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A class of multidimensionalα-stable distributions is considered. The Poisson spectral measure of each dis-
tribution is assumed to be absolutely continuous with respect to the surface Lebesgue measure. The author
concentrates his attention on the asymptotic behavior of theα-stable densitiess(x) as|x| → ∞ and|x| → 0.
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1 Introduction

Univariate stable distributions arose within the context of the central limit theorem as limit laws for sums of i.i.d.
random variables. Except for the gaussian laws, all the stable distributions are heavy-tailed. This explains why
stable distribution models are very attractive for statisticians. The fact that stable laws are limiting says a lot about
possible genesis of the corresponding random variables. Analytical properties of univariate stable distributions
are well studied (see e.g. [31] and [5, 10, 11, 29]).

The notion of stability can be carried over to higher dimensions in various ways. The simplest way is the
following. Let η, η(1), η(2), . . . be i.i.d. random vectors. It is said that the distribution ofη is α-stablein R

d if for
anyn > 1 there existsa(n) ∈ R

d and a numberα ∈ (0, 2] such that

η
d
= n−1/α

(
η(1) + · · · + η(n)

)
+ a(n) (1.1)

(see e.g. [29, Corollary 2.1.3]). If in (1.1)a(n) ≡ 0, then theα-stable distribution is calledstrictly α-stable.
Assume thatα ∈ (0, 2), that is,η has a stable non-gaussian distribution, and denote bys(x) the density of this

distribution. Its characteristic function̂s(y) admits the following representation (see e.g. [29, Remark 2.3.3]):

ln ŝ(y) = i〈γ, y〉 +

∫

Sd−1

∞∫

0

(
eir〈e,y〉 − 1 − i

r〈e, y〉
1 + r2

)
dr

r1+α
µ(de), (1.2)

whereγ ∈ R
d is a location parameter whileµ is a finite Borel measure on the unit sphereS

d−1 in R
d. We refer

to µ as aPoisson spectralor simplyspectral measure. Here,〈·, ·〉 stands for the standard inner product inR
d.

One can transform (1.2) into the following, more convenientform (see e.g. [29, Theorem 2.3.1]):

− ln ŝ(y) =





i〈γ, y〉 +

∫

Sd−1

|〈y, e〉|α(1 − i tan(πα/2)sign〈y, e〉)µ(de) if α 6= 1,

i〈γ, y〉 +

∫

Sd−1

|〈y, e〉| (1 + i(2/π)sign〈y, e〉 ln |〈y, e〉|)µ(de) if α = 1.

(1.3)

Therefore, eachα-stable distribution is uniquely determined by the triple(α, µ, γ). So, the class ofα-stable
distributions is very rich. In contrast to its one-dimensional analog, it is not parametric. As such, this class
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2 Zaigraev:α-stable densities

forms an object inappropriate for a comprehensive analysis. Thus, it is promising to start with studying various
subclasses of the class ofα-stable distributions.

If the spectral measureµ is uniform or spherically invariant, then theα-stable distribution is calledsub-
gaussian.The sub-gaussian distributions constitute a parametric family parameterized by(α, b, γ), whereb =
µ
(
S

d−1
)

is thescaleparameter. Theα-stable distributions, whose the spectral measures are absolutely continuous
with respect to the surface Lebesgue measureσ, form a non-parametric subclass. A more narrow subclass, that
is under the consideration here, is formed by distributionswith the property

a(e) =
dµ

dσ
(e) ∈ L2

(
S

d−1
)
, (1.4)

whereL2

(
S

d−1
)

stands for the class of all functions defined onS
d−1 and squared integrable with respect toσ.

One can find the majority of known facts regarding multidimensionalα-stable distributions in [29] (see Chap-
ter 2 therein). For further development of the theory see e.g. [1, 2, 4, 11, 21, 23, 24, 25]. However, the referred
works do not touch problems related to asymptotic properties ofα-stable densities. It should be emphasized that
such problems constitute a considerable part of the theory of univariate stable densities. Asymptotic formulae
play significant role, say, in numerical analysis where theydetermine the region in which numerical computa-
tions should be implemented. On the other hand, the shape of the large deviation local theorems for sums of i.i.d.
random vectors in the case, where limit distributions are stable, is closely related to asymptotic properties of the
limiting distribution.

One of the basic goals of this paper is to fill up the gap in the asymptotic theory of multidimensionalα-stable
distributions. To the moment, this theory is rather weakly developed. The matter is that the method of analytical
functions, which proved to be very efficient within the framework of one-dimensional stable distributions, is not
so efficient in higher dimensions.

The first works on asymptotic analysis of multivariateα-stable densities were published by Kalinauskaite (see
[12, 13, 14, 15]). In the first two papers sub-gaussianα-stable distributions are studied. In the third one, the
author deals with the phenomenon of super-exponential decays of stable densities (typical for unilateral Poisson
spectral measures). The last paper is devoted to investigation of the asymptotic behaviour ofα-stable distributions
with respect toα.

Approximately at the same time (1972), Fristedt [6] implemented an asymptotic analysis of the distribution
functionP(|η| < r) where a random vectorη wasα-stable. The caseα = 1, under the same setting, was studied
in detail by Lisitsky [16] in 1989.

In the same year Arkhipov [3] suggested an approach based on the Fourier series method. This rather general
approach helped to understand the real scale of complexity of the problem. The presentation in [3] was, however,
far from being perfect. In our opinion, this explains in partwhy this undoubtedly pioneering paper has been
ignored by experts. Even the latest of the referred works, except for [9], contain no reference to [3]. One of the
goals of the present paper is to give a comprehensive and correct version of the Arkhipov’s work, presenting the
results in clear formulations and with readable proofs.

The paper is organized as follows. Two results are at the coreof Section 2. The first one is a version of the
Arkhipov theorem and deals with asymptotic properties ofα-stable densities as|x| → ∞. The second result is
new and deals with asymptotic properties ofα-stable densities as|x| → 0. The proofs are given in Section 4.
Section 3 contains a number of various comments concerning the referred papers of Kalinauskaite and Fristedt
as well as some other known results.

2 Asymptotic formulas for α-stable densities

In what follows we set, for simplicity,γ = 0 in (1.3) (we can consider the random vectorη − γ instead ofη).
For α 6= 1 this implies that we deal with strictlyα-stable distributions. However, strictly1-stable distributions
are characterized by another condition:

∫

Sd−1

〈b, e〉µ(de) = 0 for all b ∈ R
d. (2.1)

Further on we assume that (2.1) holds ifα = 1.
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Assuming that (1.4) is fulfilled, we can rewrite (1.3) as follows

ŝ(y) = exp{−|y|αg(ey)}, y 6= 0, ey = |y|−1y, (2.2)

where

g(e) =





∫

Sd−1

|〈e, ε〉|α(1 − i tan(πα/2)sign〈e, ε〉)a(ε)σ(dε) if α 6= 1,

∫

Sd−1

(|〈e, ε〉| + (2i/π)〈e, ε〉 ln |〈e, ε〉|)a(ε)σ(dε) if α = 1.

(2.3)

Naturally, we assume that the distribution is essentiallyd-dimensional, that isinfe∈Sd−1 Re g(e) > 0.
Observe that the kernels|〈e, ε〉|α(1 − i tan(πα/2)sign〈e, ε〉) and|〈e, ε〉| + (2i/π)〈e, ε〉 ln |〈e, ε〉| determine

linear operators acting in the Hilbert spaceL2

(
S

d−1
)
. Basic properties of such operators are given e.g. in [8,

Chapter 3.4]. Those properties are established by means of the Fourier analysis method.
Let {Hn,j}, n = 0, 1, 2, . . . , j = 1, 2, . . . , N(d, n), be an orthonormal system of spherical harmonics in

L2

(
S

d−1
)
. Heren is the so-called order of the harmonicHn,j andj is the ordinal number of the harmonic within

the orthonormal system of spherical harmonics in the subspace of all harmonics of the ordern, while

N(d, n) =





1 if n = 0,

(2n + d − 2)(n + d − 3)!

(d − 2)!n!
if n > 0

(see e.g. [8, Chapters 3.1 and 3.2]). For instance,N(d, 1) = d and forn ≥ 1

N(2, n) = 2, N(3, n) = 2n + 1.

Since for any fixedl ∈ N

(n + l)!

n!
= nl (1 + o(1)) as n −→ ∞,

one can easily obtain that for any fixedd ≥ 3

N(d, n) =
2nd−2

(d − 2)!
(1 + o(1)) as n −→ ∞.

GivenM ∈ N, define

Id = {(n, j) : n ≥ 0, 1 ≤ j ≤ N(d, n)}, Id,M = {(n, j) : (n, j) ∈ Id, n ≤ M}.

Eachf ∈ L2

(
S

d−1
)

can be expanded in the Fourier series with respect to
{
Hn,j

}
, that is the formula

lim
M→∞

∫

Sd−1

∣∣∣∣∣f(e) −
∑

(n,j)∈Id,M

fn,jHn,j(e)

∣∣∣∣∣

2

σ(de) = 0

holds where{fn,j} are the Fourier coefficients corresponding tof defined as

fn,j =

∫

Sd−1

f(e)Hn,j(e)σ(de), (n, j) ∈ Id.

That series is usually called theharmonic expansionfor the functionf . We denote it bỹf .
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4 Zaigraev:α-stable densities

Further, the functionsgk(e), e ∈ S
d−1, that is thek-th power ofg(e), k ∈ N, are of importance. Denote the

Fourier coefficients ofgk(e) by
{
g
(k)
n,j

}
, i.e.

g
(k)
n,j =

∫

Sd−1

gk(e)Hn,j(e)σ(de), (n, j) ∈ Id.

Denote also

c(α) =

∞∫

0

1 − cos u

u1+α
du =

π

2Γ(1 + α) sin(πα/2)
, α ∈ (0, 2).

Let Lq
2

(
S

d−1
)
, q ≥ 0, be the space of all the functions defined onS

d−1, whose derivatives, up to orderq,

exist and belong toL2

(
S

d−1
)
. As in [3], we admitq to be non-integer, that is we admit derivatives of non-integer

orders.
Further on[z] means the integer part ofz.
The first theorem establishes an expansion of a multidimensionalα-stable density, which is useful for|x| > 1.

Theorem 2.1 Let theα-stable densitys(x) be determined by(2.2) and (2.3). If the spectral densitya ∈
Lq

2

(
S

d−1
)

andq ≥ α, then for anyx 6= 0

s(x) =
m∑

k=1

ãk(ex)

|x|kα+d
+ Rm(x),

wherem = [q/α] and

ãk(e) =
∑

(n,j)∈Id

γk,ng
(k)
n,jHn,j(e), e ∈ S

d−1, (2.4)

γk,n =





(−1)k(−i)n2kαΓ((n + d + kα)/2)

πd/2k!Γ((n − kα)/2)
if

kα − n

2
/∈ N ∪ {0},

0 otherwise.

(2.5)

Moreover,̃a1(e) = ã(e)/c(α). The residual termRm admits the upper bound




∫

Sd−1

R2
m(te)σ(de)




1/2

≤ Ct−(m+1)α−d, (2.6)

whereC does not depend ont > 0.

If q = ∞, thenm = ∞, and we have an asymptotic series fors(x). Sometimes this series is convergent (see
[6, 13] and Section 3).

Observe that in the case of a symmetricα-stable density, wheres(−x) = s(x), the coefficients{γk,n} in (2.5)
vanish for oddn.

In general, the functions{ak(e)} are not uniquely determined by (2.4). In order to guarantee the uniform
convergence of̃ak(e), we have to assume additional smoothness ofa(e). For example, ifa ∈ Lq

2

(
S

d−1
)

and
q > α + d/2, then the functionsak(e), 1 ≤ k ≤ [(q − d/2)/α], are continuous (see [22, Chapter 6.1]). Then we
also have instead of (2.6)

max
e∈Sd−1

|Rm(te)| ≤ Ct−(m+1)α−d, t > 0.

Let

h
(k)
n,j =

∫

Sd−1

h(k)(e)Hn,j(e)σ(de), (n, j) ∈ Id,
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be the Fourier coefficients of the functionh(k)(e) = g−(k+d)/α(e), e ∈ S
d−1, k = 0, 1, 2, . . . In contrast to

Theorem 2.1, the next statement provides a power expansion of a multidimensionalα-stable density which is
useful for|x| < 1.

Theorem 2.2 Let theα-stable densitys(x) be determined by(2.2) and (2.3). If α ∈ (0, 1], then for any
m ∈ N

s(x) =

m∑

k=0

bk(ex) |x|k + Rm(x), x 6= 0,

where

bk(e) =
∑

(n,j)∈Id,k

βk,nh
(k)
n,jHn,j(e), e ∈ S

d−1. (2.7)

Here,

βk,n =
(−i)kΓ((k + d)/α)

απd/22k+d−1Γ((k + 2 − n)/2)Γ((n + k + d)/2)

if k andn are both even(zero is also assumed to be even) or odd, and zero otherwise. The residual termRm

admits the upper bound




∫

Sd−1

R2
m(te)σ(de)




1/2

≤ Ctm+1,

whereC does not depend ont > 0.
If α ∈ (1, 2), then for anyx 6= 0

s(x) =
∞∑

k=0

bk(ex) |x|k.

This result extends the analogous statements in [6, 13].

3 Remarks and comments

In this section we give several remarks concerning the stated theorems.

Remark 3.1 Let us compare Theorems 2.1 and 2.2 with the results established in [6, 12, 13]. We will see that
our results are in agree with [6], but [12] and [13] contain errors.

Let the spectral measureµ be spherically invariant, i.e.µ = λσ, λ > 0. Then theα-stable distribution is
necessarily symmetric and

g(e) = λ

∫

Sd−1

|〈ε, e〉|α σ(dε), e ∈ S
d−1.

By straightforward calculations

g(e) ≡ λ
2π(d−1)/2Γ((1 + α)/2)

Γ((d + α)/2)
.

If we choose

λ =
Γ((d + α)/2)

2π(d−1)/2Γ((1 + α)/2)
,
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6 Zaigraev:α-stable densities

theng(e) ≡ 1 and we arrive at the case considered in [13].
Then, obviously, in Theorem 2.1m = ∞ and, therefore, we have the asymptotic series for the density s(x).

Moreover, in the sum (2.4) determining̃ak(e) all the summands, except for that corresponding ton = 0 and
j = 1, vanish and we obtain fork ≥ 1

ak(e) ≡ γk,0 =
(−1)k+12kαΓ((d + kα)/2)Γ(1 + kα/2) sin(πkα/2)

πd/2+1k!
. (3.1)

The asymptotic series fors(x) is convergent provided thatα ∈ (0, 1).
It turns out that the coefficients{ak} suggested in [13, Theorems 2 and 3] should be multiplied by2. In order

to justify this, we compare the statement of Theorem 2.1 withone of the main results of [6]. Assume that the
random vectorη has the spherically invariantα-stable distribution withg(e) ≡ 1. Then the densityq(r) of |η|
takes the form

q(r) = rd−1

∫

Sd−1

s(re)σ(de), r > 0.

From Theorem 2.1 it follows that

q̃(r) =
σdλ

c(α)rα+1
+ σd

∞∑

k=2

ak

rkα+1
, r > 0,

where

σd = σ
(
S

d−1
)

=
2πd/2

Γ(d/2)
,

and the series is convergent provided thatα ∈ (0, 1). Hence, we arrive at the particular case of the statement
given in [6, Theorem 1]. This serves as an additional confirmation that [13] contains the error. It is of interest
to note that the coefficients{ak} given by (3.1) are in accord with those in the expansion of univariate stable
densities (see e.g. [10, Chapter 2.4]).

In a more general case whereg(e) is not a constant, it can be verified that under the conditionsof Theorem
2.1 forr > 0 and for any integerm ≥ 2 the density of|η| takes the form

q(r) =
µ
(
S

d−1
)

c(α)rα+1
+

m∑

k=2

ak

rkα+1

∫

Sd−1

gk(e)σ(de) + O
(
r−(m+1)α−1

)
,

that is we obtain the firstm terms of the asymptotic expansion given in [6, Theorem 1]. Ifα ∈ (0, 1), then letting
m = ∞ we obtain the convergent infinite series forq(r).

By the way, ifα ∈ (0, 1), then for anyt > 0

P (|η| > t) =

∞∫

t

q(r) dr =
µ
(
S

d−1
)

αc(α)tα
+

∞∑

k=2

ak

kαtkα

∫

Sd−1

gk(e)σ(de).

Therefore, the limit ofP
(
|η| > t−1/α

)
asα → 0 exists for anyt > 0, since

P
(
|η| > t−1/α

)
−→ 1

σd

∫

Sd−1

(
1 − e−tg(e)

)
σ(de) = 1 − 1

σd

∫

Sd−1

e−tg(e) σ(de).

This result extends those obtained in [30] and in [15, Theorem 1].
Now, we compare Theorem 2.2 with the results obtained in [13]. It turns out that in [13, Theorem 4] the

statement analogous to Theorem 2.2 again contains an error.Puttingg(e) ≡ 1 in (2.7) yields

b2k(e) ≡ β2k,0 =
(−1)kΓ((2k + d)/α)

απd/222k+d−1k!Γ(k + d/2)
,

c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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while b2k+1(e) ≡ 0, k ≥ 0. This implies that the corresponding coefficients obtainedin [13] should be multiplied
by 21−d/2, while those suggested in [12] for the cased = 2 should be divided by2.

In order to justify these corrections, we again utilize [6].For the densityq(r) of the spherically invariant
α-stable distribution withg(e) ≡ 1, from Theorem 2.2 it follows that forr > 0 and for any integerm ≥ 0

q(r) = σd

m∑

k=0

b2kr2k+d−1 + O
(
r2m+d+1

)

if α ∈ (0, 1], and

q(r) = σd

∞∑

k=0

b2kr2k+d−1

if α ∈ (1, 2). These expansions are also in accord with the classical one-dimensional expansions (see e.g. [10,
Chapter 2.4]).

In a more general case whereg(e) is not a constant, under the conditions of Theorem 2.2 forr > 0 and for
any integerm ≥ 0 we have

q(r) =

m∑

k=0

b2kr2k+d−1

∫

Sd−1

h(2k)(e)σ(de) + O
(
r2m+d+1

)

if α ∈ (0, 1], and

q(r) =
∞∑

k=0

b2kr2k+d−1

∫

Sd−1

h(2k)(e)σ(de)

if α ∈ (1, 2). This fits completely the statement of [6, Theorem 3].
Finally, observe that the statement of Theorem 2.2 agrees with [2, Corollary 4a] where it is stated that

s(0) =
Γ(d/α)

α(2π)d

∫

Sd−1

g−d/α(e)σ(de).

Remark 3.2 Let

E0 =
{
e ∈ S

d−1 : a(e) = 0
}
.

The question concerning the asymptotic behaviour ofs(te), e ∈ E0, as t → ∞, seems to be rather delicate.
From Theorem 2.1 it follows thats(te) = O

(
t−d−2α

)
, provided that the functiona(e) is sufficiently smooth.

Obviously, such a result is not very informative. So, we arrive at an interesting problem:what is the precise
asymptotics ofs(te), e ∈ E0, ast → ∞?

The answer is given in [20]. Ife ∈ E0, then the terma2(e) in the asymptotic expansion fors(x) from Theorem
2.1 is strictly positive and

s(te) =
a2(e)

td+2α
(1 + o(1)) , t −→ ∞.

The following example confirms this result.
Let d = 2. For the sake of simplicity we writea(φ) instead ofa(cos φ, sin φ), φ ∈ [0, 2π], for the function

a(e1, e2) defined onS1.
In this caseN(2, 0) = 1, N(2, n) = 2, n ≥ 1, and the orthonormal sequence of spherical harmonics looks

like

H0,1(φ) =
1√
2π

, Hn,1(φ) =
1√
π

cos nφ, Hn,2(φ) =
1√
π

sin nφ, φ ∈ [0, 2π], n ≥ 1.

www.mn-journal.com c© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



8 Zaigraev:α-stable densities

Take

a(φ) = 1 + cos 2φ, φ ∈ [0, π],

that isa(e1, e2) = 2e2
1. Sincea(φ) = a(φ + π), φ ∈ [0, π], the spectral measureµ is symmetric. Clearly, the

conditions of Theorem 2.1 hold withm = ∞. Note thatE0 = {e′, −e′}, wheree′ = (0, 1).
From Theorem 2.1 it follows that fore 6= e′

s(te) =
2e2

1

c(α)t2+α
(1 + o(1)) , t −→ ∞. (3.2)

Let e = e′. In order to establish the precise asymptotics ofs(te′), we should calculatea2(e
′). From Lemma

4.3 below it follows that

g(φ) = g1,0 + g1,2 cos 2φ, φ ∈ [0, π],

where

g1,0 =
4π1/2Γ((1 + α)/2)

αΓ(α/2)
, g1,2 =

4π1/2Γ((1 + α)/2)

(2 + α)Γ(α/2)
.

Therefore,

g2(φ) = g2,0 + g2,2 cos 2φ + g2,4 cos 4φ, φ ∈ [0, π],

where

g2,0 =
8π(3α2 + 8α + 8)Γ2((1 + α)/2)

α2(2 + α)2Γ2(α/2)
,

g2,2 =
32πΓ2((1 + α)/2)

α(2 + α)Γ2(α/2)
,

g2,4 =
8πΓ2((1 + α)/2)

(2 + α)2Γ2(α/2)
.

From Theorem 2.1 we obtain

a2(φ) = a2,0 + a2,2 cos 2φ + a2,4 cos 4φ, φ ∈ [0, π],

where

a2,0 = −22α+2(1 − α)(3α2 + 8α + 8)Γ2((1 + α)/2)Γ(1 + α)

α(2 + α)2Γ2(α/2)Γ(2 − α)
,

a2,2 = −22α+4(1 − α)Γ2((1 + α)/2)Γ(2 + α)

α(2 + α)Γ2(α/2)Γ(2 − α)
,

a2,4 =
22α+2Γ2((1 + α)/2)Γ(2 + α)

(2 + α)Γ2(α/2)Γ(2 − α)
.

Therefore,

a2(e
′) =

22α+3 · 3 · Γ2((1 + α)/2)Γ(1 + α)

(2 + α)2Γ2(α/2)Γ(2 − α)
> 0

and

s(te′) =
a2(e

′)

t2+2α
(1 + o(1)) , t −→ ∞.

This example shows that the asymptotic behaviour ofs(x) as|x| → ∞, whenex ∈ E0, is atypical, that is differs
from (3.2).

It remains to emphasize that Theorem 2.1 is not sensitive to the phenomenon of a super-exponential decay of
s(x) (see [14, 19]).
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Remark 3.3 If in Theorem 2.1m ≥ 1, then for any Borel subsetE ⊂ S
d−1 such thatµ(E) > 0 we have

P (eη ∈ E | |η| > t) =
µ(E)

µ(Sd−1)
+ O

(
t−α

)
. (3.3)

Among various statistical problems related to the stable distributions, a problem of estimatingµ(E)/µ
(
S

d−1
)

in
the case of knownα is of interest. The asymptotic properties of a non-parameter estimator ofµ(E)/µ

(
S

d−1
)
,

based on the number of observations occuring in the part of the cone
{
x ∈ R

d : ex ∈ E
}

that moves away from
the origin, was studied in [18]. It turns out that if (3.3) holds, then this estimator isn1/3-consistent, that is it has
the best possible rate of consistency.

4 Proofs

In order to obtain an expansion for theα-stable densitys(x), we begin with the inversion formula

s(x) =
1

(2π)d

∫

Rd

e−i〈x,y〉ŝ(y) dy

=
1

(2π)d

∞∫

0

rd−1 dr

∫

Sd−1

e−ir〈x,e〉−rαg(e)σ(de)

=
1

(2π)d |x|d

∞∫

0

rd−1 dr

∫

Sd−1

e−ir〈ex,e〉−rαg(e)/|x|ασ(de), x 6= 0.

(4.1)

P r o o f o f T h e o r e m 2.1. Consider the well-known Taylor expansion

e−rαg(e)/|x|α = 1 − rαg(e)

|x|α +
r2αg2(e)

2! |x|2α
− . . . + (−1)m rmαgm(e)

m! |x|mα

+ (−1)m+1 r(m+1)αgm+1(e)

m! |x|(m+1)α

1∫

0

(1 − u)me−rαg(e)u/|x|αdu.

(4.2)

Substituting (4.2) in (4.1), we observe that the integrals

∞∫

0

rkα+d−1 dr

∫

Sd−1

e−ir〈ex,e〉gk(e)σ(de), k = 0, 1, 2, . . . ,

do not converge absolutely. That is why we use the Abelian summation method for their calculation. In other
words,

s(x) =
1

(2π)d |x|d
m∑

k=0

(−1)k

k! |x|kα
lim
δ→0

∞∫

0

rkα+d−1 dr

∫

Sd−1

e−ir〈ex,e〉−δrgk(e)σ(de)

+
(−1)m+1

(2π)dm! |x|(m+1)α+d
lim
δ→0

∞∫

0

r(m+1)α+d−1 dr

∫

Sd−1

e−ir〈ex,e〉−δrgm+1(e)σ(de)

×
1∫

0

(1 − u)me−rαg(e)u/|x|αdu

=
m∑

k=0

Ik(ex)

|x|kα+d
+ Rm(x), x 6= 0.

(4.3)
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10 Zaigraev:α-stable densities

At the moment, we do not specify the number of terms in the expansion. Later on we show that under the
conditions of the theorem we should takem ≤ q/α.

Now we establish several auxiliary facts.

Lemma 4.1 Let Ik(e) be defined by(4.3). ThenI0(e) ≡ 0, e ∈ S
d−1.

P r o o f. By [8, Theorem 3.4.1] and [7, formula (8.411.10)], wehave

∫

Sd−1

e−ir〈ex,e〉σ(de) = σd−1

1∫

−1

e−iru
(
1 − u2

)(d−3)/2
du =

(2π)d/2Jd/2−1(r)

rd/2−1
,

whereJd/2−1(r) denotes the Bessel function of the first kind. Therefore,

I0(e) =
1

(2π)d/2
lim
δ→0

∞∫

0

e−δrrd/2Jd/2−1(r) dr.

By [7, formula (6.621.1)], we obtain

I0(e) =
Γ(d)

(2π)d/22d/2−1Γ(d/2)
lim
δ→0

δ−d
2F1

(
d

2
,
d + 1

2
,
d

2
,− 1

δ2

)
,

where2F1(a, b, c, z) denotes the hypergeometric Gauss function. In view of [7, formula (9.121.1)], we have

I0(e) =
Γ(d)

πd/22d−1Γ(d/2)
lim
δ→0

1

δd

(
1 +

1

δ2

)−(d+1)/2

= 0.

Lemma 4.2 Let Ik(e) be defined by(4.3). If Ik ∈ L
q−(k−1)α
2

(
S

d−1
)
, 1 ≤ k ≤ m, then the harmonic

expansion forIk(e) is given by(2.4).

P r o o f. Let

g̃k(e) =
∑

(n,j)∈Id

g
(k)
n,jHn,j(e), e ∈ S

d−1,

be the harmonic expansion for the functiongk(e).
The crucial point of the proof is making use of the Funk–Heckeformula (see e.g. [8, Theorem 3.4.1]):

∫

Sd−1

Φ(〈e, ε〉)Hn,j(ε)σ(dε) = αd,n(Φ)Hn,j(e), e ∈ S
d−1, (4.4)

that holds for any(n, j) ∈ Id and any bounded integrable functionΦ on [−1, 1]. Here

αd,n(Φ) = σd−1

1∫

−1

Φ(u)P d
n(u)

(
1 − u2

)(d−3)/2
du, (4.5)

where
{
P d

n

}
are the Legendre polynomials of dimensiond and degreen (see e.g. [8, p. 98]). In particular,{P 2

n}
are the Chebyshev polynomials,{P 3

n} are the classical Legendre polynomials. Observe that the polynomials{
P d

n

}
are even functions ifn is even and odd functions ifn is odd (see e.g. [8, p. 80]).

It is also known that ford ≥ 3 the Legendre polynomials can be expressed through the Gegenbauer polyno-
mials (see e.g. [8, p. 97]):

P d
n(u) = cd,nC(d−2)/2

n (u), u ∈ [−1, 1],
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where{Cλ
n} are the Gegenbauer polynomials of degreen and

cd,n =
Γ(n + 1)Γ(d − 2)

Γ(n + d − 2)
.

Therefore,

αd,n(Φ) = σd−1cd,n

1∫

−1

Φ(u)C(d−2)/2
n (u)

(
1 − u2

)(d−3)/2
du. (4.6)

Later on we will use (4.5) or (4.6) depending on whetherd = 2 or d ≥ 3.
Givenr > 0 consider the function

f (k)
r (e) =

∫

Sd−1

e−ir〈e,ε〉gk(ε)σ(dε), e ∈ S
d−1.

By (4.4)–(4.6) and [8, Proposition 3.4.3], we have

f̃ (k)
r (e) =

∑

(n,j)∈Id

αd,n(r)g
(k)
n,jHn,j(e), e ∈ S

d−1, (4.7)

where, in view of [7, formulae (7.355.1–2)],

α2,n(r) = 2

1∫

−1

e−iruP 2
n(u)

(
1 − u2

)−1/2
du = (−i)n2πJn(r), (4.8)

while for d ≥ 3, by virtue of [7, formula (7.321)],

αd,n(r) = σd−1cd,n

1∫

−1

e−iruC(d−2)/2
n (u)

(
1 − u2

)(d−3)/2
du

= (−i)n(2π)d/2r1−d/2Jn+d/2−1(r).

(4.9)

After substitution (4.9) or (4.8) into (4.7) we obtain

f̃ (k)
r (e) = (2π)d/2r1−d/2

∑

(n,j)∈Id

(−i)nJn+d/2−1(r)g
(k)
n,jHn,j(e), e ∈ S

d−1.

Since, by definition,

Ik(e) =
(−1)k

(2π)dk!
lim
δ→0

∞∫

0

f (k)
r (e)e−δrrkα+d−1 dr,

we conclude that

Ĩk(e) =
(−1)k

(2π)d/2k!

∑

(n,j)∈Id

(−i)nδk,ng
(k)
n,jHn,j(e), e ∈ S

d−1, (4.10)

where

δk,n = lim
δ→0

∞∫

0

e−δrrkα+d/2Jn+d/2−1(r) dr.
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12 Zaigraev:α-stable densities

[7, formula (6.621.1)] implies

δk,n =
Γ(n + d + kα)

2n+d/2−1Γ(n + d/2)
lim
δ→0

1

(1 + δ2)(n+d+kα)/2 2F1

(
n + d + kα

2
,
n − kα − 1

2
, n +

d

2
,

1

1 + δ2

)

or

δk,n =
Γ(n + d + kα)

2n+d/2−1Γ(n + d/2)
2F1

(
n + d + kα

2
,
n − kα − 1

2
, n +

d

2
, 1

)
. (4.11)

If (kα − n)/2 /∈ N ∪ {0}, then, by [7, formula (9.122.1)], we have

2F1

(
n + d + kα

2
,
n − kα − 1

2
, n +

d

2
, 1

)
=

Γ(n + d/2)Γ(1/2)

Γ((n − kα)/2)Γ((n + kα + d + 1)/2)
. (4.12)

Otherwise,(kα − n)/2 = m ≥ 0 and, by virtue of [28, formula (7.3.1.198)], we get

2F1

(
d

2
+ n + m,−m − 1

2
, n +

d

2
, 1

)
= 0. (4.13)

We obtain (2.4) by substitution (4.12) and (4.13) into (4.11) and then into (4.10).

Lemma 4.3 If the conditions of Theorem2.1 hold, theng ∈ L
q+α+d/2
2

(
S

d−1
)

and

g̃(e) =
∑

(n,j)∈Id

an,j

c(α)γ1,n
Hn,j(e), e ∈ S

d−1, (4.14)

wherean,j =
∫

Sd−1

a(e)Hn,j(e)σ(de). For α = 1 the terms in(4.14)corresponding ton = 1 vanish.

P r o o f. Let

ã(e) =
∑

(n,j)∈Id

an,jHn,j(e), e ∈ S
d−1,

be the harmonic expansion for the functiona(e).
First, consider the caseα 6= 1. In view of (4.4)–(4.6) and [8, Proposition 3.4.3], formula(2.3) yields

g̃(e) =
∑

(n,j)∈Id

αd,nan,jHn,j(e), e ∈ S
d−1, (4.15)

where ford ≥ 3

αd,n = σd−1cd,n

1∫

−1

|u|α(1 − i tan(πα/2) sign u)C(d−2)/2
n (u)

(
1 − u2

)(d−3)/2
du.

It is clear that

αd,n =

{
Ad,2l if n = 2l,

−i tan(πα/2)Ad,2l+1 if n = 2l + 1,
(4.16)

where

Ad,n = 2σd−1cd,n

1∫

0

uαC(d−2)/2
n (u)

(
1 − u2

)(d−3)/2
du.
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By [27, formula (2.21.2.5)], we obtain ford ≥ 3

Ad,2l =
(−1)l2π(d−1)/2Γ(l − α/2)Γ((1 + α)/2)

Γ(−α/2)Γ(l + (d + α)/2)
, (4.17)

Ad,2l+1 =
(−1)l2π(d−1)/2Γ(l − (α − 1)/2)Γ((2 + α)/2)

Γ(−(α − 1)/2)Γ(l + (d + α + 1)/2)
. (4.18)

Since

(−1)lΓ(l − α/2)

Γ(−α/2)
=

Γ(α/2 + 1)

Γ(α/2 + 1 − l)
,

formulas (4.17) and (4.18) are rewritten as

Ad,2l =
2π(d−1)/2Γ((1 + α)/2)Γ(α/2 + 1)

Γ(l + (d + α)/2)Γ(α/2 + 1 − l)
=

πd/2Γ(1 + α)

2α−1Γ(l + (d + α)/2)Γ(α/2 + 1 − l)
, (4.19)

Ad,2l+1 =
2π(d−1)/2Γ(α/2 + 1)Γ((1 + α)/2)

Γ(l + (d + α + 1)/2)Γ((α + 1)/2 − l)

=
πd/2Γ(1 + α)

2α−1Γ(l + (d + α + 1)/2)Γ((α + 1)/2 − l)
.

(4.20)

We obtain the same result ford = 2 thanks to [7, formula (7.346)].
Now one can unite (4.19) and (4.20) in a single formula:

Ad,n =
πd/2Γ(1 + α)

2α−1Γ((n + d + α)/2)Γ((α + 2 − n)/2)
. (4.21)

Substituting (4.21) into (4.16) and then into (4.15) we obtain (4.14). Indeed, we have (4.14) forn = 2l due to

Γ(l − α/2)Γ(1 − (l − α/2)) =
(−1)l+1π

sin(πα/2)
,

while for n = 2l + 1 due to

Γ(l + (1 − α)/2)Γ(1 − (l + (1 − α)/2)) =
(−1)lπ

cos(πα/2)
.

From (4.14), (4.17), (4.18), [17, Theorem 1.31] and the asymptotic relation

Γ(n + (d + α)/2)

Γ(n − α/2)
= nα+d/2(1 + o(1)), n −→ ∞, (4.22)

it follows thata ∈ Lq
2

(
S

d−1
)

yieldsg ∈ L
q+α+d/2
2

(
S

d−1
)
.

Now consider the caseα = 1. Let us see what follows from condition (2.1). By (4.4)–(4.6) and [8, Proposition
3.4.3], we have

∫

Sd−1

〈ε, e〉a(e)σ(de) =
∑

(n,j)∈Id

αd,nan,jHn,j(ε), ε ∈ S
d−1,

where ford ≥ 3

αd,n = σd−1cd,n

1∫

−1

uC(d−2)/2
n (u)

(
1 − u2

)(d−3)/2
du.
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14 Zaigraev:α-stable densities

Observe thatαd,2l = 0 since the function under the integral is odd. For oddn by virtue of [27, formulas
(2.21.2.5–6)], we getαd,2l+1 = 0 for all l ≥ 1 but

αd,1 =
πd/2

Γ(d/2 + 1)
.

Therefore,

∫

Sd−1

〈ε, e〉a(e)σ(de) = αd,1

d∑

j=1

a1,jH1,j(ε), ε ∈ S
d−1,

and condition (2.1) impliesa1,j = 0, j = 1, . . . , d.
We obtain the same result ford = 2 due to [7, formula (7.346)].
Therefore, we again have (4.15) but now

αd,n = σd−1cd,n

1∫

−1

(|u| + (2i/π)u ln |u|)C(d−2)/2
n (u)

(
1 − u2

)(d−3)/2
du.

It is clear that

αd,n =

{
Ad,2l if n = 2l,

(2i/π)Bd,2l+1 if n = 2l + 1,
(4.23)

where

Ad,2l = 2σd−1cd,2l

1∫

0

uC
(d−2)/2
2l (u)

(
1 − u2

)(d−3)/2
du,

Bd,2l+1 = 2σd−1cd,2l+1

1∫

0

u lnuC
(d−2)/2
2l+1 (u)

(
1 − u2

)(d−3)/2
du.

We have already calculatedAd,2l (see (4.17) withα = 1):

Ad,2l =
(−1)l2π(d−1)/2Γ(l − 1/2)

Γ(−1/2)Γ(l + (d + 1)/2)
=

(−1)l+1πd/2−1Γ(l − 1/2)

Γ(l + (d + 1)/2)
. (4.24)

Hence, it remains to calculateBd,2l+1 for l ≥ 1 (recall thata1,j = 0, j = 1, . . . , d). First, taked = 2. Then

B2,2l+1 = 4

1∫

0

u lnu cos((2l + 1)arccos u)
(
1 − u2

)−1/2
du

= 4

π/2∫

0

cos t ln(cos t) cos((2l + 1)t) dt

= 2

π/2∫

0

ln(cos t) cos((2l + 2)t) dt + 2

π/2∫

0

ln(cos t) cos(2lt) dt.

Owing to [26, formula (2.6.34.18)], we have

B2,2l+1 =
π

2

(
(−1)l+2

l + 1
+

(−1)l+1

l

)
=

(−1)l+1π

2

(
1

l
− 1

l + 1

)
=

(−1)l+1π

2l(l + 1)
.
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By straightforward calculations one can show (see Appendix) that ford ≥ 3 andl ≥ 1

Bd,2l+1 =
(−1)l+1πd/2Γ(l)

2Γ(l + 1 + d/2)
. (4.25)

Substituting (4.24) and (4.25) into (4.23), we get

αd,n = − inπd/2−1Γ((n − 1)/2)

Γ((n + d + 1)/2)
.

Thus, substitutingαd,n in (4.15) we obtain (4.14). The arguments utilized in the case α 6= 1 imply g ∈
L

q+1+d/2
2

(
S

d−1
)
.

Now we continue the proof of Theorem 2.1. Sinceg ∈ L
q+α+d/2
2

(
S

d−1
)
, then alsogk ∈ L

q+α+d/2
2

(
S

d−1
)
.

By (2.5), (4.22) and [17, Theorem 1.31], this impliesIk ∈ L
q−(k−1)α
2

(
S

d−1
)

and, therefore, the conditions of
Lemma 4.2 are fulfilled. Observe that Lemma 4.3 yieldsã1(e) = ã(e)/c(α), e ∈ S

d−1.
It remains to estimateRm(x). Obviously,

(
|x|(m+1)α+dRm(x)

)2

≤ 1

(m!)2(2π)2d


 lim

δ→0

∞∫

0

r(m+1)α+d−1 dr

∫

Sd−1

e−ir〈ex,e〉−δrgm+1(e)σ(de)




2

= I2
m+1(ex),

that implies for anyt > 0

t(m+1)α+d




∫

Sd−1

R2
m(te)σ(de)




1/2

≤




∫

Sd−1

I2
m+1(e)σ(de)




1/2

.

Repeating the arguments, utilized in the proof of Lemma 4.2,for Im+1(e), m ≤ q/α, we obtainIm+1 ∈
Lq−mα

2

(
S

d−1
)
.

Thus, all the limits in (4.3) exist and, therefore, the theorem is proved. ¤

P r o o f o f T h e o r e m 2.2. Givenε ∈ S
d−1 consider the function

ρε(t) = (2π)−d

∫

Sd−1

∞∫

0

e−irt〈ε,e〉−rαg(e)rd−1 dr σ(de), t ≥ 0,

and decompose it, for anym ∈ N, as

ρε(t) =
m∑

k=0

ρ
(k)
ε (0)tk

k!
+

ρ
(m+1)
ε (δt)tm+1

(m + 1)!
, 0 < δ < 1, (4.26)

whereρ
(k)
ε (t) denotes the derivative of orderk for ρε(t). Obviously, fork ≥ 0

ρ(k)
ε (0) =

(−i)k

(2π)d

∫

Sd−1

∞∫

0

rk+d−1e−rαg(e)〈ε, e〉k dr σ(de).

Since for anyk ≥ 0

∞∫

0

rk+d−1e−rαg(e) dr =
Γ((k + d)/α)

α(g(e))(k+d)/α
,
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we obtain

ρ(k)
ε (0) =

(−i)kΓ((k + d)/α)

α(2π)d

∫

Sd−1

〈ε, e〉kh(k)(e)σ(de), k ≥ 0. (4.27)

Let

h̃(k)(e) =
∑

(n,j)∈Id

h
(k)
n,jHn,j(e), e ∈ S

d−1, (4.28)

be the harmonic expansion for the functionh(k)(e). By the Funk–Hecke formula and [27, formulas (2.21.2.5–6)]
(d ≥ 3) and [7, formula (7.346)](d = 2), we have

∫

Sd−1

〈ε, e〉kHn,j(e)σ(de) =
πd/2k!Hn,j(ε)

2k−1Γ((n + k + d)/2)Γ((k + 2 − n)/2)
, ε ∈ S

d−1, (4.29)

if k andn are both even or odd andn ≤ k. Otherwise, this integral vanishes. Substituting (4.28) into (4.27) and
taking into account (4.29) and [8, Proposition 3.4.3], we obtain

ρ
(k)
ε (0)

k!
=

∑

(n,j)∈Id,k

βk,nh
(k)
n,jHn,j(ε), k ≥ 0. (4.30)

Sinces(x) = ρex
(|x|), the statement of the theorem follows from (4.26) and (4.30).It remains only to note that

for α ∈ (1, 2)

∞∑

k=0

k∑

n=0

β2
k,n < ∞.

¤

A Appendix

Here, we prove (4.25). Hence, our goal is to show that

2σd−1cd,2l+1

1∫

0

u lnuC
(d−2)/2
2l+1 (u)

(
1 − u2

)(d−3)/2
du =

(−1)l+1πd/2Γ(l)

2Γ(l + 1 + d/2)

or

1∫

0

u lnuC
(d−2)/2
2l+1 (u)

(
1 − u2

)(d−3)/2
du=

(−1)l+1πΓ(l + (d − 1)/2)

8Γ((d − 2)/2)Γ(l + 3/2)l(l + d/2)
. (A.1)

For the sake of brevity, we denote

I =

1∫

0

u lnuC
(d−2)/2
2l+1 (u)

(
1 − u2

)(d−3)/2
du =

π/2∫

0

cos φ ln(cos φ)C
(d−2)/2
2l+1 (cos φ)(sin φ)d−2dφ.

By [7, formula (8.934.2)], we have

C
(d−2)/2
2l+1 (cos φ)=

2

(Γ((d − 2)/2))2

l∑

j=0

Γ(j + d/2 − 1)Γ(2l + d/2 − j)

j!(2l + 1 − j)!
cos(2l + 1− 2j)φ. (A.2)
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Making use of the trigonometric formulas, we obtain

cos(2l + 1 − 2j)φ cos φ =
1

2
(cos(2(l − j) + 2)φ + cos(2(l − j))φ)

= 22(l−j) cos2(l−j+1) φ

+ (2(l − j) + 1)

l−j−1∑

k=0

(−1)k+1Γ(2(l − j) − k)

(k + 1)!Γ(2(l − j) − 2k)
22(l−j−k−1) cos2(l−j−k) φ.

Substituting (A.2) intoI, we get

I =
2

(Γ((d − 2)/2))2

[
l−1∑

j=0

Γ(j + d/2 − 1)Γ(2l + d/2 − j)

j!(2l + 1 − j)!

(
22(l−j)I2(l−j+1)

+ (2(l − j) + 1)

l−j−1∑

k=0

(−1)k+1Γ(2(l − j) − k)

(k + 1)!Γ(2(l − j) − 2k)
22(l−j−k−1)I2(l−j−k)

)

+
Γ(l + d/2 − 1)Γ(l + d/2)

l!(l + 1)!
I2

]
,

where, by virtue of [26, formula (2.6.34.16)],

I2m =

π/2∫

0

cos2m φ ln(cos φ)(sin φ)d−2 dφ

=
1

4
B

(
d − 1

2
,
2m + 1

2

)[
Ψ

(
2m + 1

2

)
− Ψ

(
2m + d

2

)]
, m ∈ N.

(A.3)

Here,Ψ(x) denotes the logarithmic derivative of the gamma function.
Routine calculations ofI, consisting in gathering coefficients underI2, . . . ,I2(l+1), lead to the formula

I =
1

Γ((d − 2)/2)

l∑

j=0

(−1)j22l−2j+1Γ(2l + d/2 − j)

j!Γ(2(l − j + 1))
I2(l−j+1).

With substitution (A.3) inI, we obtain

I =
Γ((d − 1)/2)

Γ((d − 2)/2)

l∑

j=0

(−1)j22l−2j−1Γ(2l + d/2 − j)Γ(l − j + 3/2)

j!Γ(2(l − j + 1))Γ(l − j + 1 + d/2)
[Ψ (l − j + 3/2) − Ψ(l − j + 1 + d/2)]

=
π1/2Γ((d − 1)/2)

4Γ((d − 2)/2)

l∑

j=0

(−1)jΓ(2l + d/2 − j)

j!Γ(l − j + 1)Γ(l − j + 1 + d/2)
[Ψ (l − j + 3/2) − Ψ(l − j + 1 + d/2)]

=
π1/2(−1)lΓ((d − 1)/2)

4Γ((d − 2)/2)

l∑

m=0

(−1)mΓ(l + m + d/2)

m!(l − m)!Γ(m + 1 + d/2)
[Ψ (m + 3/2) − Ψ(m + 1 + d/2)] .

Since

Ψ(m + 3/2) = Ψ (l + 3/2) −
l−1∑

j=m

1

j + 3/2
,

Ψ(m + 1 + d/2) = Ψ (l + 1 + d/2) −
l−1∑

j=m

1

j + 1 + d/2
,
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we have

I =
π1/2(−1)lΓ((d − 1)/2)

4Γ((d − 2)/2)

l∑

m=0

(−1)mΓ(l + m + d/2)

m!(l − m)!Γ(m + 1 + d/2)

×


Ψ(l + 3/2) − Ψ(l + 1 + d/2) −

l−1∑

j=m

(
1

j + 3/2
− 1

j + 1 + d/2

)
 .

By [26, formula (4.2.5.47)],

l∑

m=0

(−1)mΓ(l + m + d/2)

m!(l − m)!Γ(m + 1 + d/2)
= 0. (A.4)

Therefore,

I =
π1/2(−1)lΓ((d − 1)/2)

4Γ((d − 2)/2)

l−1∑

m=0

(−1)mΓ(l + m + d/2)

m!(l − m)!Γ(m + 1 + d/2)

[
−

l−1∑

j=m

(
1

j + 3/2
−

1

j + 1 + d/2

)]

=
π1/2(−1)l+1Γ((d + 1)/2)

Γ((d − 2)/2)

l−1∑

m=0

(−1)mΓ(l + m + d/2)

m!(l − m)!Γ(m + 1 + d/2)

l−1∑

j=m

1

(2j + 3)(2j + 2 + d)

or, changing the order of summation,

I =
π1/2(−1)l+1Γ((d + 1)/2)

Γ((d − 2)/2)

l−1∑

j=0

1

(2j + 3)(2j + 2 + d)

j∑

m=0

(−1)mΓ(l + m + d/2)

m!(l − m)!Γ(m + 1 + d/2)
.

By direct calculations, we have

j∑

m=0

(−1)mΓ(l + m + d/2)

m!(l − m)!Γ(m + 1 + d/2)
=

(−1)jΓ(d/2 + l + j + 1)

j!(l − 1 − j)!Γ(d/2 + j + 1)l(l + d/2)

provided that0 ≤ j ≤ l − 1. As we know, this sum equals zero forj = l (see (A.4)). Therefore,

I =
π1/2(−1)l+1Γ((d + 1)/2)

2Γ((d − 2)/2)l(l + d/2)

l−1∑

j=0

(−1)jΓ(d/2 + l + j + 1)

(2j + 3)j!(l − 1 − j)!Γ(d/2 + j + 2)
. (A.5)

It remains to calculate the sum in (A.5). Introduce the notation:

An,m =

n∑

j=0

(−1)j

2j + 2m + 1
· Γ(d/2 + n + j + 2m)

j!(n − j)!Γ(d/2 + j + 2m)
,

Bn,m =

n∑

j=1

(−1)jj

2j + 2m + 1
· Γ(d/2 + n + j + 2m)

j!(n − j)!Γ(d/2 + j + 2m)
.

So, we need to calculateAl−1,1.
By [26, formula (4.2.5.47)], we have

n∑

j=0

(−1)jΓ(d/2 + n + j + 2m)

j!(n − j)!Γ(d/2 + j + 2m)
= (−1)n.
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Therefore,

An,m =
(−1)n

2m + 1
+

n∑

j=1

(−1)j

(
1

2j + 2m + 1
− 1

2m + 1

)
Γ(d/2 + n + j + 2m)

j!(n − j)!Γ(d/2 + j + 2m)

=
(−1)n

2m + 1
− 2

2m + 1

n∑

j=1

(−1)jj

2j + 2m + 1
· Γ(d/2 + n + j + 2m)

j!(n − j)!Γ(d/2 + j + 2m)

=
1

2m + 1
((−1)n − 2Bn,m).

(A.6)

Further, by (A.6),

Bn,m =

n∑

j=1

(−1)j

2j + 2m + 1
· Γ(d/2 + n + j + 2m)

(j − 1)!(n − j)!Γ(d/2 + j + 2m)

=

n−1∑

j=0

(−1)j+1

2j + 2m + 3
· (j + 2m + 1 + d/2)Γ(d/2 + n + j + 2m + 1)

j!(n − 1 − j)!Γ(d/2 + j + 2m + 2)

= −(2m + 1 + d/2)An−1,m+1 − Bn−1,m+1

= (−1)n 4m + 2 + d

4m + 6
+

2m + d − 1

2m + 3
Bn−1,m+1.

(A.7)

Making use of (A.6) and (A.7), we obtain

Al−1,1 =
1

3

(
(−1)l−1 − 2Bl−1,1

)

=
d + 1

3 · 5
(
(−1)l−2 − 2Bl−2,2

)
=

(d + 1)(d + 3)

3 · 5 · 7
(
(−1)l−3 − 2Bl−3,3

)

or

Al−1,1 =
Γ(5/2)Γ(2 + (d + 1)/2)

3Γ(2 + 5/2)Γ((d + 1)/2)

(
(−1)l−3 − 2Bl−3,3

)
.

Therefore, afterm steps we get

Al−1,1 =
Γ(5/2)Γ(m + (d + 1)/2)

3Γ(m + 5/2)Γ((d + 1)/2)

(
(−1)l−m−1 − 2Bl−m−1,m+1

)
.

Form = l − 1 we have

Al−1,1 =
Γ(5/2)Γ(l − 1 + (d + 1)/2)

3Γ(l + 3/2)Γ((d + 1)/2)

(
1 − 2B0,l

)
=

Γ(5/2)Γ(l − 1 + (d + 1)/2)

3Γ(l + 3/2)Γ((d + 1)/2)
(A.8)

sinceB0,l = 0. Now we obtain (A.1) by substitution (A.8) into (A.5).
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