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A class of multidimensionad-stable distributions is considered. The Poisson spectral measurelotlisa
tribution is assumed to be absolutely continuous with respect to the surédmsdue measure. The author
concentrates his attention on the asymptotic behavior okthtable densities(z) as|z| — oo and|z| — 0.
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1 Introduction

Univariate stable distributions arose within the contéxhe central limit theorem as limit laws for sums of i.i.d.
random variables. Except for the gaussian laws, all thdestdibtributions are heavy-tailed. This explains why
stable distribution models are very attractive for statiahs. The fact that stable laws are limiting says a lot &bou
possible genesis of the corresponding random variableslyfical properties of univariate stable distributions
are well studied (see e.g. [31] and [5, 10, 11, 29]).

The notion of stability can be carried over to higher dimensiin various ways. The simplest way is the
following. Letn, n™), »(®) ... bei.i.d. random vectors. It is said that the distributiom @ a-stablein R¢ if for
anyn > 1 there exists(™) € R? and a numben € (0, 2] such that

nLn e (M 4 g 4 g (1.1)

(see e.qg. [29, Corollary 2.1.3]). Ifin (1.1} = 0, then then-stable distribution is callestrictly o-stable.
Assume thatv € (0, 2), that is,n has a stable non-gaussian distribution, and denotgd)the density of this
distribution. Its characteristic functiai{y) admits the following representation (see e.g. [29, Rema13D:

Ins(y) =ily,y) + / / (eMe’y> —1- zZt’jﬁ) ril:a u(de), 1.2)

Sd-1 0

wherey € R? is a location parameter while is a finite Borel measure on the unit sphgfe’! in R¢. We refer
to . as aPoisson spectrabr simply spectral measureHere, (-, -) stands for the standard inner produciif
One can transform (1.2) into the following, more convenfeni (see e.g. [29, Theorem 2.3.1]):

i)+ [ el = itan(ra/2signly. ) p(de) T a A1,
—In3(y) = o (1.3)
iy, y) + / [(y,e)| (L +i(2/m)sign{y, e) In[(y, e)|) p(de) i a=1.

Sd—l
Therefore, eacl-stable distribution is uniquely determined by the tripte 1, v). So, the class ofi-stable
distributions is very rich. In contrast to its one-dimemgibanalog, it is not parametric. As such, this class
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2 Zaigraev:.a-stable densities

forms an object inappropriate for a comprehensive analyigiss, it is promising to start with studying various
subclasses of the class®fstable distributions.

If the spectral measurg is uniform or spherically invariant, then the-stable distribution is calledub-
gaussian.The sub-gaussian distributions constitute a parametniilfgparameterized bya, b, ), whereb =
1 (Sd‘l) is thescaleparameter. Thea-stable distributions, whose the spectral measures aodably continuous
with respect to the surface Lebesgue measuferm a non-parametric subclass. A more narrow subclass, tha
is under the consideration here, is formed by distributieitk the property

ale) = j—/;(e) € Ly(S*71), (1.4)
whereL, (S!) stands for the class of all functions definedSim! and squared integrable with respectto

One can find the majority of known facts regarding multidisienala-stable distributions in [29] (see Chap-
ter 2 therein). For further development of the theory see[&,@, 4, 11, 21, 23, 24, 25]. However, the referred
works do not touch problems related to asymptotic propedfer-stable densities. It should be emphasized that
such problems constitute a considerable part of the thefoupivariate stable densities. Asymptotic formulae
play significant role, say, in numerical analysis where tetermine the region in which numerical computa-
tions should be implemented. On the other hand, the shape ¢ditge deviation local theorems for sums of i.i.d.
random vectors in the case, where limit distributions amélst is closely related to asymptotic properties of the
limiting distribution.

One of the basic goals of this paper is to fill up the gap in tlyengsotic theory of multidimensional-stable
distributions. To the moment, this theory is rather wealdyaloped. The matter is that the method of analytical
functions, which proved to be very efficient within the framwek of one-dimensional stable distributions, is not
so efficient in higher dimensions.

The first works on asymptotic analysis of multivariatstable densities were published by Kalinauskaite (see
[12, 13, 14, 15]). In the first two papers sub-gaussiastable distributions are studied. In the third one, the
author deals with the phenomenon of super-exponentialydeafsstable densities (typical for unilateral Poisson
spectral measures). The last paper is devoted to invastigatthe asymptotic behaviour afstable distributions
with respect tax.

Approximately at the same time (1972), Fristedt [6] impleneel an asymptotic analysis of the distribution
functionP(|n| < r) where a random vectorwasa-stable. The case = 1, under the same setting, was studied
in detail by Lisitsky [16] in 1989.

In the same year Arkhipov [3] suggested an approach basdtedrourier series method. This rather general
approach helped to understand the real scale of compleMityegroblem. The presentation in [3] was, however,
far from being perfect. In our opinion, this explains in paitty this undoubtedly pioneering paper has been
ignored by experts. Even the latest of the referred worksggixfor [9], contain no reference to [3]. One of the
goals of the present paper is to give a comprehensive aneotmersion of the Arkhipov’s work, presenting the
results in clear formulations and with readable proofs.

The paper is organized as follows. Two results are at the @loBection 2. The first one is a version of the
Arkhipov theorem and deals with asymptotic properties.aftable densities ds| — oo. The second result is
new and deals with asymptotic propertiescebtable densities g3| — 0. The proofs are given in Section 4.
Section 3 contains a number of various comments concerhigeferred papers of Kalinauskaite and Fristedt
as well as some other known results.

2 Asymptotic formulasfor a-stable densities

In what follows we set, for simplicityy = 0 in (1.3) (we can consider the random vector ~ instead ofy).
For o # 1 this implies that we deal with strictly-stable distributions. However, strictlystable distributions
are characterized by another condition:

/ (b,e) u(de) =0 for all be R (2.1)
gd—1

Further on we assume that (2.1) holdaif= 1.
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Assuming that (1.4) is fulfilled, we can rewrite (1.3) as dols

Sy) = exp{—lyl“gley)}, y#0, e, =lyl"y, (2.2)

where

/ [{e,e)|*(1 — i tan(ma/2)sign(e, €))a(e) o(de) if a#l,

S

g(e) = (2.3)

/ (e, )| + (2i/m) (e, e) In|{e, €)])a(e) o(de) if a=1.

gd—1

Naturally, we assume that the distribution is essentidiimensional, that isnf cga-1 Re g(e) > 0.

Observe that the kernelé&, e)|* (1 — i tan(wa/2)sign(e, €)) and|{e, )| + (2i/m){e, €) In|{e, )| determine
linear operators acting in the Hilbert spab@(Sdfl). Basic properties of such operators are given e.g. in [8,
Chapter 3.4]. Those properties are established by meahs &fdurier analysis method.

Let{H,;},n =0,1,2,...,j = 1,2,...,N(d,n), be an orthonormal system of spherical harmonics in
L,(S%!). Heren is the so-called order of the harmoi, ; and; is the ordinal number of the harmonic within
the orthonormal system of spherical harmonics in the sudgsphall harmonics of the order, while

1 if n=0,
N(d,n) =4 2n+d—2)(n+d—3)! :
(=2 if n>0

(see e.g. [8, Chapters 3.1 and 3.2]). For instan&gl, 1) = d and forn > 1
N(2,n)=2, N@3,n)=2n+1.
Since for any fixed € N

(n+1)!
n!

=n'(1+0(1)) as n— oo,

one can easily obtain that for any fixéd> 3

2nd—2
(d—2)!

N(d,n) = (14+0(1)) as n— oc.

Given M € N, define
Ig=A{(n,j): n=20,1<j<N(dn)}, Iloin={(nj): (nj)€ls,n<M}
Eachf € Ly(S~!) can be expanded in the Fourier series with respe¢fg ; }, that is the formula

2

fle)= > fagHnj(e)] o(de) =0

(n,j)€la,m

lim
M—oo
§d—1

holds wherg{ f,, ;} are the Fourier coefficients correspondingftdefined as

fui= [ FOHs o), ()€ la
Sd*l

That series is usually called tih@rmonic expansiofor the functionf. We denote it b)f.
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4 Zaigraev:.a-stable densities

Further, the functiong”(e), e € S, that is thek-th power ofg(e), k € N, are of importance. Denote the
Fourier coefficients of” (e) by {g(k)} ie.

o) = [ Ot o). )€l

Sgd—1

Denote also

o

1—cosu m
— du = 0,2).
(@) / uite Y 2T (1 + ) sin(ra/2)’ @€(0,2)
0

Let LL(S?"1), ¢ > 0, be the space of all the functions definedSstr!, whose derivatives, up to order
exist and belong td., (Sd‘l). As in [3], we admitg to be non-integer, that is we admit derivatives of non-iateg
orders.

Further on[z] means the integer part of

The first theorem establishes an expansion of a multidimaati.-stable density, which is useful fae| > 1.

Theorem 2.1 Let thea-stable density(z) be determined by2.2) and (2.3). If the spectral density, €
Li(s*"!) andg > o, then for anyz # 0

ak 6m
Z | ‘ka+d R (),

wherem = [¢/a] and

ST eng I H(e), e e st (2.4)
(n,j)€lq4
—1)k(—i)n2ker 2) . -
(-1) (dz)2 ((n+d+ka)/2) i ko ngéNU{O},
Viom = 72K ((n — ko) /2) 2 (2.5)
0 otherwise.

Moreover,a; (e) = a(e)/c(«). The residual ternR,,, admits the upper bound

1/2
(/ R (te)o (de)) < ¢t (mthed, (2.6)
S

d—1

whereC' does not depend an> 0.

If ¢ = oo, thenm = oo, and we have an asymptotic series §0r). Sometimes this series is convergent (see
[6, 13] and Section 3).

Observe that in the case of a symmetristable density, wherg(—z) = s(x), the coefficient~ ,,} in (2.5)
vanish for oddh.

In general, the function$ay(e)} are not uniquely determined by (2.4). In order to guararteeuniform
convergence ofi;(¢), we have to assume additional smoothness(ef. For example, ifa € L3(S*"!) and
q > a+d/2, then the functiongy(e), 1 < k < [(¢ —d/2)/a], are continuous (see [22, Chapter 6.1]). Then we
also have instead of (2.6)

max |R,(te)| < Ct~(m+ba=d ¢ ¢
ee€Sd—1

Let
W= [ OO olde), () € T
gd—1
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be the Fourier coefficients of the functidin®) (e) = g~ (ktd/a(¢), ¢ € S9!, k = 0,1,2,... In contrast to
Theorem 2.1, the next statement provides a power expan$iammltidimensionak-stable density which is
useful for|z| < 1.

Theorem 2.2 Let thea-stable densitys(x) be determined by2.2) and (2.3). If « € (0, 1], then for any
m €N

s(z) = Zbk(em) |z[¥ + Ron(z), x#0,
k=0
where
bre) = > Brah(Ha (e), eesiTh 2.7)
(nj)€lak
Here,

(=0)*T((k + d)/o)

Brn = Omd/22k+d—l]_"((k +2-—n)/2)T((n+k+d)/2)

if £ andn are both ever{zero is also assumed to be eyam odd, and zero otherwise. The residual teflp,
admits the upper bound

1/2

/ R (te)o(de) | < Ctmt,

Sd—l

whereC' does not depend an> 0.
If a € (1,2), then for anyz # 0

(oo}
s(x) = Zbk(egc) ||
k=0
This result extends the analogous statements in [6, 13].

3 Remarksand comments

In this section we give several remarks concerning thectagorems.

Remark 3.1 Letus compare Theorems 2.1 and 2.2 with the results edialdlis [6, 12, 13]. We will see that
our results are in agree with [6], but [12] and [13] contairoes.

Let the spectral measugebe spherically invariant, i.e. = Ao, A > 0. Then thea-stable distribution is
necessarily symmetric and

o) = A / (e,¢)[* o(de), e €S,
Sd*l

By straightforward calculations

_ A27r<ffl—1>/2r((1 +a)/2)

9(e) = T((d+a)/2)
If we choose
N I'((d+ «)/2)

T 2@ D2T((1 + a)/2)’
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6 Zaigraev:.a-stable densities

theng(e) = 1 and we arrive at the case considered in [13].

Then, obviously, in Theorem 2:& = oo and, therefore, we have the asymptotic series for the desisi.
Moreover, in the sum (2.4) determinirag (e) all the summands, except for that corresponding te- 0 and
j = 1, vanish and we obtain fdf > 1

(—1)F+1280T(d + ko) /2)T(1 + ka/2) sin(ka/2)
wd/2+1E|

ar(€) = ko0 = : (3.1)

The asymptotic series fa1(z) is convergent provided that € (0, 1).

It turns out that the coefficients:; } suggested in [13, Theorems 2 and 3] should be multiplie2l. by order
to justify this, we compare the statement of Theorem 2.1 with of the main results of [6]. Assume that the
random vector has the spherically invariaat-stable distribution withy(e) = 1. Then the density(r) of ||
takes the form

q(r) =rdt / s(re)o(de), r>0.

Sd—1

From Theorem 2.1 it follows that

oo

~ Ud/\ Qg
= —k 0
Q(r) C(OZ)TQJFI + O'd kz:; Tka+1 ) r> )
where
27Td/2
d—1
Ud:J(S ):—F(d/Q)’

and the series is convergent provided that (0,1). Hence, we arrive at the particular case of the statement
given in [6, Theorem 1]. This serves as an additional confibmahat [13] contains the error. It is of interest
to note that the coefficientsa, } given by (3.1) are in accord with those in the expansion ofanmte stable
densities (see e.g. [10, Chapter 2.4]).

In a more general case wheyée) is not a constant, it can be verified that under the conditairngheorem
2.1 forr > 0 and for any integem > 2 the density ofy| takes the form

p(S41 L (ma1)a—
q(r) = c(é)ww)l + rkak+1 / g*(e) o(de) JrO(r (m+1) 1)7

k=2 §d—1

that is we obtain the firsk terms of the asymptotic expansion given in [6, Theorem 14. 4 (0, 1), then letting
m = oo we obtain the convergent infinite series {ar).
By the way, ifa € (0, 1), then for anyt > 0

o0

T Sé-1 a
P> 0= [atryar =" S0 [ ot
+ k=2 S

d—1

Therefore, the limit ofP (|| > t=1/*) asa — 0 exists for anyt > 0, since

1 1
P(|n| > t_l/a) — — / (1- e_tg(e)) o(de)=1- — e=9) 5 (de).
(o} 0d
Sd—l Sd—l
This result extends those obtained in [30] and in [15, Theatg
Now, we compare Theorem 2.2 with the results obtained in.[18turns out that in [13, Theorem 4] the

statement analogous to Theorem 2.2 again contains an Britingg(e) = 1 in (2.7) yields

(=D)*D((2k + d)/a)
and/222k+d=1EID (k + d/2)’

bar(e) = Bar,o =
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while bor11(e) = 0, k > 0. This implies that the corresponding coefficients obtaingti3] should be multiplied
by 21 =4/2 while those suggested in [12] for the cabe- 2 should be divided by.

In order to justify these corrections, we again utilize [#lor the density;(r) of the spherically invariant
a-stable distribution witty(e) = 1, from Theorem 2.2 it follows that for > 0 and for any integem > 0

q(r) =04 Z bsz2k+d—1 + O(r2m+d+1)
k=0

if o € (0,1],and

o0
o) = 00 Y bagr P
k=0

if & € (1,2). These expansions are also in accord with the classicatimnensional expansions (see e.g. [10,
Chapter 2.4]).

In a more general case wheyé) is not a constant, under the conditions of Theorem 2.2-for 0 and for
any integemn > 0 we have

q(r) = by it / hM)(e) o(de) + O (rmFHT)
k=0

Sd—l

if « € (0,1],and

q(r) =Y bopr et / hR)(e) o(de)
k=0

gd—1

if « € (1,2). This fits completely the statement of [6, Theorem 3].
Finally, observe that the statement of Theorem 2.2 agretbg®iCorollary 4a] where it is stated that

s<o>-1;<(j7/f;3 / g~V (e) o (de).
Sd*l

Remark 3.2 Let
Ey={ees’!': a(e)=0}.

The question concerning the asymptotic behavious(6f), e € FEy, ast — oo, seems to be rather delicate.
From Theorem 2.1 it follows that(te) = O(¢t=972), provided that the function(e) is sufficiently smooth.
Obviously, such a result is not very informative. So, wevartat an interesting problenwhat is the precise
asymptotics of(te), e € Ey, ast — co?

The answer is given in [20]. K € Ey, then the terna; (e) in the asymptotic expansion fefz) from Theorem
2.1 is strictly positive and

as(e)

td+2a

s(te) = (I+0(1), t— oo.
The following example confirms this result.
Letd = 2. For the sake of simplicity we write(¢) instead ofa(cos ¢, sin ¢), ¢ € [0, 2], for the function
a(er, e2) defined orS*.
In this caseN(2,0) = 1, N(2,n) = 2, n > 1, and the orthonormal sequence of spherical harmonics looks
like
Hy1(9) H, 1(9) ! cosng, Hya(p) ! sinng, ¢€0,2n], n>1
= n = = ; n = = ; y T, = L
0,1 1 ﬁ 2 ﬁ
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8 Zaigraev:.a-stable densities

Take
a(g) =1+ cos2¢p, ¢ €0,7],

that isa(e1, e2) = 2¢2. Sincea(¢) = a(¢ + 7), ¢ € [0, 7], the spectral measugeis symmetric. Clearly, the
conditions of Theorem 2.1 hold witth = co. Note thatE, = {e’, —e’}, wheree’ = (0, 1).
From Theorem 2.1 it follows that far £ ¢’
2¢?

Lete = €. In order to establish the precise asymptotics(@é’), we should calculates(e’). From Lemma
4.3 below it follows that

9(¢) = g1,0 + g1,2c082¢, ¢ € [0,7],

where
ATYPT((1+ @) /2) A 2T((1+ @) /2)
Y Y ) R | N (YE)
Therefore,
93 (¢) = 92,0 + 92,208 20 + ga 4 cosd¢, ¢ € [0, 7],
where
~ 8m(3a? + 8+ 8)[?((1+ «a)/2)
92,0 = a2(2 + a)2T2(a/2) ’
_327T2((1 4 @) /2)
922 = @2+ a)T2(a)2)

8aT2((1+a)/2)
SR K]

From Theorem 2.1 we obtain

as(P) = asp + az2c082¢ + ag 4 cosdp, ¢ € [0,7],

where
B 22a+2(1 —Ol)(3062 +8a+8)r2((1 +OZ)/2)F(1 +OZ)
ago = — a2+ a)T2(a/2)T(2 — ) ’
Qg2 = 7220#4(1 —a)*((1+0a)/2)0(2+ o)
: aZ+a)P(@/2)f2-a)
B 220H212((1 4 ) /2)[(2 4 @)
4T TR (a2~ o)
Therefore,
229733 T2((1 4 a)/2)0(1 + a)
as(e’) = (24 a)2I2(a/2)0(2 — a) >0
and

as(e)

s(te’) = 770 (1+o0(1), t— oo.

This example shows that the asymptotic behavioun(o] as|z| — oo, whene, € Ey, is atypical, that is differs
from (3.2).

It remains to emphasize that Theorem 2.1 is not sensitiieet@henomenon of a super-exponential decay of
s(z) (see [14, 19]).

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim WWW.mn-j ournal.com



Math. Nachr279, No. 16 (2006) 9

Remark 3.3 Ifin Theorem 2.1m > 1, then for any Borel subsét C S%~! such tha(FE) > 0 we have

Ple, € E|ln|>t) = uétg(i)l) +0 (). (3.3)

Among various statistical problems related to the statd&itutions, a problem of estimatir)gE)/u(Sdfl) in
the case of know is of interest. The asymptotic properties of a non-paranmestémator ofﬂ(E)/u(Sd*),
based on the number of observations occuring in the pareafchhe{x €ER?: e, € E} that moves away from
the origin, was studied in [18]. It turns out that if (3.3) tis) then this estimator is'/3-consistent, that is it has

the best possible rate of consistency.
4 Proofs
In order to obtain an expansion for thestable density(x), we begin with the inversion formula

(@) = gz [ € dy

Rd
[}

1 d—1 —ir{xz,e)—r“g(e
_ (27r)d/r dr / e =r3(0) 5 (de) w
0

gd—1

o0

1 , « o
= 7(2 1] /rd_l dr / e~ irles ) =rgle)/|z] o(de), x#0.
m
0

Sd—l

Proof of Theorem 2.1. Consider the well-known Taylor exp@ms

feY 2c¢ 2 mao ,m
—rg(e)/|e|* _ 1 _ reg(e) | r**g*(e) o 1 m g™ (€)
‘ e ot Y e
T (m+1)a 7n+1 ! (u/le]° (42)
m m —r%g(e)u/|z
+ (_1) m! ‘x|('m+1)o¢ / du.
0

Substituting (4.2) in (4.1), we observe that the integrals

/rka+d—1 dr / e—ir(ez,e>gk(e) o(de), k=0,1,2,...,
0 §a-1

do not converge absolutely. That is why we use the Abeliannsation method for their calculation. In other
words,

1 S (_1)k . T ka+d—1 —ir{eg,e)—0or k
s(x) = Graf ; IR %li% r dr / e @ g"(e) o(de)
= 0

Sd—1
oo

1 e — —ir{ez,e)—0r m
(27r)d1(n' |:Z m—u T }g%/r(erl)aer 14y / emir(eae) =0T gmH1 (o) 5 (de)
st (4.3)

x [ (1 —u)me " 9u/l21% gy,

—

Ik(ew)
|x‘ka+d

M= <

+ Ry (z), = #0.
k
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10 Zaigraev:.a-stable densities

At the moment, we do not specify the number of terms in the esjoa. Later on we show that under the
conditions of the theorem we should take< ¢/«.
Now we establish several auxiliary facts.

Lemma4.l Letl;(e) be defined by4.3). Thenly(e) =0, e € S—1.
Proof. By[8, Theorem 3.4.1] and [7, formula (8.411.10)], heve

1
) . B 9 d/2J‘ B
/ 671T<6w7e>0<d6) = Ud_l/eﬂru (1 —uz)(d 2 qu = (27) as2-1(r)
21

rd/2—1 )

§d—1
whereJ;/,_(r) denotes the Bessel function of the first kind. Therefore,

oo

1 s
Iy(e) = W}l_{%/e s T‘d/ZJd/Q_l(’I’) dr.
0

By [7, formula (6.621.1)], we obtain

I o2 -
ole) = 22 "2 a2

I'(d) B dd+1d 1
@m0 1T (a2) 1% ° 2F1( )

wherey F (a, b, ¢, z) denotes the hypergeometric Gauss function. In view of [ifnfda (9.121.1)], we have

—(d+1)/2
r 1
(@) ) =0.

bole) = i 2y i 5 (1 T

O

Lemma 4.2 Let I(e) be defined by4.3). If I, ¢ Lgf(kfl)“(Sd‘l), 1 < k < m, then the harmonic
expansion fol(e) is given by(2.4).

Proof. Let

= > g Hue), ees"
(n,j)€la

be the harmonic expansion for the functighie).
The crucial point of the proof is making use of the Funk—Heftkenula (see e.g. [8, Theorem 3.4.1]):

/ B((e,2)) Hn s (2) o(de) = aan(®)Hos(e), €€ ST, (4.4)
Sd—l

that holds for any(n, j) € I; and any bounded integrable functi®on [—1, 1]. Here
1
Qan(®) = 041 / ®(u 1—u?) Y qu, (4.5)
-1

where{P;f} are the Legendre polynomials of dimensiband degree. (see e.g. [8, p. 98]). In particulafP?}
are the Chebyshev polynomial§P3} are the classical Legendre polynomials. Observe that thevpmials
{P,‘f} are even functions if is even and odd functionsiif is odd (see e.g. [8, p. 80]).

It is also known that for/ > 3 the Legendre polynomials can be expressed through the Gagenpolyno-
mials (see e.qg. [8, p. 97]):

P,‘f(u) = cdyn(}',(ld_m/z(u)7 u € [-1,1],

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim WWW.mn-j ournal.com
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11

where{C)} are the Gegenbauer polynomials of degtesnd

I'(n+1)I(d—2)

Cdn =

F'n+d—2)
Therefore,
1
gn(P) =0o4_1can / @(U)C,(Ld72)/2(u) (1 — u2)(d_3)/2 du. (4.6)
—1
Later on we will use (4.5) or (4.6) depending on whettief 2 ord > 3.
Givenr > 0 consider the function
9@ = [ gt oo, cest
§d—1
By (4.4)—(4.6) and [8, Proposition 3.4.3], we have
fPe) = 3 aun(r)gnHoyle), ees™ (4.7)
(n,j)€la
where, in view of [7, formulae (7.355.1-2)],
1
agp(r) = 2/6_"“1’:’3(11) (1- uz)_l/2 du = (=)™ 27 J, (1), (4.8)
—1
while ford > 3, by virtue of [7, formula (7.321)],
1
Ogn(r) = Ud71Cd,n/e_iruc',(ld_2)/2(u)(1 _ ug)(d—S)/2 du
kA (4.9)
= (—i)n(27T)d/27"17d/2,]n+d/2,1(T).
After substitution (4.9) or (4.8) into (4.7) we obtain
FP(e) = @m) 2 =42 N (<) Tyrapea ()9 Haj(e), e € STL
(n,j)€la
Since, by definition,
Ik(@) _ (71)]“ hm\/f(k)(e)e—zirrkaer*l dr
) (27T)dk' 6—0 r ’
0
we conclude that
In(e) = (=DE Z (—=)"6kng M H,, i(e), eS8t (4.10)
BT emrk! kndn,jtin.i(€), ’ '
(n,j)€lq
where
Okn = }ii% e Orpketdi2 e i (r)dr.

0

Www.mn-journal.com
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12 Zaigraev:.a-stable densities

[7, formula (6.621.1)] implies

I'(n+d+ ko) . 1

e — r n+d+ka n—ka—1 +£l 1
kn = 2"+d/2*11_‘(n+ d/2) 51_I,I(1) (1 + 52)(n+d+ka)/22 1 D) s 2 , 9 71 T o2
or
L(n+d+ ka) n+d+ka n—ka-1 d
R F —1]. 4.11
Okn 27+ d/5 1T (n + d)2) 2 1< B ) 5 ,n+ 5’ ) (4.11)
If (koo —n)/2 ¢ NU{0}, then, by [7, formula (9.122.1)], we have
n+d+ka n—ka—1 d I'(n+d/2)T(1/2)
F; —1)= . 4.12
2 1( > 2 "ty ) T((n — ka)/2)T((n + ka+d+ 1)/2) (4.12)
Otherwise(ka — n)/2 = m > 0 and, by virtue of [28, formula (7.3.1.198)], we get
d 1 d
Fi( = —m— = —,1)=o0. 4.1
2 1<2—|—n+m, m 25n+2a > 0 ( 3)
We obtain (2.4) by substitution (4.12) and (4.13) into (4.44d then into (4.10). O
Lemma 4.3 If the conditions of Theorem1 hold, then g € L§"**%/?(s4-1) and
~ An,j d—1
) — H, i(e), eeS+1, 4.14
Q)= . e Hnale) (4.14)
(n,j)€lq
wherea,, ; = [ a(e)H,,j(e) o(de). For a = 1 the terms in4.14)corresponding to: = 1 vanish.
Sd—l
Proof. Let
a(e) = Z anjHnj(e), e€S1
(n,j)€la
be the harmonic expansion for the functigfe).
First, consider the case# 1. In view of (4.4)—(4.6) and [8, Proposition 3.4.3], form{fa3) yields
gle) = Z Qdnn ;i Hyj(e), e€Si1 (4.15)

(n,j)ela
where ford > 3

1
Qdn = 0d—1Cdn / |u]“(1 — i tan(ra/2) sign u)C,(Ld_Q)/Q(u)(l - uz)(d_3)/2 du.

-1

Itis clear that

Adygl if n= 21,
Qg p = . (4.16)
—1 tan(wa/2)Ad721+1 if n=20+1,

where

(d—3)/2

1
Adn =204-1Can /uacr(fl*z)/z(u) (1—u?) du.
0

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim WWW.mn-j ournal.com



Math. Nachr279, No. 16 (2006) 13

By [27, formula (2.21.2.5)], we obtain fat > 3

(=1)f27@=D21 (1 — a/2)T((1 + @) /2)

Agz = T(—a/2)T(1 + (d+ a)/2) ’ (4.17)
~(=D'2rl DT — (a - 1)/2)T((2 + @) /2)
Adzier = T TR T BT L ([d+ a+ 1)/2) (4.18)
Since
(-D'T(l—-a/2) T(a/241)
I'(—a/2)  T(a/2+1-1)
formulas (4.17) and (4.18) are rewritten as
o 2nTURI((L 4 0) /20 (a/2+ 1) 72T (1 + a) 10
TP F (d+a)/2)0(/2+1—1) 207 0(I+ (d+ ) /2)0(a/2+ 1 — 1) (4.19)
A 272D (/2 + DI((1 + @) /2)
LT DU+ d+ a+1)/20((a+ 1)/2 1)
(4.20)
B 72T(1 + «)
207171+ (d 4+ a+1)/2)T ((a+1)/2 = 1)
We obtain the same result fdr= 2 thanks to [7, formula (7.346)].
Now one can unite (4.19) and (4.20) in a single formula:
Adn mP0(1 + ) (4.21)

T 20 1T (nt+d+a)/2)0(a+2—n)/2)
Substituting (4.21) into (4.16) and then into (4.15) we ab{d.14). Indeed, we have (4.14) far= 2/ due to

- (—1)l+17r
while forn = 2] + 1 due to
(=1)t'w

T+ (1—a)/2T(1 -+ (1-a)/2) = cos(ma/2)’

From (4.14), (4.17), (4.18), [17, Theorem 1.31] and the gxgtit relation

Nn+ (d+ «)/2)

T —ajz) =" A FoD), n— oo, (4.22)

it follows thata € L2(S?1) yieldsg € LIT*T%/? (sd-1).
Now consider the case = 1. Let us see what follows from condition (2.1). By (4.4)—(4afd [8, Proposition
3.4.3], we have

/<€,e>a(e)a(de): Z Qdnn ;i Hy j(€), €€S4

gd—1 (n.j)€la

where ford > 3

1
R— ad,lcdm/uC,(ld_m/Q(u) (1- u2)(d73)/2 du.
21

Www.mn-j ournal.com (© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



14 Zaigraev:.a-stable densities

Observe thairg o, = 0 since the function under the integral is odd. For oddy virtue of [27, formulas
(2.21.2.5-6)], we getig, ;-1 = O forall I > 1 but
7/2

WLT T2+ 1)

Therefore,

d
/ (e.e)ale) o(de) = aaqn Y a1 ;Hij(e), €S,

gd—1 j=1

and condition (2.1) impliea; ; =0, j=1,...,d.
We obtain the same result fdr= 2 due to [7 formula (7.346)].
Therefore, we again have (4.15) but now

1
i :ad_lcd7n/(|u|—|—(22/7T)u1n|u|) (=2/2(y) (1 — )@ du.
-1

Itis clear that
A if =2,
T " (4.23)
(22'/7T>Bd’21+1 if n=20+1,

where
1
- d—3)/2
Ad,zl:%d—lcd,m/ucgf D/2(4) (1= ) D2 g,
0

1
Bagir = 204-1¢4.2011 /uln u027+12)/2(u) (1- u2)(d_3)/2 du.
0
We have already calculatet}; o; (see (4.17) with = 1):
(—1)P2r@-D/20(1 —1/2)  (=1)H17¥271D0(1 - 1/2)
L(-1/2P0+(d+1)/2) T+ (d+1)/2)

Hence, it remains to calculaf; 5; 1, for ! > 1 (recall thata, ; =0, j =1,...,d). First, taked = 2. Then

Agor = (4.24)

—1/2

1
By o411 = 4/ulnucos ((21 + 1)arccos u) (1 - u2) du
0

/2
=4 / costln(cost) cos((20 + 1)t)dt

/2 /2

2 | In(cost)cos((2l + 2)t)dt +2 [ In(cost)cos(2lt)dt.
/ /

Owing to [26, formula (2.6.34.18)], we have

T (71)l+2 (71)l+1 (71)l+1’/T 1 1 B (71)l+17r
2( + ) 2 <ll+1>21(l+1)'

I+1 l
(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim WWW.mn-j ournal.com
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By straightforward calculations one can show (see Appérttiat ford > 3 andi > 1

(—l)Hlﬂ'd/QF(l)

B =— 4.25
G TN+ 1+ d/2) (4.25)
Substituting (4.24) and (4.25) into (4.23), we get
o im0 ((n = 1)/2)
T T D (n+d+1))2)
Thus, substitutingy, ,, in (4.15) we obtain (4.14). The arguments utilized in theecas# 1 imply g €
Lg+1+d/2 (Sdfl). 0

Now we continue the proof of Theorem 2.1. Singe LiT*"%/?(s9-1), then alsag® € L4T*H/?(s4-1).
By (2.5), (4.22) and [17, Theorem 1.31], this impligs € Lg’(k’l)“(Sd—l) and, therefore, the conditions of

Lemma 4.2 are fulfilled. Observe that Lemma 4.3 yiglgée) = a(e)/c(a), e € S41.
It remains to estimat®,,, (x). Obviously,

(|x‘(m+1)a+dRm(x))2

1 i _
< li (m+1)a+d—1 / —ir{eg,e)—0r m+1 =72 .
< e | [ 7 ar [ e I o(de) | = Poysle)
0 §d—1
that implies for any > 0
1/2 1/2
f(m+1)a+d / an(te) o(de) < / I,Q,Hl(e)a(de)
Sda—1 §d—1

Repeating the arguments, utilized in the proof of Lemma #R,],,,1(e), m < ¢/«, we obtainl,, ;1 €
Lg—ma (Sd_l) )
Thus, all the limits in (4.3) exist and, therefore, the tlegniis proved O

Proof of Theorem 2.2. Givene S% ! consider the function

pe(t) = (2m) ¢ / /e_m(E’e)_Tag(e)rd_1 dro(de), t>0,
Sd—-1 0

and decompose it, for any € N, as

m

(k) k (m+1) m+1
€ 0 t € 6t t
ety =37 £,> Lo 1) 0<d<1, (4.26)
k=0 ’

(m+1)! 7

wherepék) (t) denotes the derivative of ordirfor p.(t). Obviously, fork > 0

i)k 7 .
ng)(o) = —EQ;;d / /Tk+d_1e_7" g(e)<6,e>kdr o(de).
Sd—1 0

Since for anyk > 0

oo

- P((k + d)/a)
k+d—1_—r%g(e) _

/r ‘ = a(g(e)) /e’
0

Www.mn-j ournal.com (© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



16 Zaigraev:.a-stable densities

we obtain
Nk
&)~ DTk +d)/a) / kp (k) S
pe™(0) a(2m) (e,e)"h'™ (e)o(de), k>0. (4.27)
gd—1
Let
A9 e)= N M H, ), eesiT (4.28)
(n,j)€la

be the harmonic expansion for the functiofi) (¢). By the Funk—Hecke formula and [27, formulas (2.21.2.5-6)]
(d > 3) and [7, formula (7.346){d = 2), we have

72k H, i (€)

/<s,€>an,g() (de) = ok— 1F((n+k+d)/2) (k+2-n)/2)’
Sd—l

e st (4.29)

if £ andn are both even or odd and< k. Otherwise, this integral vanishes. Substituting (4.28) {(4.27) and
taking into account (4.29) and [8, Proposition 3.4.3], w&aob

(k)

ps(0) k

= > BrnhlHo(e), k>0, (4.30)
(n,j)€la,k

Sinces(x) = pe, (|z]), the statement of the theorem follows from (4.26) and (4.80kmains only to note that
fora € (1,2)

ok
ZZﬂ%n < 00.

k=0n=0
O
A Appendix
Here, we prove (4.25). Hence, our goal is to show that
1
_ B _1)l+17rd/2r(l)
9. O @272 () (1 — 2372 g,y =
7 1Cd’m“/u nuCh (W) (1-u) = ST 1 a2)
0
or
1
. DAl + (d—1)/2)
G272 () (1 = u2) 7 dy= . Al
/“ muChipy(u) (1 =) YT80((d—2)/2)0( + 3/2)1(1 + d/2) A1)
0

For the sake of brevity, we denote
1 /2
I= /uln UC;HQ)/Q(U) (1- u2)(d_3)/2 du = / cos ¢ In(cos ¢)C§ld_:12)/2(cos $)(sin ¢)?2d¢.
0 0

By [7, formula (8.934.2)], we have

zl:l“j—i-d/Q—l) (21+d/2—j)c

120+ 1—j)!

CiD (cos ¢) = e 2/2 B 0s(20 +1—2j)¢. (A.2)

Jj=

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim WWW.mn-j ournal.com
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Making use of the trigonometric formulas, we obtain

cos(2l+ 1 — 2j)pcosp = ! (Cos( (I—7)4+2)¢+cos(2(l —4))¢)
:220 7 cos?@=3+1)

& (DR - g) - . |
J) = k) c20—j—k=1) __2(1—j—k)

— 1 .
+2U-4)+ g:o (k+ DT (lfj)ka)2 cos 10)

Substituting (A.2) intal, we get

r(j +d/2 L@l +d/2—j) (a0
1= 220=9p . .
(F((d 2)/2))? ;) 120 4+ 1 —j)! 2(1=5+1)

ljl

DFHITR1—5) — k) o0y
_ U=i—k=1)
200=9+1 kz i+ DT —j) = 2k)° Ta-5-1)

T(l+d/2— DI +d/2) 12]

NI+ 1)!

where, by virtue of [26, formula (2.6.34.16)],

2

cos®™ ¢1In(cos ¢)(sin ¢)? "2 de

d—1 2m+1 2m +1 2m +d
B R — U .

Here, ¥ (x) denotes the logarithmic derivative of the gamma function.
Routine calculations of, consisting in gathering coefficients under .. ., I5;41), lead to the formula

s

~

I2m =

—

(A.3)

== o

l

J221 2J+11“ (204 d/2 - 7)
= d 2)/2) 72 20 —j+1)) Laa=isn)-
With substitution (A.3) inl, we obtain
l .
F J221 27120+ d/2 — l—j+3/2 _ ,
I= ¢ Z (20 +d/2 = )T =] /)[‘ll(l—j—‘r3/2)—\I/(l—j+1+d/2)]

) = 20— j+ )T —j+ 1 +d/2)

1/2r(d )/2)212 1)7T(2 + d/2 — §)
- 'r(z

P(l—74+3/2)—V(1—j+1+d/2)]

Ad-2)/2) DN+ 1+
rl/2 l m m
B E;r(() (( Z m' I — F'(li:@ +J; i/?/z) (W (m+3/2) =¥ (m+1+d/2)].

=0

Since

-1

U(m+3/2)=V(1+3/2)— ) !

j:7nj+3/2

-1
v 1+d/2) =9 (1+1+d/2) —_—
e ==X ot
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18 Zaigraev:.a-stable densities

we have

l ’I’TL
I:wl/Q( DIT((d —1)/2) Zm'l_ L(l+m+d/2)

AT((d —2)/2) —~ NLO(m + 1+ d/2)

-1
U(+3/2) - (+1+d/2) - Z<3+3/2 g+11+d/2>]'

J=

By [26, formula (4.2.5.47)],

l
)T+ m+d/2)
=0. A4
7;)m'l— NT(m+1+d/2) =0 A4
Therefore,
;_ TP(E)'T(d-1)/2) li mFl+m+d/2) _li 1 1
N 4T ((d — 2)/2) aymll=m)IT(m+1+4d/2) | & j+3/2 j+1+d/2
7/2(=1)D((d + 1) /2) Ii DT +m+d/2) 1
L((d-2)/2) Ly ml(l=m)IT(m 4+ 1+d/2) == (2 +3)(2j +2+d)
or, changing the order of summation,
1/2(_q)l+1 l—l J ym
r((d 2 (27 +3)( 23+2+d ot m' 'F(m+1+d/2)
By direct calculations, we have
Ej: D"T(l+m+d/2) (=1)0(d/2+ 145 +1)
m!(l—m)T(m+1+d/2) (1 —1—=)T(d/2+ 7+ 1)1 +d/2)

provided thab < j <[ — 1. As we know, this sum equals zero fpe= [ (see (A.4)). Therefore,

! (=1)I0(d/2 +1+j+1)
(25 +3)7/ (1 —1—=PIT(d/2+5+2)

72— 1)HID((d +1)/2) §

2I((d — 2)/2)I(1 4+ d/2) 4

I =

(A.5)

Il
=]

It remains to calculate the sum in (A.5). Introduce the riotat

I'(d/24+n+j+2m)
]+2m+1 il (n = )T(d/2+ j +2m)’

I'(d/24+n+j+2m)
2j+2m+1 jin—NHIT(d/2+j+2m)’

SR
SR

So, we need to calculaté;_1 ;.
By [26, formula (4.2.5.47)], we have

2": (=1)T(d/2 +n+j + 2m)
= jlin—HI0(d/2 4 j + 2m)

= (-1)".
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Therefore,
Apm = (=1 +Z(,1)j : 1 1 _ F(d/2+n+3 +.2m)
2m +1 = 2j+2m+1 2m+1) jl(n—7)T(d/2+ 7+ 2m)
_ =t 2 zn: (=1)j  T(d/2+n+j+2m) (A6)
2m+1 2m—|—1j:1 2j+2m+1 jl(n—H)T(d/2+ 7+ 2m)
1
= —1)" — 2B ).
2m + 1(( ) ’ )
Further, by (A.6),
—~ (=1 T(d/24n+ ]+ 2m)
Bn,m = Z . N - -
= 2j+2m+1 (j—DlYn—j)T(d/24 5+ 2m)
_TS (-1 (G +2m+1+d/2T(d/2+n+j +2m + 1)
2+ 2m+3 n—1—-j)I0d/2+ ] +2m+2) (A7)

= _(2m +1+ d/Q)Anfl,m+1 - anl,erl
nAdm+2+d 2m4+d-1
= (1) +
4m + 6 2m +3

Making use of (A.6) and (A.7), we obtain

Bn—l,'rn+1~

1

A1 = 5((—1)1_1 —2B;_1,1)
= %((_1)1—2 _ 2B172’2> = W((_l)l—?) . 2Bl—3,3)

or
I'(5/2)0(2+ (d+1)/2)
30(2+5/2)T((d+1)/2)

Therefore, aftern steps we get

A=

(=1D)'* = 2Bi_33).

L(5/2)0(m + (d+1)/2)
3T(m +5/2)T((d +1)/2)

A = (D)™ = 2By 1 m1)-

Form =1 — 1 we have

T(5/2)T( =1+ (d + 1)/2) (/20 - 14 (d+1)/2)
ST sar s Dy 2P = Sra s ar@ ) (A-8)

sinceB,; = 0. Now we obtain (A.1) by substitution (A.8) into (A.5).

A=
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