, by
Proposition 7, (27) and (29),

dimH F
s−s+ ≥ lim inf

n→∞
log(m1 . . .mn−1)

− log(mnεn)

≥ lim inf
n→∞

log qkn−1 − log 16− log qkn−2 − log qkn−2+1

log qkn−1 + log qkn−1+1 + log 32

≥ lim
n→∞

(1− 1/n) log qkn−1 − log 16

(1 + γ) log qkn−1 + logC + log 32
=

1

1 + γ
,

which completes the proof. �

Remark 8. In particular, for every α ∈ DC(γ) the condition (28) holds for some
C > 0, so the statement of Theorem 8 remains valid.



ON HAUSDORFF DIMENSION OF THE SET OF CLOSED ORBITS 17

Remark 9. It is of course true that
⋃
n∈Z

(F s−s+ + nα) ⊂ Ds−s+(α, ϕ), however

dimH

⋃

n∈Z

(F s−s+ + nα) = sup
n∈Z

dimH (F s−s+ + nα) = dimH F
s−s+ .

Notice also that for each n ≥ 1 the set F s−s+ is covered by qkn intervals each of
which has length δn/4. By Proposition 4.1 in [7], using (29), it follows that

dimH F
s−s+ ≤ lim inf

n→∞
log qkn

− log
(
qkn−1/(4qknqkn+1)

) ≤ 1

2
.

It follows that if we use only sets F s−s+ we cannot estimate the Hausdorff dimension
of Ds−s+(α, ϕ) from below by a number greater than 1/2. Note finally that if α
has bounded partial quotients then dimH F

s−s+ = 1
2 .

Theorem 9. For almost every α ∈ T there exists a continuous function ϕ : T → R

with zero mean such that dimH D
s−s+(α, ϕ) ≥ 1/2 for all s+, s− ∈ {+,−}.

Proof. Recall that (see [10]) for a.e. α ∈ T there exist C > 0 and an increasing
sequence (kn) of natural numbers such that

qkn+1 ≤ C · qkn log qkn for all n ∈ N.

By the proof of Theorem 8, there exists a continuous function ϕ : T → R with zero
mean such that

dimH D
s−s+(α, ϕ) ≥ lim inf

n→∞
log qkn

log qkn + log qkn+1

for all s+, s− ∈ {+,−}. However,

log qkn
log qkn + log qkn+1

≥ log qkn
2 log qkn + log log qkn + logC

→ 1/2

as n→ +∞. Consequently, dimH D
s−s+(α, ϕ) ≥ 1/2. �

7. Smooth cylindrical transformations over rotations on higher

dimensional tori

In this section we will deal with cylindrical transformations over rotations on
higher dimensional tori. More precisely, we will construct some examples of cylin-
drical transformations Tϕ of class Cr, r ≥ 1 admitting dense and discrete orbits
and such that the set D(α, ϕ) has positive Hausdorff dimension; the construction
is based on Yoccoz’s method in [19].

Fix d ≥ 3. Let a > 1 be a real number such that ā := 2ad−1 − ad − 1 > 0. (The
derivative of the function P (a) = 2ad−1−ad−1 is d−2 > 0 at a = 1 and P (1) = 0,
so P takes positive values on a nonempty interval (1, b).) Let α be an irrational
number such that there exists C0 > 4 for which

(30) 4qa
d

n ≤ qn+1 ≤ C0q
ad

n for all n ∈ N.

Fix 0 < ε < ā and set ϕ(x) =
∑∞
n=1(fn(x+ α)− fn(x)), where

fn(x) =
qn+1

q1+ā−εn

(1− cos 2πqnx).

Note that fn(x) ≥ 0 for x ∈ T and n ≥ 1. Let

Fn =

qn−1⋃

j=0

(
j

qn
+

[
− 1
√
qnqn+1

,
1

√
qnqn+1

])
and F =

∞⋂

n=1

Fn.
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Lemma 10. The function ϕ : T → R is of class C⌈ā−ε⌉ and there exist θ =
θ(C0, d, a, ε) > 0 and K = K(a, ε) > 0 such that ϕ(m)(x) ≥ −K for all x ∈ F

and m ∈ Z. If additionally qa
d−1

n ≤ |m| ≤ 1
4qn+1 and qān ≥ 64C0 then ϕ(m)(x) ≥

θ|m|ε/ad −K.

Proof. Since

fn(x+ α)− fn(x) =
2qn+1

q1+ā−εn

sinπqnα · sin 2πqn(x+ α/2),

by (14) and (2),
∣∣∣∣
dk

dxk
(fn(x+ α) − fn(x))

∣∣∣∣ =
qn+1

q1+ā−εn

2| sinπqnα|
∣∣∣∣
dk

dxk
sin 2πqn(x+ α/2)

∣∣∣∣

≤ qn+1

q1+ā−εn

2π‖qnα‖(2πqn)k ≤ (2π)k+1

q1+ā−ε−kn

.

Moreover
∑∞
n=1 1/q

1+ā−ε−k
n < +∞ for 0 ≤ k ≤ ⌈ā− ε⌉, so ϕ ∈ C⌈ā−ε⌉(T,R).

Suppose that x ∈ F . Then x ∈ Fn for every n ≥ 1 and hence ‖qnx‖ ≤√
qn/

√
qn+1. In view of (15),

sin2 πqnx ≤ π2‖qnx‖2 ≤ π2qn/qn+1.

Therefore for every m ∈ Z

fn(x+mα)− fn(x) ≥ −fn(x) = − qn+1

q1+ā−εn

(1− cos 2πqnx)

= −2
qn+1

q1+ā−εn

sin2 πqnx ≥ −2π2 qn+1

q1+ā−εn

qn
qn+1

= − 2π2

qā−εn
.

Let

K = K(a, ε) := 2π2
∞∑

n=1

1

4n(ā−ε)
=

2π2

4ā−ε − 1
.

In view of (30), qn ≥ 4n, so

(31) ϕ(m)(x) =

∞∑

n=1

(fn(x+mα)− fn(x)) ≥ −2π2
∞∑

n=1

1

qā−εn
≥ −K.

Suppose additionally that qa
d−1

n ≤ |m| ≤ 1
4qn+1. By (2),

‖mqnα‖ ≤ |m|‖qnα‖ < 1/4, and hence ‖mqnα‖ = |m|‖qnα‖.
Therefore

fn(x+mα)− fn(x) =
qn+1

q1+ā−εn

(cos 2πqnx− cos 2πqn(x+mα))

=
qn+1

q1+ā−εn

(cos 2π(±‖qnx‖)− cos 2π(±‖qnx‖ + ‖mqnα‖))

=
qn+1

q1+ā−εn

2 sinπ(±2‖qnx‖ + ‖mqnα‖) sinπ‖mqnα‖

=
qn+1

q1+ā−εn

2 sinπ(±2‖qnx‖ + |m|‖qnα‖) sinπ|m|‖qnα‖.

By (30),

√
qnqn+1 ≤

√
C0q

1+ad

2
n =

√
C0q

ad−1−ā/2
n ≤

√
C0

qān
|m| ≤ |m|

8
,
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whenever qān ≥ 64C0. Moreover, by (2), |m|
2qn+1

≤ |m|‖qnα‖ < 1/4 and hence

±2‖qnx‖+ |m|‖qnα‖ ≥ |m|‖qnα‖ − 2‖qnx‖ ≥ |m|
2qn+1

− 2

√
qnqn+1

qn+1
≥ |m|

4qn+1
.

Similarly

±2‖qnx‖ + |m|‖qnα‖ ≤ |m|‖qnα‖+ 2‖qnx‖ ≤ |m|
qn+1

+ 2

√
qnqn+1

qn+1
≤ 2|m|
qn+1

≤ 1

2
.

By (15), it follows that

sinπ|m|‖qnα‖ ≥ 2|m|‖qnα‖ ≥ |m|
qn+1

and

sinπ(±2‖qnx‖+ |m|‖qnα‖) ≥ 2(±2‖qnx‖+ |m|‖qnα‖) ≥
|m|

2qn+1
.

Thus

fn(x+mα)− fn(x) =
2qn+1

q1+ā−εn

sinπ(±2‖qnx‖+ |m|‖qnα‖) sinπ|m|‖qnα‖

≥ m2

q1+ā−εn qn+1

≥ q2a
d−1

n

C0q
1+ā−ε
n qadn

=
qεn
C0

≥ q
ε/ad

n+1

C
1+ ε

ad

0

≥ |m|ε/ad

C
1+ ε

ad

0

.

In view of the proof of (31), we conclude that

ϕ(m)(x) = fn(x+mα)− fn(x) +

∞∑

l 6=n
(fl(x+mα)− fl(x)) ≥

|m|ε/ad

C
1+ ε

ad

0

−K.

�

Set C = 2⌈4a+2⌉. Let α1, . . . , αd be irrational numbers. Let (q
(j)
n )∞n=1 stand for

the sequence of denominators of αj for j = 1, . . . , d. Assume that the denominators
of α1, . . . , αd satisfy the following inequalities

(32) 4(q(j)n )a ≤ q(j+1)
n ≤ C(q(j)n )a for all 1 ≤ j ≤ d and n ≥ 1,

in which we use the notation q
(d+1)
n = q

(1)
n+1 and q

(0)
n = q

(d)
n−1. It is easy to see that

(33) 4(q(j)n )a
d−1 ≤ 41+...+a

d−2

(q(j)n )a
d−1 ≤ q

(j−1)
n+1

and

(34) 4(q(j)n )a
d ≤ q

(j)
n+1 ≤ C1+a+...+ad−1

(q(j)n )a
d

= Ca(q
(j)
n )a

d

for all 1 ≤ j ≤ d and n ∈ N.

Remark 10. Denote by C(a) the set of all (α1, . . . , αd) ∈ Td satisfying (32). In Ap-
pendix B we will show that for uncountably many (α1, . . . , αd) ∈ C(a) the rotation
on Td by the vector (α1, . . . , αd) is minimal.

Take (α1, . . . , αd) ∈ C(a) such that the rotation T : Td → Td given by

T (x1, . . . , xd) = (x1 + α1, . . . , xd + αd)

is minimal. Let 0 < ε < ā and set ϕj(x) =
∑∞

n=1(fn,j(x+ αj)− fn,j(x)), where

fn,j(x) =
q
(j)
n+1

(q
(j)
n )1+ā−ε

(1− cos 2πq(j)n x) for j = 1, . . . , d.

Let us consider the function ϕ : Td → R,

ϕ(x1, . . . , xd) = ϕ1(x1) + . . .+ ϕd(xd).
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For 1 ≤ j ≤ d set

F (j) =

∞⋂

n=1

q(j)n −1⋃

l=0


 l

q
(j)
n

+


− 1√

q
(j)
n q

(j)
n+1

,
1√

q
(j)
n q

(j)
n+1




 .

Theorem 11. The function ϕ : Td → R is of class C⌈ā−ε⌉ and

ϕ(m)(x1, . . . , xd) → +∞ as |m| → +∞
for each (x1, . . . , xd) ∈ F (1) × . . .× F (d).

Proof. For each integer m with |m| ≥ q
(d)
1 /4 there exist n ∈ N and 1 ≤ j ≤ d

such that 1
4q

(j−1)
n+1 ≤ |m| ≤ 1

4q
(j)
n+1. Note that if |m| → +∞ then n → +∞, so

(q
(j)
n )a ≥ 64Ca whenever |m| is large enough. From (33),

(q(j)n )a
d−1 ≤ 1

4
q
(j−1)
n+1 ≤ |m| ≤ 1

4
q
(j)
n+1.

By (34) and Lemma 10, for every (x1, . . . , xd) ∈ F (1) × . . .× F (d) we have

ϕ(m)(x1, . . . , xd) =

d∑

k=1

ϕ
(m)
k (xk) ≥ ϕ

(m)
j (xj)− (d− 1)K(a, ε)

≥ θ(Ca, d, a, ε)|m|ε/ad − dK(a, ε).

Consequently,

ϕ(m)(x1, . . . , xd) → +∞ as |m| → +∞.

�

Proposition 12. For every 1 ≤ j ≤ d we have dimH F
(j) ≥ 1

1+ad , in particular

dimH(F (1) × . . .× F (d)) ≥ d
1+ad

.

Proof. Fix 1 ≤ j ≤ d and we will write qn instead of q
(j)
n . Note that to calculate

the Hausdorff dimension of F (j) we can use the scheme presented at the beginning
of Section 6 and Remark 7 in which

a =
2

√
qnqn+1

, b =
2

√
qn−1qn

and h =
1

qn
.

Here

εn =
1

qn
− 2

√
qnqn+1

≥ 1

2qn
and mn ≥

2√
qn−1qn

4 1
qn

=

√
qn

2
√
qn−1

.

Thus

m1 . . .mn−1 ≥
√
qn−1

2n−1

and using (34)

mnεn ≥ 1

4
√
qn−1qn

≥ 1

4
√
Caq

1+ad

2
n−1

.

Moreover, qn+1 ≥ qa
d

n , and hence (reminding that q1 ≥ 4)

log qn ≥ log qa
d(n−1)

1 ≥ ad(n−1) log 4.

By Proposition 7, it follows that

dimH F
(j) ≥ lim inf

n→∞

1
2 log qn−1 − (n− 1) log 2

1+ad

2 log qn−1 + log 4 + log
√
Ca

=
1

1 + ad
.

Since
dimH(F (1) × . . .× F (d)) ≥ dimH F

(1) + . . .+ dimH F
(d),
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the proof is complete. �

Remark 11. For every d ≥ 3 in order to obtain the maximum of ā we have to choose
of a = 2(d− 1)/d. Then

ā =
2d

d

(
d− 1

d

)d−1

− 1 >
2d

ed
− 1.

In particular, for d = 3 we have ā = 8/3 ·(2/3)2 = 32/27 < 2, so we can only choose
ε > 0 so that ⌈ā− ε⌉ = 1. However, if d → +∞ then the degree of smoothness of
ϕ grows exponentially.

8. Differential equations and flows

Consider now a system of differential equations on Td × T× R

(35)

dx
dt = α
dz
dt = 1
dy
dt = f(x, z),

where α = (α1, . . . , αd) induces a minimal rotation T on Td and f : Td × T → R is
of class Cr for some r ≥ 0. Denote by (Φt)t∈R the corresponding flow on Td+1 ×R

Φt(x, z, y) =

(
x+ tα, z + t,

∫ t

0

f(x+ sα, z + s) ds

)
.

Then Td × {0} × R = Td × R is a global section for (Φt)t∈R and the Poincaré map
is given by the formula

(x, y) 7→ (x+ α, y + ϕ(x)),

where

(36) ϕ(x) =

∫ 1

0

f(x+ sα, s) ds,

and hence ϕ : Td → R is also of Cr class. Reciprocally, if ϕ : Td → R is of Cr class
then we can find f : Td×T → R which is of Cr class so that (36) holds (for example

f(x, z) = ϕ(x− zα)b(z) will do provided b : [0, 1] → R is smooth,
∫ 1

0
b(t) dt = 1 and

b|[0,η] = 0 = b|[1−η,1] for some 0 < η < 1/2).
Now the flow (Φt)t∈R is topologically the same as the suspension flow over Tϕ.

In particular, closed orbits of (Φt)t∈R which we may identify with closed orbits of
the suspension flow are in a natural correspondence with closed orbits of Tϕ. More
generally, each minimal subset for the suspension flow is of the form M × [0, 1)
where M ⊂ Td × R is a minimal subset for Tϕ. We will now make use of our
knowledge about properties of Tϕ to derive properties of (Φt)t∈R.

First of all, we note that (Φt)t∈R is never minimal. Then, note that

(37)

∫

Td

ϕ(x) dx =

∫

Td×T

f(x, z) dxdz,

so we should constantly assume that the latter integral vanishes; otherwise Td×T×R

is foliated into closed orbits of (Φt)t∈R (each orbit being homeomorphic to R). When
the integral vanishes and ϕ(x) = j(x) − j(Tx) for a continuous j : Td → R then
again Td × T × R is foliated into minimal components of (Φt)t∈R, however now
each minimal component is compact. This situation is equivalent to saying that
there exists an orbit of (Φt)t∈R which is relatively compact (and then all orbits are
relatively compact). Finally, if the integral (37) vanishes and no orbit of (Φt)t∈R

is relatively compact then (Φt)t∈R is topologically transitive, that is, there is a
dense orbit (and since it is not minimal there are orbits which are not dense). A
natural question arises to decide whether in the transitive and smooth (r ≥ 1) case
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closed orbits can exist. The answer is negative if d = 1 (in fact, for d = 1 the flow
corresponding to (35) has no minimal subset). We can now interpret the results of
Section 7 as the positive answer to the question in case d ≥ 3 (although with some
restriction on the degree of smoothness of the vector field in (35)).

8.1. Differential equations on R3. For any irrational number α > 0 let us con-
sider the system of differential equations on R3

x′ = −2πy + 2παxz

y′ = 2πx+ 2παyz

z′ = πα(1 − x2 − y2 + z2).

(38)

It is easily checked that ln((
√
x2 + y2 + 1)2 + z2) − ln((

√
x2 + y2 − 1)2 + z2) is a

first integral of (38). For a > 0 the set of (x, y, z) ∈ R3 satisfying

(39) (
√
x2 + y2 + 1)2 + z2 = a((

√
x2 + y2 − 1)2 + z2),

is a torus; indeed, by setting r =
√
x2 + y2, (39) is equivalent to

(
r − a+ 1

a− 1

)2

+ z2 =
4a

(a− 1)2
.

It follows that the corresponding family of tori establishes an invariant foliation of
R3 \ (S0 ∪R0), where

S0 = {(x, y, z) : x2 + y2 = 1, z = 0} and R0 = {(x, y, z) : x = y = 0}.
Moreover, the flow corresponding to (38) acts on each invariant torus as the linear
flow in the direction (α, 1) – we will see a relevant computation in a perturbed
situation in a while.

The aim of this section is to give (for every irrational α) a continuous pertur-
bation of (38) which completely destroys its integrable dynamics. We will show
that under some special continuous perturbation of (38) the resulting systems have
plenty of orbits which are dense, homoclinic and heteroclinic to limit cycles. The
class of considered perturbations is in the spirit of Chapter XIX in [17].

Let ψ : T2 → R be a continuous function. Set

ω(x, y, z) =
arg(x2 + y2 + z2 − 1− 2zi)

2π
and θ(x, y) =

arg(x+ yi)

2π

for every R3 \ (S0 ∪ R0) and denote by F : R3 \ (S0 ∪ R0) → R the continuous
function

F (x, y, z) = ln

√
(
√
x2 + y2 + 1)2 + z2

(
√
x2 + y2 − 1)2 + z2

· ψ (ω(x, y, z), θ(x, y)) .

We will deal with the perturbed differential equation

x′ = −2πy + 2παxz +
(1− x2 − y2 + z2)x

2
√
x2 + y2

F (x, y, z)

y′ = 2πx+ 2παyz +
(1− x2 − y2 + z2)y

2
√
x2 + y2

F (x, y, z)

z′ = πα(1 − x2 − y2 + z2)− z
√
x2 + y2F (x, y, z).

(40)

It is easily checked that the right hand side of (40) can be continuously extended

to R3 (indeed, since |1 − r2 + z2| ≤ 3
√
(r − 1)2 + z2 for |r − 1| and |z| sufficiently

small, (1 − r2 + z2) ln
√
(r − 1)2 + z2 → 0 as r → 1, z → 0 and therefore on

S0 ∪ R0 we come back to (38)), so the equation (40) is well defined on R3. The
existence and uniqueness of solutions (40) we will prove later by applying a change
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of coordinates (solutions are defined for all t ∈ R, except for the line R0). Denote
by (Ψt)t∈R the flow corresponding to (40). We have already noticed that x′ =
−2πy, y′ = 2πx, z′ = 0 on S0 and x′ = 0, y′ = 0, z′ = πα(1 + z2) on R0. Therefore
S0 is (Ψt)t∈R-invariant and Ψt(x, y, 0) = Ψt(x + iy, 0) = (e2πit(x + iy), 0) on S0.
Moreover, (Ψt)t∈R is a local flow on R0 and

Ψt(0, 0, z) = (0, 0, tan(παt+ arctan z)) for t ∈
(
− 1

2α
,
1

2α

)
− arctan z

πα
.

We will show that (Ψt)t∈R acts on R3 \ (S0 ∪ R0) indeed as a flow. We will use
a hyperbolic polar coordinates on the hyperbolic half-plane {(z, r) : r > 0, z ∈ R}
given by

z + ir 7→ i(z + ir) + 1

(z + ir) + i
= ie−e

s

e2πiω

together with the usual polar coordinates x = r cos 2πθ, y = r sin 2πθ. It results in
toral coordinates (ω, θ, s) ∈ T× T× R of R3 \ (S0 ∪R0) given by

x =

( −2(e−e
s

cos 2πω − 1)

(e−es sin 2πω)2 + (e−es cos 2πω − 1)2
− 1

)
cos 2πθ,

y =

( −2(e−e
s

cos 2πω − 1)

(e−es sin 2πω)2 + (e−es cos 2πω − 1)2
− 1

)
sin 2πθ,

z =
−2e−e

s

sin 2πω

(e−es sin 2πω)2 + (e−es cos 2πω − 1)2
.

Denote by Υ : T × T × R → R3 \ (S0 ∪ R0) the map establishing the change of
coordinates. The inverse change of coordinates is given by

2πω = arg(x2 + y2 + z2 − 1− 2zi),

2πθ = arg(x+ yi),

s = ln ln

√
(
√
x2 + y2 + 1)2 + z2

(
√
x2 + y2 − 1)2 + z2

;

indeed,

e−e
s

=

∣∣∣∣
i(z + ir) + 1

(z + ir) + i

∣∣∣∣ =
√

(r − 1)2 + z2

(r + 1)2 + z2
,

2πω = arg
z + i(r − 1)

z + (r + 1)
= arg(r2 + z2 − 1− 2zi).

Setting additionally u = es we have

x′ = −2πy + 2παxz +
(1− r2 + z2)x

2r
uψ (ω, θ) ,

y′ = 2πx+ 2παyz +
(1− r2 + z2)y

2r
uψ (ω, θ) ,

z′ = πα(1 − r2 + z2)− zruψ (ω, θ) .(41)

It follows that

(42) r′ =
xx′ + yy′

r
= 2παrz +

1− r2 + z2

2
uψ (ω, θ) ,

and

xy′ − yx′ = 2π(x2 + y2).
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Since x = r cos 2πθ, y = r sin 2πθ, we have

(43) 2πθ′ =
x

r

(y
r

)′
− y

r

(x
r

)′
=
xy′ − yx′

x2 + y2
= 2π.

Next note that

|x2 + y2 + z2 − 1− 2zi|2 = (r2 + z2 − 1)2 + (2z)2 = ((r + 1)2 + z2)((r − 1)2 + z2),

and hence

r2 + z2 − 1 =
√
((r + 1)2 + z2)((r − 1)2 + z2) cos 2πω,

−2z =
√
((r + 1)2 + z2)((r − 1)2 + z2) sin 2πω.

It follows that (similarly as in (43))

2πω′ =
(−2z)′(r2 + z2 − 1)− (r2 + z2 − 1)′(−2z)

((r + 1)2 + z2)((r − 1)2 + z2)
.

Moreover, by (41) and (42),

(r2 + z2 − 1)′2z − (2z)′(r2 + z2 − 1) = 2(2zrr′ + (1− r2 + z2)z′)

= 2πα(4z2r2 + (1 − r2 + z2)2) = 2πα((r + 1)2 + z2)((r − 1)2 + z2),

so 2πω′ = 2πα. Since u = 1
2

(
ln((r + 1)2 + z2)− ln((r − 1)2 + z2)

)
, we have

u′ =
r′(r + 1) + z′z

(r + 1)2 + z2
− r′(r − 1) + z′z

(r − 1)2 + z2
=

2(1− r2 + z2)r′ − 4rzz′

((r + 1)2 + z2)((r − 1)2 + z2)
.

Moreover, by (41) and (42),

2(1− r2 + z2)r′ − 4rzz′ =((z2 − r2 + 1)2 + 4(rz)2)uψ (ω, θ)

=((r + 1)2 + z2)((r − 1)2 + z2)uψ (ω, θ) ,

hence u′ = uψ (ω, θ). Therefore

s′ = u′/u = ψ (ω, θ) ,

hence in the new coordinates the differential equation (40) takes the form

ω′ = α, θ′ = 1, s′ = ψ (ω, θ)

and we return to the scheme from Section 8. Denote by (Φt)t∈R the corresponding
flow on T× T× R, then

Φt(ω, θ, s) = (ω + tα, θ + t, s+

∫ t

0

ψ(ω + τα, θ + τ)dτ).

Let α be an arbitrary irrational number and let ϕ : T → R stand for the function
constructed in Section 5. Choose a continuous function ψ : T2 → R for which

ϕ(ω) =
∫ 1

0
ψ(ω+ τα, τ)dτ . Assume that for (ω, θ, s) ∈ T×T×R we have ω−αθ ∈

Ds−+. Then ϕ(n)(ω − αθ) → +∞ as n→ +∞, so

sn : = s+

∫ n

0

ψ(ω + τα, θ + τ)dτ

= s+ ϕ(n)(ω − αθ) +

∫ θ

0

(ψ(ω + (τ + n− θ)α, τ) − ψ(ω + (τ − θ)α, τ)) dτ

→ +∞.

Note that if (x, y, z) = Υ(ω, θ, s) then

x+ iy =
1− e−2es

e−2es − 2e−es cos 2πω + 1
e2πiθ, z =

−2e−e
s

sin 2πω

e−2es − 2e−es cos 2πω + 1
.
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Since e−2esn → 0, setting ωn = ω + nα we obtain

Ψn(x, y, z) = Ψn ◦Υ(ω, θ, s) = Υ ◦ Φn(ω, θ, s) = Υ(ωn, θ + n, sn) = Υ(ωn, θ, sn)

=

(
(1 − e−2esn )e2πiθ

e−2esn − 2e−esn cos 2πωn + 1
,

−2e−e
sn

sin 2πωn
e−2esn − 2e−esn cos 2πωn + 1

)

→ (e2πiθ, 0) ∈ S0.

It follows that the ω–limit set of (x, y, z) is equal to S0.
Now assume that ω − αθ ∈ Ds−− and ω 6= 0. Then

sn : = s+

∫ n/α

0

ψ(ω + τα, θ + τ)dτ

= s+ ϕ(⌊θ+n/α⌋)(ω − αθ)

+

∫ {θ+n/α}

0

ψ (ω + (τ − θ + ⌊θ + n/α⌋)α, τ) dτ −
∫ θ

0

ψ (ω + (τ − θ)α, τ) dτ

→ −∞

as n→ +∞, so e−2esn → 1. Setting θn = θ + n/α we obtain

Ψn/α(x, y, z) = Υ ◦ Φn/α(ω, θ, s) = Υ(ω + n, θn, sn) = Υ(ω, θn, sn)

=

(
(1 − e−2esn )e2πiθn

e−2esn − 2e−esn cos 2πω + 1
,

−2e−e
sn

sin 2πω

e−2esn − 2e−esn cos 2πω + 1

)

→
(
0,

− sin 2πω

1− cos 2πω

)
= (0, tan(πω − π/2)) ∈ R0.

It follows that the ω–limit set of (x, y, z) is equal to R0.
Let A+ := S0 and A− := R0. Similar arguments to those above show that if

ω − αθ ∈ Ds−s+ then the α–limit set of (x, y, z) is As− . Recall that the set Ds−s+

is invariant under the rotation by α, so it is dense. Thus

{Υ(ω, θ, s) : (ω, θ, s) ∈ T× T× R, ω − αθ ∈ Ds−s+}
is dense in R3. Moreover, the Hausdorff dimension of this set is no smaller than
dimH Ds−s+ + 2. In view of Theorem 9 we have the following.

Theorem 13. For every irrational α there exists a continuous function ψ : T2 → R

such that the flow (Ψt)t∈R corresponding to (40) is transitive and for each s−, s+ ∈
{−,+} the set of points such that the ω–limit set is equal to As+ and the α–limit
set is equal to As− is dense. Moreover, for almost every α the Hausdorff dimension
of each such set is no smaller than 5/2.

8.2. Differential equations on S3. In this section we will deal with continuous
(or even Hölder continuous) perturbations of the completely integrable system z′1 =
iaz1, z

′
2 = ibz2 (a, b ∈ R \ {0}) on C × C ≃ R4. Let us consider the system of

differential equations

z′1 = iaz1 − F (z1, z2)z2

z′2 = ibz2 + F (z1, z2)z1,
(44)

where F : C × C → C is a continuous function R+-homogeneous of degree 1 on
each coordinate, i.e. F (t1z1, t2z2) = t1t2F (z1, z2) for all t1, t2 > 0, and such that
z1z2F (z1, z2) ∈ R. Denote by (Ψt)t∈R the associated flow on C×C. The existence
of (Ψt)t∈R will be shown as a byproduct. Note that |z1|2 + |z2|2 is a first integral
for (44). Indeed,

(45)
d

dt
|z1|2 = 2ℜz′1z1 = 2ℜ(ia|z1|2 − F (z1, z2)z1z2) = −2F (z1, z2)z1z2
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and

(46)
d

dt
|z2|2 = 2ℜz′2z2 = 2ℜ(ia|z2|2 + F (z1, z2)z1z2) = 2F (z1, z2)z1z2,

so d
dt(|z1|2 + |z2|2) = 1. Therefore,

S3 = {(z1, z2) ∈ C× C : |z1|2 + |z2|2 = 1}
is (Φt)–invariant and we confine ourselves to the study of (Ψt)t∈R on S3. Let us
consider

F̃ : C \ {0} × C \ {0} → R, F̃ (z1, z2) =
F (z1, z2)

z1z2
=
F (z1, z2)z1z2
|z1|2|z2|2

∈ R.

By assumptions, F̃ is continuous and F̃ (z1, z2) = F̃ (z1/|z1|, z2/|z2|). Let

ψ : T× T → R, ψ(ω, θ) = F̃ (e2πiω , e2πiθ),

so ψ is continuous. Moreover, note that each continuous function ψ : T × T → R

determines a continuous function F : C × C → C which is R+-homogeneous of
degree 1 on each coordinate and such that z1z2F (z1, z2) ∈ R as follows

F (z1, z2) = z1z2ψ(ω, θ) whenever z1 = |z1|e2πiω , z2 = |z2|e2πiθ.
If additionally ψ is γ-Hölder continuous then F : S3 → C is γ-Hölder continuous as
well (see Proposition 19 in Appendix C). Let

S1− := {(z1, z2) ∈ S3 : |z1| = 1, z2 = 0} and S1+ := {(z1, z2) ∈ S3 : z1 = 0, |z2| = 1}.
Observe that S1+, S1− are invariant sets and

Ψ(z1, 0) = (eiatz1, 0) and Ψ(0, z2) = (0, eibtz2).

Let us consider a new coordinates (ω, θ, s) ∈ T× T× R of S3 \ (S1+ ∪ S1−) given by

(z1, z2) = Υ(ω, θ, s) = (e2πiω cos arctan es, e2πiθ sin arctan es).

Then

e2πiω = z1/|z1|, e2πiθ = z2/|z2| and |z1| = cos arctan es, |z2| = sin arctan es.

Thus
|z2|
|z1|

=
sin arctan es

cos arctan es
= es,

so

s = ln |z2| − ln |z1| =
1

2
(ln |z2|2 − ln |z1|2).

By (45) and (46), it follows that

ds

dt
=

1

2

(
1

|z2|2
d

dt
|z2|2 −

1

|z1|2
d

dt
|z1|2

)
= F (z1, z2)z1z2

(
1

|z2|2
+

1

|z1|2
)

= F (z1, z2)
z1z2

|z1|2|z2|2
= F̃ (z1, z2) = F̃ (z1/|z1|, z2/|z2|) = ψ(ω, θ).

Moreover,

2πω′ = ℑz
′
1

z1
= ℑ iaz1 − F (z1, z2)z2

z1
= ℑ

(
ia− F (z1, z2)z1z2

|z1|2
)

= a,

2πθ′ = ℑz
′
2

z2
= ℑ ibz2 − F (z1, z2)z1

z2
= ℑ

(
ib+

F (z1, z2)z1z2
|z2|2

)
= b.

Hence if a = 2πα and b = 2π then in the new coordinates the differential equation
(44) on S3 \ (S1+ ∪ S1−) takes the form

ω′ = α, θ′ = 1, s′ = ψ (ω, θ) ,
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and we return to the scheme from Section 8 as well. Therefore if (z1, z2) =
Υ(ω, θ, s) ∈ S3 then Ψt(z1, z2) equals
(
e2πi(ω+tα) cos arctan es+

∫
t

0
ψ(ω+ατ,θ+τ)dτ , e2πi(θ+t) sin arctan es+

∫
t

0
ψ(ω+ατ,θ+τ)dτ

)
.

Recall that cos arctan es → 0 as s → +∞ and sin arctan es → 0 as s → −∞. It
follows that if

∫ t
0 ψ(ω + ατ, θ + τ)dτ → s+∞ as t → +∞, then the ω–limit set of

(z1, z2) is equal to S1s+ . Moreover, if
∫ t
0 ψ(ω + ατ, θ + τ)dτ → s−∞ as t → −∞,

then the α–limit set of (z1, z2) is equal to S1s− .
Now as a consequence of results from Sections 2-6 we have the following theorem

which demonstrates possible coexistence of different behaviours for solutions of (44).

Theorem 14. For every irrational α there exists a continuous function F : S3 → R

such that the corresponding flow (Ψt)t∈R on S3 is transitive and for each s−, s+ ∈
{−,+} the set HCs−s+ of points such that the ω–limit set is equal to S1s+ and the

α–limit set is equal to S1s− is dense. If α ∈ DC(a) for some a ≥ 1 then for every

0 < γ < 1/((1 + a)a) the function F can be chosen γ-Hölder continuous.
Moreover, for almost every α the Hausdorff dimension of each set HCs−s+ is no

smaller than 5/2.

Appendix A. Open problems

If a continuous function ϕ : T → R with zero mean has bounded variation
then the uniform Denjoy-Koksma inequality holds, i.e. |ϕ(qn)(x)| ≤ Varϕ for all
x ∈ T, and as we have already noticed, this implies the absence of discrete orbits
for Tϕ. Now assume that ϕ : T → R is continuous and it satisfies only ϕ̂(n) =
O(1/|n|). As it has been proved in [2], ϕ fulfills an L2–Denjoy-Koksma inequality,
in particular the sequence (ϕ(qn))n∈N is bounded in L2(T). However, we are not
aware of any direct argument based on the L2–Denjoy-Koksma inequality which
shows the absence of discrete orbits.

Problem 1. Does there exist an irrational rotation Tx = x + α and a continuous
function ϕ : T → R with ϕ̂(n) = O(1/|n|) such that the cylindrical transformation
Tϕ is Besicovitch?

In Section 3, for α satisfying a Diophantine condition we have constructed a
γ–Hölder continuous function ϕ : T → R such that the corresponding cylindrical
transformation is Besicovitch. However γ was smaller than 1/2.

Problem 2. Does there exist a γ–Hölder continuous function ϕ : T → R with γ ≥
1/2 such that Tϕ is Besicovitch? Can we construct Hölder continuous Besicovitch
cylindrical transformations over “very” Liouville rotations, i.e. when we assume that
the sequence of denominators (qn) increases very rapidly?

We estimated from below the Hausdorff dimension of the sets Ds−s+(α, ϕ) by
estimating from below the Hausdorff dimension of a subset F s−s+ . However, under
the condition (29), the Hausdorff dimension of the latter set is not bigger than 1/2.

Problem 3. Is 1/2 an upper bound for the Hausdorff dimension of D(α, ϕ) or can
we find α and ϕ so that dimH(D(α, ϕ)) > 1/2? Is there any relationship between
dimH D(α, ϕ) and the Hölder exponent of ϕ or the type of α while estimating the
Hausdorff dimension from above?

It would be also interesting to decide whether there can exist a Besicovitch
transformation in the most extremal sense of the definition.

Problem 4. Does there exist a cylindrical transformation which is Besicovitch and
such that each orbit is either dense or discrete?
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There are some natural questions concerning smooth Besicovitch cylindrical
transformations (the problem below being only a sample).

Problem 5. Does there exist a C∞ (or even analytic) Besicovitch cylindrical trans-
formation over a minimal rotation on higher dimensional tori?

Notice that in the present paper we did not decide whether a C1 Besicovitch trans-
formation exists over a two-dimensional minimal rotation.

Remark 12. Note that we can view points whose orbits are discrete as special
points which are not recurrent. The results of this paper can hence be seen as a
contribution toward a better understanding of the problem how big the set of non-
recurrent points can be, both in the compact (as in Section 8.2) or non-compact
case.

Remark 13. We have not been able to decide whether or not constructions from
Sections 2–7 lead to ergodic cocycles. Notice however that the cocycle ϕ : T → R

from Section 4 is a measurable coboundary. Indeed, ‖fk −Mk‖L1 ≤ 2qkδkMk ≤
2 log qk
qk+1

, so the serious f =
∑∞

k=1(fk−Mk) converges in L1, and hence ϕ(x) = f(x+

α)− f(x) for a.e. x ∈ T. Moreover, some further modifications of the construction
from Section 5 lead also to cocycles which are measurable coboundaries.

Appendix B. Minimality of rotations on tori

Set A = 16, B = ⌈4aA⌉ and C = 2B. Let S =
(
(A

(j)
n , B

(j)
n )
)
n≥1,1≤j≤d

be a

sequence such that (A
(j)
n , B

(j)
n ) is equal to (4, C) or (A,B). Denote by C(a, S) the

set of all (α1, . . . , αd) ∈ Td such that

(47) A(j)
n (q(j−1)

n )a ≤ q(j)n ≤ B(j)
n (q(j−1)

n )a for all n ≥ 1, 1 ≤ j ≤ d,

with the notation q
(0)
n = q

(d)
n−1. For every subset U ⊂ {1, . . . , d} denote by SU the

sequence
(
(Ã

(j)
n , B̃

(j)
n )
)
n≥1,1≤j≤d

such that

(Ã(j)
n , B̃(j)

n ) =

{
(4, C) if j ∈ U

(A
(j)
n , B

(j)
n ) if j /∈ U.

Let S be the constant sequence with (A
(j)
n , B

(j)
n ) = (A,B). Then C(a, S{1,...,d}) =

C(a).

Lemma 15. The set C(a, S) ⊂ Td uncountable.

Proof. Let [0; a
(j)
1 , a

(j)
2 , . . .] stand for the continued fraction expansion of αj for

j = 1, . . . , d. We will use the notation a
(0)
n := a

(d)
n−1. We will construct sequences

of partial quotients (a
(j)
n )∞n=1, j = 1, . . . , d inductively. In the first step choose any

natural A ≤ a
(1)
1 ≤ B. Then q

(1)
1 = a

(1)
1 fulfills (47) for (n, j) = (1, 1). In the

inductive step suppose that for a pair of natural numbers (n, l) with 1 ≤ l ≤ d all

partial quotients a
(j)
k for k < n, 1 ≤ j ≤ d, and a

(j)
n for 0 ≤ j < l are already chosen

so that the corresponding denominators satisfy the following inequalities

(48) A(q
(j−1)
k )a ≤ q

(j)
k ≤ B(q

(j−1)
k )a

for all pairs (k, j) such that 1 ≤ k < n, 1 ≤ j ≤ d or k = n, 1 ≤ j < l. Now we can

choose a
(l)
n ∈ N so that

(49) A(q(l−1)
n )a ≤ a(l)n q

(l)
n−1 + q

(l)
n−2 ≤ B(q(l−1)

n )a.
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Indeed, by (48), q
(l)
n−2 ≤ q

(l)
n−1 ≤ q

(l−1)
n /A ≤ (q

(l−1)
n )a/16, so we can find at least two

numbers a
(l)
n satisfying (49). Since there are at least two choices for a

(l)
n at each

step of the construction, the set C(a, S) is uncountable. �

Lemma 16. Fix 1 ≤ l ≤ d and let S =
(
(A

(j)
n , B

(j)
n )
)
n≥1,1≤j≤d

be a sequence such

that (A
(l)
n , B

(l)
n ) = (A,B) for n ≥ 1. If α = (α1, . . . , αd) ∈ C(a, S) then the set

{α ∈ T : (α1, . . . , αl−1, α, αl+1, . . . , αd) ∈ C(a, S{l})}
is uncountable.

Proof. By assumption, for each n ≥ 1

(50) A(q(l−1)
n )a ≤ q(l)n ≤ B(q(l−1)

n )a,

A(l+1)
n (q(l)n )a ≤ q(l+1)

n ≤ B(l+1)
n (q(l)n )a,

and hence, by the latter inequality,

(51)
(q

(l+1)
n )1/a

(B
(l+1)
n )1/a

≤ q(l)n ≤ (q
(l+1)
n )1/a

(A
(l+1)
n )1/a

.

Let

In :=

[
max

(
4(q(l−1)

n )a,
(q

(l+1)
n )1/a

(B
(l+1)
n )1/a

)
,min

(
C(q(l−1)

n )a,
(q

(l+1)
n )1/a

(A
(l+1)
n )1/a

)]
.

By the definition of A,B,C and (50), (51), we have

C(q(l−1)
n )a − 4(q(l−1)

n )a ≥ 3q(l−1)
n ,

(q
(l+1)
n )1/a

(A
(l+1)
n )1/a

− (q
(l+1)
n )1/a

(B
(l+1)
n )1/a

=
(q

(l+1)
n )1/a

(A
(l+1)
n )1/a

(
1− (A

(l+1)
n )1/a

(B
(l+1)
n )1/a

)

≥ q(l)n (1− (A/B)1/a) ≥ 3

4
q(l)n ,

(q
(l+1)
n )1/a

(A
(l+1)
n )1/a

− 4(q(l−1)
n )a ≥ q(l)n (1− 4/A) =

3

4
q(l)n ,

C(q(l−1)
n )a − (q

(l+1)
n )1/a

(B
(l+1)
n )1/a

≥ q(l)n (C/B − 1) = q(l)n .

Since q
(l−1)
n ≥ q

(l+1)
n−1 and q

(l)
n ≥ 4q

(l+1)
n−1 , it follows that |In| ≥ 3q

(l+1)
n−1 .

Now we construct an irrational number α = [0; a1, a2, . . .] so that

(α1, . . . , αl−1, α, αl+1, . . . , αd) ∈ C(a, S{l}).

We construct the sequence (an) of partial quotients of α inductively. Since |I1| ≥
3q

(l+1)
0 = 3, we can choose a1 ∈ I1. As q1 = a1 ∈ I1, we have

4(q
(l−1)
1 )a ≤ q1 ≤ C(q

(l−1)
1 )a, A

(l+1)
1 qa1 ≤ q

(l+1)
1 ≤ B

(l+1)
1 qa1 .

In the n–th step suppose that a1, . . . , an−1 are already selected so that

4(q
(l−1)
k )a ≤ qk ≤ C(q

(l−1)
k )a, A

(l+1)
k qak ≤ q

(l+1)
k ≤ B

(l+1)
k qak

for 1 ≤ k < n. It follows that

|In| ≥ 3q
(l+1)
n−1 ≥ 3qn−1.

Therefore there are at least two natural numbers an such that anqn−1 + qn−2 ∈ In.
Thus

4(q(l−1)
n )a ≤ qn ≤ C(q(l−1)

n )a, A(l+1)
n qan ≤ q(l+1)

n ≤ B(l+1)
n qan.
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It follows that for each α constructed in this way we have

(α1, . . . , αl−1, α, αl+1, . . . , αd) ∈ C(a, S{l}).

Moreover, there are at least two choices for an at each step of the construction, so
the set C(a, S{l}) is uncountable. �

Theorem 17. There are uncountably many α = (α1, . . . , αd) ∈ C(a) such that
α1, . . . , αd, 1 are independent over Q.

Proof. For each l = 1, . . . , d set

Zd,l = {m = (m1, . . . ,md) ∈ Zd : ml 6= 0,mj = 0 for all l < j ≤ d}.
Let (α[l])dl=0 be a sequence in Td defined inductively as follows:

(i) α[0] ∈ C(a, S);

(ii) for each 1 ≤ l ≤ d let α[l] be an element of C(a, S{1,...,l}) such that α[l]j =
α[l − 1]j for all j 6= l and 〈m,α[l]〉 /∈ Z for all m ∈ Zd,l.

The existence of α[0] follows directly from Lemma 15. The existence of uncountably

many α[l] follows from Lemma 16 applied to α = α[l − 1] and S = S{1,...,l−1}.
Let α = (α1, . . . , αd) := α[d]. Then α1, . . . , αd, 1 are rationally independent.

Indeed, let m ∈ Zd be a nonzero vector and let l be the largest index for which
ml 6= 0. Then 〈m,α[d]〉 = 〈m,α[l]〉. Since m ∈ Zd,l, we conclude that 〈m,α〉 =
〈m,α[d]〉 = 〈m,α[l]〉 /∈ Z. Moreover,

(α1, . . . , αd) = α[d] ∈ C(a, S{1,...,d}) = C(a).

At each step of the construction we had uncountably many choices, so the set of
constructed vectors α is uncountable as well. �

Appendix C. Hölder continuity

Let f : T → R be a continuous function. Set D = {z ∈ C : |z| ≤ 1}. Denote by

f̂ : D → C the continuous function given by f̂(z) = zf(ω) whenever z = |z|e2πiω.

Lemma 18. Suppose f is a γ-Hölder continuous function (0 < γ ≤ 1) with |f(ω)−
f(ω′)| ≤M‖ω−ω′‖γ. Then f̂ is γ-Hölder continuous and |f̂(z)−f̂(z′)| ≤ 2(‖f‖C0+
M)|z − z′|γ .

Proof. Set C = ‖f‖C0. Note that for all z = |z|e2πiω, z′ = |z′|e2πiω′

we have

|z − z′|2 = |z|2 + |z′|2 − 2ℜzz′ = (|z| − |z′|)2 + 2|z||z′|ℜ(1− e2πi(ω−ω
′))

= (|z| − |z′|)2 + 4|z||z′| sin2(π‖ω − ω′‖) ≥ 4|z||z′| sin2(π‖ω − ω′‖).
In view of (15), it follows that

(52) |z − z′| ≥ 4
√
|z||z′|‖ω − ω′‖.

Suppose that |z| ≤ |z′|, then |z| ≤
√
|z||z′|, and hence

|f̂(z)− f̂(z′)| = |zf(ω)− z′f(ω′)| ≤ |z − z′||f(ω′)|+ |z||f(ω)− f(ω′)|
≤ C|z − z′|+M

√
|z||z′|‖ω − ω′‖γ .

Since z, z′ ∈ D, we have |z − z′| ≤ 21−γ |z − z′|γ and
√
|z||z′| ≤

√
|z||z′|γ , so

|f̂(z)− f̂(z′)| ≤ C21−γ |z − z′|γ +M
√
|z||z′|γ‖ω − ω′‖γ

≤ (21−γC +M)
(
|z − z′|+

√
|z||z′|‖ω − ω′‖

)γ
.

In view of (52), it follows that

|f̂(z)− f̂(z′)| ≤ (21−γC +M)2γ |z − z′|γ ≤ 2(C +M)|z − z′|γ .
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Let ψ : T × T → R be a continuous function. Denote by F : D × D → C the
function given by F (z1, z2) = z1z2ψ(ω, θ) whenever z1 = |z1|e2πiω, z2 = |z2|e2πiθ.
Proposition 19. If ψ is γ-Hölder continuous for some 0 < γ ≤ 1 then F is
γ-Hölder continuous.

Proof. Let C = ‖ψ‖C0 and let M ≥ 0 be such that |ψ(ω, θ)− ψ(ω′, θ′)| ≤M(‖ω −
ω′‖ + ‖θ − θ′‖)γ . If z1 = |z1|e2πiω, z2 = |z2|e2πiθ, z′1 = |z′1|e2πiω

′

, z′2 = |z′2|e2πiθ
′

then, by Lemma 18,

|z1ψ(ω, θ′)− z′1ψ(ω
′, θ′)| ≤ 2(C +M)|z1 − z′1|γ , uniformly in θ′

|z2ψ(ω, θ)− z′2ψ(ω, θ
′)| ≤ 2(C +M)|z2 − z′2|γ , uniformly in ω.

Moreover,

|F (z1, z2)− F (z′1, z
′
2)| = |z1z2ψ(ω, θ)− z′1z

′
2ψ(ω

′, θ′)|
≤ |z′2||z1ψ(ω, θ′)− z′1ψ(ω

′, θ′)|+ |z1||z2ψ(ω, θ)− z′2ψ(ω, θ
′)|

≤ |z1ψ(ω, θ′)− z′1ψ(ω
′, θ′)|+ |z2ψ(ω, θ)− z′2ψ(ω, θ

′)|
≤ 2(C +M) (|z1 − z′1|γ + |z2 − z′2|γ) ≤ 4(C +M) (|z1 − z′1|+ |z2 − z′2|)

γ
.

�
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