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Fractional Brownian motion

A Fractional Brownian motion (fBm) with Hurst parameter
H ∈ (0, 1) is a zero mean Gaussian process BH = {BH

t , t ≥ 0}
with the covariance function

RH(s, t) = E
(

BH
s BH

t

)

=
1

2

(

t2H + s2H − |t − s|2H
)

.

The process BH

◮ is not a semimartingale when H 6= 1/2

◮ for H = 1/2, BH is a standard Wiener process

◮ has homogeneous increments, i.e. BH
t+s − BH

s has the sam law
of BH

t

◮ is a self-similar, i.e. BH
at has the same law as aHBH

t for any
a > 0

◮ has continuous trajectories
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Fractional calculus

Let H > 1/2. Denote

〈ξ, η〉t = H(2H − 1)

∫ t

0

∫ t

0

|u − v |2H−2ξ(u)η(v)dudv ,

‖ξ‖2
t = 〈ξ, ξ〉t .

PT – the set of all polynomials of the fBm, i.e.

F (ω) = f

(
∫ T

0

ξ1(t)dBH
t , . . . ,

∫ T

0

ξk(t)dBH
t

)

where (ξn)n – a sequence such that 〈ξi , ξj〉T = δij .
The Malliavin derivative operator DH

s of F ∈ PT is defined as
follows:

DH
s F =

k
∑

i=1

∂f

∂xi

(
∫ T

0

ξ1(t)dBH
t , . . . ,

∫ T

0

ξk(t)dBH
t

)

ξi(s), s ∈ [0,T ].
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Fractional calculus

D1,2 – the Banach space being a completition of PT with the norm:

‖F‖2
1,2 = E |F |2 + E‖DH

s F‖2
T .

Denote

D
H
t F = H(2H − 1)

∫ T

0

|t − s|2H−2DH
s Fds.

THEOREM.

E

(
∫ T

0

FsdBH
s

)

= 0

and

E

(
∫ T

0

FsdBH
s

)2

= E

(

‖F‖2
T +

∫ T

0

∫ T

0

D
H
s FtD

H
t Fsdsdt

)

.
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Fractional calculus

Xt = X0+

∫ t

0

g1
s ds +

∫ t

0

f 1
s dBH

s , Yt = Y0+

∫ t

0

g2
s ds +

∫ t

0

f 2
s dBH

s ,

t ∈ [0,T ] and F ∈ C 1,2. Then

F (t,Xt) = F (0,X0) +

∫ t

0

∂F

∂s
(s,Xs)ds +

∫ t

0

∂F

∂x
(s,Xs)dXs

+
1

2

∫ t

0

∂2F

∂x2
(s,Xs)

d

ds

(

∥

∥f 1
∥

∥

2

s

)

ds

XtYt = X0Y0 +

∫ t

0

Xsg
2
s ds +

∫ t

0

Xs f
2
s dBH

s +

∫ t

0

Ysg
1
s ds

+

∫ t

0

Ys f
1
s dBH

s +

∫ t

0

D
H
s Xs f

2
s ds +

∫ t

0

D
H
s Ys f

1
s ds.
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GRBSDE with respect to a fBm

Let

ηt = η0 +

∫ t

0

σ(s)dBH
s , t ∈ [0,T ],

where σ : [0,T ] → R – a deterministic continuous differentiable
function, σ(t) 6= 0, η0 – a constant.
For functions ϕ,ψ : R → (−∞,∞] we use the following notations:

∂ϕ(y) = {ŷ ∈ R; ŷ · (v − y) + ϕ(y) ≤ ϕ(v),∀v ∈ R}

Domϕ = {y ∈ R; ϕ(y) <∞}, Dom(∂ϕ) = {y ∈ R; ∂ϕ(y) 6= ∅}

(y , ŷ ) ∈ ∂ϕ⇔ y ∈ Dom(∂ϕ), ŷ ∈ ∂ϕ(y).

(analogously for ψ).
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GRBSDE with respect to a fBm

We consider the following generalized backward stochastic
variational inequality (GBSVI) driven by a fBm: YT = ξ and

dYt+f (t, ηt ,Yt ,Zt)dt +g(t, ηt ,Yt)dΛt−ZtdBH
t ∈∂ϕ(Yt)dt+ ∂ψ(Yt)dΛt .

DEFINITION. A solution of a GBSVI driven by a fBm BH

associated with data (ξ, f , g ,Λ) is a quadruple (Y ,Z ,U,V )
satisfying GRBSDE

Yt = ξ +

∫ T

t

f (s, ηs ,Ys ,Zs)ds +

∫ T

t

g(s, ηs ,Ys)dΛs −

∫ T

t

ZsdBH
s

−

∫ T

t

Usds −

∫ T

t

VsdΛs , t ∈ [0,T ] (1)

and such that (Yt ,Ut) ∈ ∂ϕ, (Yt ,Vt) ∈ ∂ψ and

Y ∈ Ṽ
1/2
[0,T ] ∩ Ṽ

1/2,Λ
[0,T ] , Z ∈ ṼH

[0,T ], U,V ∈ ṼH
[0,T ] ∩ ṼH,Λ

[0,T ].

K.Borkowska & D.Borkowski GRBSDE driven by fBm



GRBSDE with respect to a fBm

THEOREM. There exists a solution of (1) such that

E

(

eνΛt |Yt |
2 +

∫ T

t

eνΛs s2H−1|Zs |
2ds +

∫ T

t

eνΛs |Ys |
2dΛs

)

<∞.

Sketch of proof. We use the Itô formula for eνΛt |Yt |
2 and facts

that

D
H
s Ys =

∫ s

0

φ(s − r)DH
r Ysdr =

σ̂(s)

σ(s)
Zs

and there exists M > 0 such that for all t ∈ [0,T ],

t2H−1

M
≤
σ̂(t)

σ(t)
≤ Mt2H−1.
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Penalization scheme

We approximate functions ϕ and ψ by sequences of convex, C 1

class functions ϕε, ψε respectively, ε > 0, defined by

ϕε(y) = inf

{

1

2ε
|y − v |2 + ϕ(v); v ∈ R

}

=
1

2ε
|y − Jε(y)|

2 + ϕ(Jε(y)),

ψε(y) = inf

{

1

2ε
|y − v |2 + ψ(v); v ∈ R

}

=
1

2ε
|y − J̃ε(y)|

2 + ψ(J̃ε(y)),

where Jε(y) = y − ε∇ϕε(y) and J̃ε(y) = y − ε∇ψε(y).

Consider a sequence of generalized BSDEs

Y ε
t = ξ +

∫ T

t

f (s, η,Y ε
s ,Z

ε
s )ds +

∫ T

t

g(s, η,Y ε
s )dΛs −

∫ T

t

Z ε
s dBH

s

−

∫ T

t

∇ϕε(Y
ε
s )ds −

∫ T

t

∇ψε(Y
ε
s )dΛs , t ∈ [0,T ].
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Penalization scheme

(a) E

∫ T

t

eνΛs s2H−1
(

|∇ϕε(Y
ε
s )|

2ds + |∇ψε(Y
ε
s )|

2dΛs

)

≤ CΘ2(t,T )

(b) E

∫ T

t

eνΛs s2H−1
(

ϕ (Jε(Y
ε
s )) + ψ

(

J̃ε(Y
ε
s )
))

dΛs ≤ CΘ2(t,T )

(c) EeνΛt t2H−1

(

|Y ε
t − Jε(Y

ε
t )|

2 +
∣

∣

∣
Y ε

t − J̃ε(Y
ε
t )
∣

∣

∣

2
)

≤ ε · CΘ2(t,T )

(d) EeνΛt t2H−1
(

ϕ (Jε(Y
ε
t )) + ψ

(

J̃ε(Y
ε
t )
))

≤ CΘ2(t,T )

(e) E

∫ T

t

eνΛs s2H−1

(

|Y ε
s − Jε(Y

ε
s )|

2 ds +
∣

∣

∣
Y ε

s − J̃ε(Y
ε
s )
∣

∣

∣

2

dΛs

)

≤ ε2 · CΘ2(t,T ).
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Penalization scheme

where

Θ2(t,T ) = E

(

T 2H−1eνΛT (ϕ(ξ) + ψ(ξ))

+

∫ T

t

eνΛs s2H−1
(

|ηs |
2 + |Y ε

s |
2 + |Z ε

s |
2
)

ds

+

∫ T

t

eνΛs

(

|ηs |
2 + |Y ε

s |
2
)

dΛs

)

.
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Penalization scheme

THEOREM. (Y ε,Z ε) is a Cauchy sequence, i.e. for ε, δ > 0

E

(

eνΛt t2H−1|Y ε
t − Y δ

t |
2 +

∫ T

t

eνΛt s2H−2|Y ε
s − Y δ

s |
2(ds + dΛs)

+

∫ T

t

eνΛt s2(2H−1)|Z ε
s − Z δ

s |
2ds

)

≤ C · (ε+ δ) ·Θ2(t,T ).
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Existence

Ut · (ut − Yt) + ϕ(Yt) ≤ ϕ(ut) and Vt · (vt − Yt) + ψ(Yt) ≤ ψ(vt),

mean that (Yt ,Ut) ∈ ∂ϕ and (Yt ,Vt) ∈ ∂ψ, t ∈ [0,T ].

(Y ε,Z ε,∇ϕε(Y
ε),∇ψε(Y

ε)) converges to a solution of (1).
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