MIXING AUTOMORPHISMS WHICH ARE MARKOV
QUASI-EQUIVALENT BUT NOT WEAKLY
ISOMORPHIC
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ABSTRACT. Using Gaussian cocycles over a mixing Gaussian au-
tomorphism 7', we construct two mixing extensions of 7" which are
Markov quasi-equivalent and are not weakly isomorphic.

1. INTRODUCTION

Assume that (X, B, i) is a probability standard Borel space and let
T be its automorphism. Then 7" induces a unitary Koopman operator
Ur acting on L?(X, B, i) by the formula Urf = foT. Note that Uy is
an example of a Markov operator (i.e. of a continuous linear operator
between L2-spaces, doubly stochastic and preserving the cone of non-
negative functions.

In [12], Vershik introduced the concept of Markov quasi-equivalence
(MQ-equiv.) between automorphisms, namely, if 7; is an automor-
phism of (X, B;, i;), i = 1,2, then T7 and Ty are said to be MQ-equiv.
if there are Markov operators

D : LQ(Xl,Bl,M1> — LQ(XQaBQMUQ)a
v . L2(X2,BQ7,UQ) — LZ(X17817/’1’1)

both with dense range and satisfying
SoUp =Upo®, VYoUp =UpoW.

The concept of MQ-equiv. is closely related to the notion of joinings
and we refer the reader to [2] and [I2] for more information on this
subject.

We recall also that the MQ-equiv. is related to classical notions equiv-
alence in the theory of dynamical systems in the following manner:

[somorphism = Weak isomorphism

(1)

= MQ-equiv. = Spectral isomorphism.
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Vershik in [12], asked whether MQ-equiv. implies weak isomorphism,
and the negative answer was given in [2]. It follows that in (1)) no re-
versed implication holds. The constructions in [2] yield ergodic auto-
morphisms, but since some ideas from [3] are used, the automorphisms
considered in [2] are extensions of discrete spectrum automorphisms,
in particular they are not weakly mixing.

The aim of the present note is to extend the main result from [2] and
provide mixing automorphisms which are MQ-equiv. but not weakly
isomorphic. We will use a theory of so called GAG automorphisms
developed in [5] (for the general theory of Gaussian automorphisms we
refer the reader to [1]) and use Gaussian cocycles [4].

2. GAUSSIAN AUTOMORPHISMS AND (GAUSSIAN COCYCLES

We will recall now necessary facts from [4] and [5] needed for the
sequel.

Assume that o is a finite continuous symmetric Borel measure on
T := {2z € C: |z| = 1}. Then, on the space X, = R? endowed
with the natural Borel structure there exists a probability measure u,
(called a Gaussian measure) such that the process (P, ) ez defined by

P,:X,—R, P(w)=w, for neZ

is a real stationary centered Gaussian process whose spectral measure
is o, i.e.

o(n) = /z" do(z) = / P,Pydu, forall ne€Z.
T X,

If we denote by T, the shift transformation on X, then the automor-
phism T, : (X, o) — (X, i) is a (standard) Gaussian automor-
phism with the real Gaussian space

H, =span{P, = PyoT": n € Z} C L*( Xy, j1s)-

The space H, corresponds to the subspace %, of L*(T, o) consisting
of functions g satisfying g(Z) = g¢(z). In this representation, the ac-
tion of Ur, on H, is given by V(g)(z) = zg(z), while the variable P,
corresponds to the constant function 1 = 1p. If g € J,(~ H,) is of
modulus 1 (a.e.), then it determines a unitary operator W on L*(T, o)
acting by the formula W (f)(z) = g(z)f(z). Moreover, WoV = VolV.
Then, there is a unique extension of W to a unitary operator Ug on
L*(X,, pto), where S : (X, pty) — (Xo, fty) and S belongs to the Gauss-
ian centralizer CY9(T,) of T, (i.e. the set of all elements of centralizer
C(T,) which preserve the Gaussian space). Because of the continuity
of o, T, is ergodic, in fact, weakly mixing.

Following [5], T}, is called GAG (or ¢ is a GAG measure) if for each
T, x T,-invariant and ergodic measure p on R” x R” with marginals /i,
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we have all non-zero variables (w,w’) — Q(w) + Q' (w’) Gaussian when-
ever , Q" € H,. All Gaussian automorphisms with simple spectrum
are GAG (see [0]).

For the theory of cocycles we refer the reader to [10]. Fix T, and let
G be a second countable locally compact Abelian group. Then each
measurable f : X, — G is called a cocycle. Such a cocycle is said to be
a coboundary if the equation f = j — j o T, has a measurable solution
Jj: Xo — G (because of ergodicity of T, j is unique up to a constant).
Given a cocycle f : X, — G we can define the corresponding group
extension Ty on (X, x G, p, ® A¢) (with A\¢ a Haar measure on G) by
setting

Ty(z,9) = (Tz, f(x) + g).
Each variable Q) € H, is called a (real) Gaussian cocycle. A Gaussian
cocycle @ is called a Gaussian coboundary if it is a coboundary with
j € H, E| The following result has been proved in [4]:

Proposition 1 ([4]). Assume that Q € H,. Then the following condi-
tions are equivalent:

(i) @ : Xy — R is a coboundary;
(ii) @ : Xy — R is a Gaussian coboundary;
(iii) e*™?: X, — T is a coboundary;
(iv) there exists |c| = 1 such that e*™Q = c- £/ET for some measur-
able ¢+ X, — T.

We will need the following properties of o:

1
2 — ¢ L’ -
2) Lo rmof
(3) T, is mixing GAG.

We describe how the two properties can be achieved. We start with T,
an arbitrary mixing GAG (for example simple spectrum mixing Gauss-
ian) [5], then we translate the spectral measure 7 so that 1 belongs to
the topological support of the translation and then symmetrize the
measure to obtain a GAG measure oy (see Proposition 11 in [5]) with 1
in the topological support, and still 7, is mixing. In view of Lemma 5
[4] there is 0 # h € 7, so that h is not an L*(T,o;)-coboundary and
finally take o = |h|?0; < o1. Then 1 is not an L*(T, c)-coboundary,
which yields . Since 0 < o1, T, is both GAG and mixing.

3. COALESCENCE OF TWO-SIDED COCYCLE EXTENSIONS

Let us fix T' =T, a standard Gaussian automorphism which is GAG
(and are assumed to hold); its process representation is denoted

INote that it means that if f € %, corresponds to Q, then f(z) = £(z) —
V(€)(z) = £(2)(1 — 2) for some & € L?(T,0); equivalently f(2)/(1 — z) € L*(T, o).

2This is equivalent to saying that 1t is not an L?(T,o)-coboundary, or that Py
is not a Gaussian coboundary.
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by (P,)nez and the Gaussian space H, = span{P, : n € Z}. Set
f = P. Asin [4], fix @ which is a transcendental complex number of
modulus 1 and define W € U(L*(T, o)) by setting (W3)(z) = g(2)j(2),
where g(z) = « on the upper half of the circle and ¢g(z) = @ otherwise.
This isometry extends in a unique way to S € C9(T"). We will consider
now a class of automorphisms which are group extensions of T' given
by cocycles taking values in T%:

(4) T..,i_l,io,il,... = T..,exp(ZwifoSLl ),exp(27i foS%0),exp(2mifoSi1),...

In view of [3] and [4] have the following;:

the automorphism is ergodic for arbitrary sequence
of integers (ix)rez, provided that iy # i; whenever k # .
Recall also that in [4] the following has been proved: for all U € C9(T),
7€ H,, ny,...,ng,r € Z and pairwise distinct integers pi,...,p;
ifngfoSP+---4+nfoSP—foS oU=j5j—j50T
(6) then t =1 and n; = £1.

Indeed (the argument from [4]), we rewrite the above as

ni(g(2)" + -+ +mu(g(2)” = (9(2))"u(z) = k(2)(1 - 2),

where u € 4, is of modulus 1 (and k € ). If we put Q(z) =
nzPt -+ me2Pt and [(z2) = Q(g(2)) — (9(2))"u(z) then

2)| > 1Qg(2)| = 1] = ||Q(a)] = 1| forall zeT.

Suppose that t > 2 or ¢t = 1 with |ny| # 1. Since « is transcendental,
the modulus of @Q(«) cannot be equal to 1. Therefore there is a constant
A > 0 such that |I(z)] > A (c—a.e.). Consequently, the function z
1/(1 — z) = k(z)/l(z) is in . Once more we obtain that Fy is a
coboundary.

Proposition 2. Assume that i = (ix)rez i a strictly increasing se-
quence of integer numbers. If (ix)kez is an arithmetic sequence, i.e. the
sequence (k41 — i) kez 1S constant, then T; = T i o, 15 coalescent,
that is, each endomorphism commuting with T; is invertible.

Proof. In view of (9)), T5 is ergodic. Since T is GAG, it is a canonical
factor of its group extensmn 5], therefore if U € C(T5) then
U = Uéﬂ)? Ug,v(.ilﬁ,g) = (Ux,v(g) ) f(.T)),

where U € C9(T), ¢ : X, — T% is measurable and v : TZ — TZ is a
continuous algebraic epimorphism (see [7], [8]). Moreover, vot)/iolU =
£/€ o T, where

Y =(...,exp(2mif o S"), exp(27if 0 S), exp(2mwif o S™),...).
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Using Proposition[IJand the form of v we obtain that on each coordinate
r € Z we must have

mfoSm 4...4nfoSn —foSrolU=j,—j,0T

withny,...,n; € Z, 3, € H,. By (6)), it follows that ¢ = 1 and n; = +1.
Therefore, v((zr)rez) = ((’Z?(:))”E(]%’ where 7w : Z — Z and m, = *£1
for r € Z, whence

myf oS — foSrolU =4, —j,oT.
Since S,U € C9(T), it follows that

m,f o S~ — f o U = cob.

and for r # s we obtain that

myf o S~ —m f o S = cob.

However, because of ergodicity of T'_; , j; j,,... for any choice of sequence
(jx) of distinct integer numbers (see ([5))) we must have

ir(ry — i = const and m, = const.

Since the sequence (ix)rez is arithmetic, it follows that 7 is a permu-

tation (translation on Z). Therefore, v is invertible, hence U = U, is
invertible and the result follows. ©

Similar arguments to those above apply to show the following crite-
rion for the isomorphism of skew products of the form 7.

Proposition 3. Given two strictly increasing sequences i = (iy)rez
and j = (jr)rez of integers, the two automorphisms T; and T; are
tsomorphic if and only if there exists m € Z and a permutation m :
7 — 7 such that j(xy —ix = m for all k € Z.

As an application, consider two extensions T, i = (...,—1,0,1,2,...)
and T3, j = (...,—1,0,2,3,...). They are not isomorphic. Indeed,
otherwise there exists m € Z and a permutation 7 : Z — 7Z such that
Jrk) = m+1, = m+k for all £ € Z. Therefore, jr(—m+1) = 1, which is
a contradiction.

Remark 1. It has been already noticed in [§] that whenever an au-
tomorphism R is coalescent and R is weakly isomorphic to R’ then R
is isomorphic to R'. By Proposition [2, T' _; 12, is coalescent. It
follows that T' _1010,.. and T' _j 23 . are not weakly isomorphic as
well.

Remark 2. Note that not every ergodic automorphism 7" _; | ;... iS
coalescent. For example, the non-invertible map

0
(z,2) = (S22, ..., 2 1, 20, 22, 23, 245 - . .)

is an element of the centralizer of ' _s 4 _20123,..-
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4. MAIN RESULT

Let T be an ergodic automorphism of (X, B, u). We take ¢ : X — T
so that the group extension T, is ergodic. Then assume that we can
find S acting on (X, B, u), SoT =T oS (that is, S € C(T)), such that
if we set G = T? and define

0
v X =G () = (08T ), (), p(S), p(S7), - . )
then T, is ergodic as well. Put now 7} = T}, and let us take a factor

T, of T obtained by “forgetting” the first T-coordinate. In other words
on (X x T%,  ® Apz) we consider two automorphisms

0
Ti(z,2) = (Tx,..., 21 - (S '2), 20 - (), 21 - p(ST), 20 - p(S*x), .. ),

0
T2<J;7§) = (Tl', ceey Rl QO(S_I.T),ZO ’ (P($),Zl ’ ¢(S2I)7Z2 ’ (,O(S3I'), e ')7

0
where z = (...,2_1, 20, 21, 29, ...). For n € Z define I,, : X x TZ —

X x T? by setting

In($,§) = (Snl’7 <oy Rn—1, 2’9”’ Zn42y Ant3s - - )
Then I, is measure-preserving and I, o Ty = T, o I,,. Therefore
(7) Ur, o Uy, = Up, o Ur,

with Uy, being an isometry (which is not onto) and

Ur Fx,2) :/F(S”:U,...,zon,...,%,z,zl,...)dz.
T

Denote by Iy(Z) the subspace of [*(Z) of complex sequences T =
(@n)nez such that {n € Z: z, # 0} is finite.

Proposition 4 ([2]). There exists a nonnegative sequence a=(an)nez €
I*(Z) such thaty", ,a, =1 and

(8)  for every & = (wy)nez € *(Z) if a* T € Iy(Z) then T = 0.

Let a= (an)nez € I*(Z) be a nonnegative sequence such that >, a, =
1 and (8) holds. Let .J : L2(X x T% pu @ Az) — LA(X x T, 11 & Apz)
stand for the Markov operator defined by

J = ZCL”U]n.

ne’l

In view of (7)), J intertwines Uz, and Ur,.

Denote by Fin = Z%®% which is naturally identified with the dual of
TZ. Let us consider the following two operations on Fin. For A =
(As)sez € Fin (only finitely many As # 0) we set

o A, = A, if s<0
A= (A)sez =4 A, =A,, if s>1
A1:O
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and given B = (By)sez € Fiin such that B; = 0 we put
~ = B,=B, if s<0
B = (BS>S€Z = ~ . B
B, = By, if s>0.

Of course,

~

ZZ =A and B=B.
For A = (As)sez € Fin and n € Z let

A+n=((A+n)s)sez,
where (A +n)s = As_, for s € Z. We have

o~

9) (ﬁ n n) — A=A, =0.
n+1
Assume that B = (Bs)sez € Fin and B, 41 = 0; then the element

(10) B —n is the unique element C' € Fin such that C +n = B.

Let ~ stand for the equivalence relation in F'in defined by A ~ B if
A = B+n for some n € Z. Denote by F'ing a fundamental domain for
this relation.

Lemma 5 (cf. [2]). J has trivial kernel.
Proof. Each F € L*(X x TZ, 4t ® Az) can be written as

2)= > falx)A(z

A€Fin
where
A(z) = Myezzs whenever A = (A,)sez and fa € L*(X, p).
Note that D i, ||f,4||L2 (X0 ||F||L2(XX11,Z JEAs . Since

Ur, (fa® A)(z,2) = (fa® A) (In(,2)) = fA( S"x)(A +n)(2),

we have
=3 N aufalS" ) (A +n)(2).

neZ AeFin
By @, (/Al + n)py1 = 0, so by changing “the index": substituting

A+n=:Band using 1' (from which it follows that A = E\—/n) we
obtain

JF(z,2) Z Z anfz— (S"x)B Z FB

BeFinn€Z,Bp+1=0 BeFin
where Fp(z) = Y nez.Byi1=0 nf5=,(S"x). For every B € Fing and
r € X we define £8(x) = (£8(x))nez by setting

o f5=(S"z) if Bui=0
an(x)_{ " if Bni;«é().



8 K. FRACZEK, A. PIEKNIEWSKA, AND D. SKRENTY
Therefore, for k € Z
Fpn(e) = Z anf i (")

nGZ,(B+k)n+1 =0

=Yy (SIS )

nGZ,B<n,k)+1=0
= D an&,(8"0) = [ax (67(8"2)) .

neZ
Suppose that J(F) = 0. It follows that for all £ € Z and B € Fing we
have [a * (£8(S%2))]x = Fpir(z) = 0 for prae. x € X, whence a.s. we
also have [a * (SB ) r = 0. Letting k£ run through Z we obtain that
ax (£8(z)) =0 for pra.e. z € X. On the other hand £7(z) € 1?(Z) for
almost every x € X. In view of , £B(z) = 0 for every B € Fing and

for a.e. z € X, hence f; = 0 for every A € Fiin with A; = 0. It follows
that f4 = 0 for every A € Fiin, consequently F' = 0. O

Lemma 6 (cf. [2]). J* has trivial kernel.

Proof. Let
2)= ) fal@Az)

A€eFin
Then
n n+l n+2

Ul*n(fA®A)(:E,g):fA(S_”x)/TA(...,z_n,...,zo, Z 21 ,...)dz.

It follows that

Ur (fa® A) (2, 2) = { 4 A(SnxéA e ii ;14”:11 2 g

It follows that

JF(z,2) = Z Z aan(57n$)m(§)

AeFinn€Z,An+1=0

= S S S (ST B2)

BeFin neZ

= Y D anfara(ST0)A(2).

A€Fin,A1=0 neZ
Furthermore,

FF@z) = Y 3 Y aufan(ST0)A k(2)

A€Fing ke€Z,(A—k)1=0 neZ

= Y Y (xS ) kA — k()

A€Fing keZ,(A—k)1=0

where (4(z) = (¢ (2))1ez is given by (*(z) = fa_i(S'z).
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Suppose that J*(F) = 0. It follows that [a * (4(S~*x)], = 0 for
every A € Fing and k € Z with A;y; = 0 and for a.e. x € X. Hence
ax (¢*(x)) € lo(Z) for p-a.e. z € X (the only possibly non-zero terms
of the convolved sequence have indices belonging to {s € Z : (A—1), #
0}). Since (*(z) € I*(Z), in view of (8)), ¢(*(z) =0 for every A € Finy
and for p-a.e. x € X. Thus fu = 0 for all A € Fin and consequently
F=0 o1

Theorem 7. Automorphisms T _1012,.. and T _1023,.. are mizing
and Markov quasi-equivalent but are not weakly isomorphic.

Proof. By assumption , T is mixing. In view of both its skew
product extensions 1" 1012, and T _;923 . are ergodic, hence they
are also mixing. By Lemmas [f] and [0, there exists an operator with
dense range and trivial kernel intertwining the Koopman operators as-
sociated to T..,—1,0,1,2,... and T..,—170,2,3,...- It follows that T--7—17011727~~ and
T . _1023,. are Markov quasi-equivalent. Finally, by Remark , they

ceey

are not weakly isomorphic. O

Remark 3. Since a Gaussian mixing automorphism is mixing of all
orders (see [6]), from the result of Rudolph about multiple mixing of
isometric extensions (see [9]), it follows that automorphisms 7' 112,
and T' _1023.. are also mixing of all orders.

Remark 4. In Section [2] the measure o was chosen to satisfy ({2
and . Here is another way of specifying it. For a mixing GAG
T, let 0 = n*n. Then T, is also both mixing and GAG (the latter
is unpublished result of F. Parreau). Since the Fourier coefficients of
o are non-negative, T 2rip, has countable Lebesgue spectrum in the
orthocomplement of L?(X,, ui,) (see Corollary 4 in [4]). Hence P,
is not a Gaussian coboundary and the conditions and hold.
(

Moreover, ||Pé")||%2(xd’#o) grows linearly with |n| (where P = B,
Pénﬂ) = PO(") + Py o T™ for all n € Z). Therefore using the same ar-
guments as in [II, Lemma 4.2]| we obtain automorphisms 7" _1912,..

and 1" _j 023, in Theorem [7| with countable Lebesgue spectrum in
the orthocomplement of L*(X,, ii,).

Acknowledgements. The authors would like to thank the referee for
a question leading to Remark [4]
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