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Abstract
We show that for a unitary operator U on L2(X, µ), where X is a

compact manifold of class Cr, r ∈ N ∪ {∞, ω} and µ is a �nite Borel
measure on X, there exists a Cr function that realizes the maximal
spectral type of U .

Introduction

Let U be a unitary operator on a separable Hilbert space H. For any f ∈ H
we de�ne the cyclic space generated by f as Z(f) = span{Unf : n ∈ Z}.
By the spectral measure σf of f we mean a Borel measure on the circle S1

determined by the equalities

σ̂f (n) =

∫
S1

zndσf (z) = (Unf, f)

for every n ∈ Z.
Theorem 0.1 (spectral theorem). (see [5]) There exists in H a sequence
f1, f2, ... such that

H =
⊕∞

n=1 Z(fn) and σf1 � σf2 � ... . (1)

Moreover, for any sequence g1, g2, ... in H satisfying (1) we have σf1 ≡
σg1 , σf2 ≡ σg2 , ... .
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The spectral type of σf1 (the equivalence class of measures) is called the
maximal spectral type of U .

In this paper we will try to answer, what is the "best" function realiz-
ing the maximal spectral type of U in the case, where H = L2(X, µ). The
meaning of to be the best is not rigorously de�ned; if no other than mea-
surable structure is imposed on X we will seek a function from L∞(X, µ).
However, if X admits a structure of a compact manifold we will look for a
function that is su�ciently smooth (and this is not connected to possible
smooth properties of U or an invariant measure µ).

In case of U acting on L2(X, µ), Alexeyev in [1] proved the existence of a
function f ∈ L∞(X, µ) that realizes the maximal spectral type. In this note
we will show that Alexeyev's arguments are in fact of pure spectral nature
and this will let us generalize his result in various directions.
The author would like to thank Professor Lema«czyk for some valuable dis-
cussions.

1 What is the "best" function realize the max-

imal spectral type

The theorem below is a general version the classical Alexeyev theorem ([1]).

Theorem 1.1. Let U be a unitary operator on a separable Hilbert space H.
Let F be a linear subspace of H and let E ⊂ F be a dense linear subspace of
H such that for any sequence {gk}∞k=1 in E there exist a strictly increasing
sequence {rk}∞k=1 of natural numbers and a real number 0 < a ≤ 1 such that
for every complex u, |u| < a the series

∞∑
k=1

urkgk

(converges in H) belongs to F . Then for every f ∈ H and every ε > 0 there
exists g ∈ F such that ‖ f−g ‖H< ε and σf � σg. In particular, there exists
g ∈ F that realizes the maximal spectral type of U .

Proof. Let σ1 � σ2 � ... be a spectral sequence of U . Hence the unitary
operator U ′ :

⊕∞
n=1 L2(S1, σn) →

⊕∞
n=1 L2(S1, σn) given by

U ′(
∞∑

n=1

ξn(zn)) =
∞∑

n=1

znξn(zn) for
∞∑

n=1

ξn(zn) ∈
∞⊕

n=1

L2(S1, σn)
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and U are unitarily equivalent. Let V : H →
⊕∞

n=1 L2(S1, σn) be a unitary

isomorphism of U and U ′. For f ∈ H let {�f n}∞n=1 denote a sequence given by

�f
n

= PL2(S1,σn) ◦ V f

where PL2(S1,σn) :
⊕∞

n=1 L2(S1, σn) → L2(S1, σn) is the natural projection.

Let f ∈ H and ε > 0. Then there exists a sequence {gm}∞m=0 in E such
that

‖ f − gm ‖H<
ε

2m+2
for m ≥ 0.

Since limm→∞ ‖ f − gm ‖H= 0 and the operator PL2(S1,σn) is bounded,

lim
m→∞

∫
S1

|�f n − �g n
m|2dσn = 0 for n ≥ 1.

Since convergence in the norm L2 implies the almost everywhere convergence
for a subsequence we can construct by a diagonal process a sequence {mk}∞k=0,
m0 = 1 and mk →∞ and sets Nn ⊂ S1 such that

lim
k→∞

�g n
mk

(z) = �f
n
(z) for z ∈ Nn, σn(S1 \Nn) = 0 (2)

Let {rk}∞k=1 be a strictly increasing sequence of natural numbers and let a be
a real positive number such that for any complex u, |u| < a we have

∞∑
k=1

urk(gmk
− gmk−1

) ∈ F (3)

where the series converges in H.
Denote D = {u ∈ C : |u| < ∞}. Given u ∈ D put

g(u) = g0 +
∞∑

k=1

urk(gmk
− gmk−1

). (4)

Since
∞∑

k=1

‖ gmk
− gmk−1

‖H<
∞∑

k=1

ε

2mk−1+1
≤ ε

2
,

for u ∈ D the series (4) converges absolutely in H and g(u) ∈ H. From

‖ g(u)− g0 ‖H≤
∞∑

k=1

‖ gmk
− gmk−1

‖H<
ε

2
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for u ∈ D we obtain ‖ g(u)− f ‖H< ε.
It follows from (4) that for n ≥ 1

�g n(u, z) = �g n
0 (z) +

∞∑
k=1

urk(�g n
mk

(z)− �g n
mk−1

(z)). (5)

We deduce from (2) that for z ∈ Nn and u = 1 the series (5) converges in
the usual sense. Hence �g n(·, z) is an analytic function in D and

�g n(1, z) = �f
n
(z).

Hence for z ∈ Nn one of the two possibilities holds: either

� �g n(·, z) ≡ 0, then �g n
mk

(z) = 0 for k ≥ 1 and consequently �f
n
(z) =

�g n(1, z) = 0 or

� the function �g n(·, z) has at most a countable number of zeroes in D.
Let An,u = {z ∈ Nn : �g n(u, z) 6= 0}. Then for z ∈ An,1, the function �g n(·, z)
has at most a countable number of zeroes in D.
Let us consider the Cartesian productD×A\,∞ ofD with Lebesgue measure λ
and the set An,1 with measure σn. In that product the set {(u, z) : �g n(u, z) =
0} has λ×σn�measure zero because every z�section of that set has λ�measure
zero (consists of at most countable many points). Therefore, for λ�a.e. u ∈ D
we have �g n(u, z) 6= 0 for σn�a.e. z ∈ An,1. That implies that for almost all
u ∈ D

σn(An,1 \ An,u) = 0. (6)

Choosing u0 ∈ D, |u0| < a such that (6) holds for all n ≥ 1 we obtain

σ�f
n � σ�g n(u0,·) for n ≥ 1

and consequently
σf � σg(u0).

It follows from (3) and (4) that g(u0) ∈ F . This completes the proof. �

Lemma 1.2. Let 〈F, 〉 be a Fréchet space. Then for any sequence {fk}∞k=1

in F there exists strictly increasing sequence {rk}∞k=1 of natural numbers such
that for every complex number u, |u| < 1

2
the series

∞∑
k=1

urkfk (7)

converges in F .
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Proof. Choose a sequence {sk}∞k=1 of natural numbers such that for any
complex number α and for any k ≥ 1

if |α| < 1

2sk
then αfk <

1

2k
.

Fix rk = s1 + ...+sk. Then the sequence {rk}∞k=1 is strictly increasing and for
any complex u, |u| < 1

2
we have |urk | < 1

2rk
and consequently urkfk < 1

2k .
Since the series

∑∞
k=1 urkfk converges, the series (7) converges in the Fréchet

space F . �

Corollary 1.1. Let 〈F, 〉 be a Fréchet space where F is a dense subspace of
H and ≥‖ ‖H . Then there exists f ∈ F that realizes the maximal spectral
type of U .

Now, we will consider a special case, where H = L2(X, µ) (µ is a positive
�nite Borel measure on X and U is an arbitrary unitary operator) putting
better and better assumptions of the regularity of X. In the most general
case, where (X,µ) is only assumed to be a Lebesgue space we obtain the
following.

Corollary 1.2. There exists f ∈ L∞(X,µ) that realizes the maximal spectral
type of U .

Above result have been proved by Alexeyev in [1].

Corollary 1.3. Let X be a compact metric space. Then there exists a con-
tinuous function that realizes the maximal spectral type of U .

Proof. Since µ is a regular measure, C(X) is a dense subspace of the
space L2(X, µ). Apply Corollary 1.1 to F = C(X). �

Corollary 1.4. Let X be a compact di�erentiable manifold of class Cr where
r ∈ N∪{∞}. Then there exists f ∈ Cr(X) that realizes the maximal spectral
type of U .

Proof. For r < ∞ there exists a norm ‖ ‖Cr on Cr(X) such that
‖ ‖Cr≥‖ ‖∞ and 〈Cr(X), ‖ ‖Cr〉 is a Banach space. For r = ∞ there exists
an F-norm C∞ on C∞(X) such that C∞ ≥‖ ‖∞ and 〈C∞(X), C∞〉 is a
Fréchet space. Since Cr(X) is a dense subspace of 〈C(X), ‖ ‖∞〉, Cr(X) is a
dense subspace of L2(X, µ). Apply Corollary 1.1, and the proof is complete.
�
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We will now pass to the case of real analytic manifolds. We need some
auxiliary results.

Lemma 1.3. Let A be a real number such that 0 ≤ A < 1. Then for any
natural k we have

∞∑
n=1

nkAn ≤ A

1− A

k!

(1− A)k
.�

Let W be an open subset of Rd. We call a function f : W → C real
analytic (analytic) on W if in a neighborhood of every x0 ∈ W , f(x) can be
represented by a power series of the form

∞∑
l1,...,ld=0

al1...ld(x1 − x0
1)

l1 ...(xd − x0
d)

ld (8)

where al1...ld ∈ C.

Lemma 1.4. Let {fk}∞k=1 be a sequence of analytic functions on W such that
there exist some strictly increasing sequences {Mk}∞k=1, {Rk}∞k=1 of natural
numbers satisfying

sup
x∈W

| ∂l1+...+ldfk(x)

∂xl1
1 ...∂xld

d

|≤ RkM
l1+...+ld
k

for every l1, ..., ld ≥ 0, k ≥ 1. Then for any u ∈ D = {u ∈ C : |u| < ∞} the
series

∞∑
k=1

uRkMkfk

converges uniformly on any compact subset of W and f =
∑∞

k=1 uRkMkfk is
an analytic function on W .

Proof. By Lemma 1.3 for any l1, ..., ld ≥ 0 such that l1 + ... + ld > 0 and
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x ∈ W we have

∞∑
k=1

|u|RkMk | ∂l1+...+ldfk(x)

∂xl1
1 ...∂xld

d

| ≤
∞∑

k=1

|u|RkMkRkM
l1+...+ld
k

≤
∞∑

k=1

|u|RkMk(RkMk)
l1+...+ld

≤
∞∑

n=1

|u|nnl1+...+ld

≤ (l1 + ... + ld)!
|u|

1− |u|
(

1

1− |u|
)l1+...+ld

and for any x ∈ W

∞∑
k=1

|u|RkMk |fk(x)| ≤
∞∑

k=1

|u|RkMkRk ≤
∞∑

n=1

|u|nn ≤ |u|
(1− |u|)2

.

It follows that for any l1, ..., ld ≥ 0 and x ∈ W

| ∂l1+...+ldf(x)

∂xl1
1 ...∂xld

d

| ≤ (l1 + ... + ld)!
|u|

(1− |u|)2
(

1

1− |u|
)l1+...+ld

≤ l1!...ld!
|u|

(1− |u|)2
(

d

1− |u|
)l1+...+ld

and �nally f is an analytic function on W . �

Lemma 1.5. Let X be a compact real analytic manifold. Then there exists a
subspace E of the space of all analytic functions on X such that E is a dense
subspace of C(X) and for any sequence {gk}∞k=1 in E there exists a strictly
increasing sequence {rk}∞k=1 of natural numbers such that for any complex
u ∈ D the series

∞∑
k=1

urkgk

converges in C(X) and
∑∞

k=1 urkgk is an analytic function on X.

Proof. Let ϕ : X → Rd be an analytic injection in an Euclidean space
(see [4]). Set E ′ = {P : P is a polynomial on Rd} and set E = {f : X →
C : f ◦ ϕ−1 ∈ E ′}. By Stone�Weierstrass Theorem, E ′ is a dense subset of
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C(ϕ(X)). Hence E is a dense subspace of C(X) and every function f ∈ E
is analytic. Given a sequence {gk}∞k=1 in E choose Pk so that gk = Pk ◦ϕ for
k ≥ 1. Let W be an open bounded subset of Rd such that ϕ(X) ⊂ W . Then
there exist some strictly increasing sequences {Mk}∞k=1, {Rk}∞k=1 of natural
numbers such that

sup
x∈W

| ∂l1+...+ldPk(x)

∂xl1
1 ...∂xld

d

|≤ RkM
l1+...+ld
k

for every l1, ..., ld ≥ 0, k ≥ 1. Fix rk = RkMk. By Lemma 1.4 the series∑∞
k=1 urkPk converges in C(ϕ(X)) and

∑∞
k=1 urkPk is an analytic function on

W . It follows that the series
∑∞

k=1 urkgk converges in C(X) and

∞∑
k=1

urkgk =
∞∑

k=1

urkPk ◦ ϕ

is an analytic function on X. �

Corollary 1.5. Let X be a compact real analytic manifold and µ is a �-
nite Borel measure on X. Then there exists an analytic function on X that
realizes the maximal spectral type of U .
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