NON-ERGODIC Z-PERIODIC BILLIARDS AND INFINITE
TRANSLATION SURFACES

KRZYSZTOF FRACZEK AND CORINNA ULCIGRAI

ABsTrACT. We give a criterion which proves non-ergodicity for certain infinite
periodic billiards and directional flows on Z-periodic translation surfaces. Our
criterion applies in particular to a billiard in an infinite band with periodically
spaced vertical barriers and to the Ehrenfest wind-tree model, which is a planar
billiard with a Z2-periodic array of rectangular obstacles. We prove that, in
these two examples, both for a full measure set of parameters of the billiard
tables and for tables with rational parameters, for almost every direction the
corresponding directional billiard flow is not ergodic and has uncountably many
ergodic components. As another application, we show that for any recurrent
Z-cover of a square tiled surface of genus two the directional flow is not ergodic
and has no invariant sets of finite measure for a full measure set of directions.
In the language of essential values, we prove that the skew-products which arise
as Poincaré maps of the above systems are associated to non-regular Z-valued
cocycles for interval exchange transformations.

1. INTRODUCTION AND MAIN RESULTS

The ergodic theory of directional flows on compact translation surfaces (defini-
tions are recalled below) has been a rich and vibrant area of research in the last
decades, in connection with the study of rational billiards, interval exchange trans-
formations and Teichmiiller geodesic flows (see for example the surveys [37, 53, 54,
58]). On the other hand, very little is known about the ergodic properties of direc-
tional flows on non-compact translation surfaces, for which the natural invariant
measure is infinite (see [23]).

A natural motivation to study infinite translation surfaces, as in the case of com-
pact ones, come from billiards. As linear flows on compact translation surfaces arise
for example by unfolding billiard flows in rational polygons, examples of flows on
infinite translation surfaces can be obtained by unfolding periodic rational billiards,
for example in a band (see the billiard described below, Figure 1 and §1.1) or in
the plane (as the Ehrenfest wind-tree model, see Figure 2 and §1.2). The infinite
translation surfaces obtained in this way are rich in symmetry, and turns out to
be Z%-covers (see below for a definition) of compact translation surfaces. Poincaré
maps of directional flows on compact surfaces are piecewise isometries known as
interval exchange transformations; Poincaré maps of directional flows Z?-covers are
Z%-extensions of interval exchange transformations (see §2 for the definitions of
interval exchange transformations and extensions).

The ergodic properties of directional flows on Z?-covers and more generally of
Z%-extensions of interval exchange transformations have been recently a very active
area of research, as shown by the recent works [10, 11, 23, 25, 28, 29, 30, 31] (as well
as, more generally, dynamical, geometric and arithmetic properties of non-compact
translation surfaces, see [2, 7, 23, 26, 27, 42, 43, 47, 48, 49]).
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Recall that a measurable flow (p:):ecr on the measurable space (X, B) preserves
the measure p (where p is o-finite) if p(p:A) = p(A) for allt € R, A € B. The
invariant measure pu is ergodic and we say that (¢;):cr is ergodic with respect to u
if for any measurable set A which is almost invariant, i.e. such that u(p; AAA) =0
for all ¢ € R, either u(A) = 0 or u(A°) = 0, where A° denotes the complement.
In the classical set-up, a celebrated result by Kerchoff-Masur-Smillie [34] states
that for every compact connected translation surface for a.e. direction § € S! the
directional flow in direction 6 is ergodic with respect to the Lebesgue measure and
moreover is uniquely ergodic, i.e. the Lebesgue measure is the unique finite ergodic
invariant measure up to scaling. Some recent results concerning ergodicity are in the
direction of proving that also for some Z-covers ergodicity holds for a full measure
set of directions, for example in special cases as Z-covers of surfaces of genus 1 (see
[28]) or of Z-covers which have the lattice property (see Theorem 1.6 quoted below,
from [31]). Examples of ergodic directions in some infinite translation surfaces were
also constructed by Hooper [25].

In contrast, in this paper we give a criterion (Theorem 6.1) which allows to show
that some infinite billiards and Z-covers of translation surfaces are not-ergodic
and admits uncountably many ergodic components (we refer to Appendix B for the
definition of ergodic components). Qur criterion allows us in particular to prove that
some well-studied infinite periodic billiards, for example the billiard in a band with
barriers and the periodic Erhenfest-wind tree model are not ergodic both for a full
measure set of parameters and for certain specific values of parameters (Theorems
1.1 and 1.2). Moreover, the basic mechanism behind our criterion provides strong
restrictions on the behaviors of the billiard orbits, and in particular can be used to
directly derive the following topological consequence, which was pointed out to us
by Artur Avila. Let us say that a billiard flow or a directional flow on a translation
surface is transitive if there exists an orbit which is defined for all ¢ € R (that is,
which does not hit any corner of the billiard table or any conical singularity of the
translation surface) and is dense (see also § 8). We also show that the flows which
satisfy the assumptions of our criterium are not transitive (see Theorem 8.1).

The criterion for non-ergodicity (Theorem 6.1) requires several preliminary def-
initions and it is therefore stated in §6. Here below (§§1.1 and 1.2) we formulate
the two results just mentioned about infinite billiards (Theorems 1.1 and 1.2), that
are based on this criterion. Another application of the non-ergodicity criterion is
given by Theorem 1.4, which yields a class of Z-covers of translation surfaces for
which both the set of ergodic directions 6 for the directional flow (©?);cr and the
set of transitive ones have measure zero (see §1.4, where we state Theorem 1.4 after
the preliminary definitions in §1.3 and comment on the relations with other recent
results).

Let us remark that our Theorems can be rephrased in the language of skew-
products and essential values (as explained in §2 and §3 below). While skew-
products over rotations are well studied, very few results were previously known for
skew-products over IETs. The first return (Poincaré) maps of the billiard flows or
of the directional flows considered provide examples of skew-products associated to
non-regular cocycles for interval exchange transformations (see §3 for the definition
of non-regularity).

1.1. A billiard in an infinite band. Let us consider the infinite band R x [0, 1]
with periodically placed linear barriers (also called slits) handling from the lower
side of the band perpendicularly (see Figure 1). We will denote by T'(1) = (R x
[0,1]) \ (Z x [0,1]) the billiard table in which the length of the slit is given by the
parameter 0 < ! < 1 as shown in Figure 1. Let us recall that a billiard trajectory is
the trajectory of a point-mass which moves freely inside T'(1) on segments of straight
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lines and undergoes elastic collisions (angle of incidence equals to the angle of
reflection) when it hits the boundary of T'(I). An example of a billiard trajectory is
drawn in Figure 1. The billiard flow (b;):cr is defined on a full measure set of points

F1aure 1. Billiard flow on T'(I).

in the phase space T (1), that consists of the subset of points (z,60) € T(I) x S* such
that if = belongs to the boundary of T'(l) then 6 is an inward direction. For ¢t € R
and (x,0) in the domain of (b;)icr, b maps (x,0) to by(z,0) = (2,6"), where 2’ is
the point reached after time ¢ by flowing at unit speed along the billiard trajectory
starting at z in direction 6 and 6’ is the tangent direction to the trajectory at x’.

The infinite billiard (b;)¢cr is an extension of a finite billiard (in a rectangle
with a barrier), whose fine dynamical properties were studied in many papers (see
[50, 8, 9, 15]). Let us also remark that a similar billiard in a semi-infinite band was
studied in [4].

Since the directions of any billiard trajectory in T'(I) are at most four, the set
T(l) x T', where I'0 := {0,—0,7 — 0,7 + 0}, is an invariant subset in the phase
space T (1) for the billiard flow on T'(1). The flow (b?);cr will denote the restriction
of (bt)ter to this invariant set. Remark that the directional billiard flow (b?):cr
preserves the product of the Lebesgue measure on T(1) and the counting measure
on the orbit ['9. We say that (bY):cr on T'(l) is ergodic if it is ergodic with respect
to this natural invariant measure.

Theorem 1.1. Consider the billiard flow (b:)ier on the infinite strip T(1). There
exists a set A C [0,1] of full Lebesgue measure such that, if either:

(1) 1 4s a rational number, or

(2) leA,
then for almost every 6 € S* the directional billiard flow (bY)icr on T(1) is recurrent
and not ergodic. Moreover, (b?)icr has uncountably many ergodic components and
15 not transitive.

Let us remark that, even though we prove that the result holds for a full measure
set of parameters A, the assumption (1) is more precise since it gives concrete values
of the parameters for which the conclusion holds. It is natural to ask if there exists
exceptional directions § € S* and [ € (0,1) for which the flow (b¢);cr is ergodic. In
[20] it is shown that the set of ergodic directions is uncountable for every I € (0, 1).
Moreover, if [ € (0, 1) is rational then the Hausdorff dimension of the set of ergodic
directions is greater than 1/2.

1.2. The Ehrenfest wind-tree model. The Ehrenfest wind-tree billiard is a
model of a gas particle introduced in 1912 by P. and T. Ehrenfest. The periodic ver-
sion, which was first studied by Hardy and Weber in [24], consist of a Z2-periodic
planar array of rectangular scatterers, whose sides are given by two parameters
0 < a,b < 1 (see Figure 2). The billiard flow in the complement Es(a,b) of the
interior of the rectangles is the Ehrenfest wind-tree billiard, that we will denote by
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(et)ter. An example of a billiard trajectory is also shown in Figure 2. Many re-
sults on the dynamics of the periodic wind-tree models, in particular on recurrence
and diffusion times, were proved recently, see [2, 11, 30, 46, 13, 14]. In particular,
it was recently shown that for every pair of parameters (a,b) and almost every
direction € the billiard flow on Es(a,b) is recurrent. One can also consider a one-

.......................................

FIGURE 3. Ehrenfest wind-tree billiard on E4(a,b).

dimensional version of the periodic Ehrenfest wind-tree model, whose configuration
space Fi(a,b) is an infinite tube R x (R/Z) with Z-periodic rectangular scatterers
(see Figure 3) of horizontal and vertical sides of lengths a and b respectively. We
will also denote by (e;)er the billiard flow in Eq(a,b). As for the billiard in a strip
in §1.1, any trajectory of (z,6) for (et)ier in Ei(a,b) or in Es(a,b) travels in at
most four directions, belonging to the set T'0 := {£6,6 + w}. The restriction of
(e¢)ter to the invariant set E;(a,b) x ' for i = 1,2 will be denoted by (€?);cgr. The
directional billiard flow (ef);cr preserves the product measure p of the Lebesgue
measure on E(a,b) (F2(a,b)) and the counting measure on I'6 and the ergodicity
of (ef)ter refers to ergodicity with respect to this measure .

Theorem 1.2. Consider the billiard flow (et)tcr in the Z-periodic Ehrenfest wind-
tree model E1(a,b). There exists a set P C [0,1]> of full Lebesgue measure such
that, if either:

(1) a,b € (0,1) are rational numbers, or

(2) a,b € (0,1) can be written as 1/(1—a) = z+yvD, 1/(1-b) = (1—2)+yvD

with x,y € Q and D a positive square-free integer, or

(3) (a,b) € P,
then for almost every 0 € S' the directional billiard flow (ef)ier on E1(a,b) is recur-
rent and not ergodic. Moreover, (€?)icr has uncountably many ergodic components
and is not transitive.

As in Theorem 1.1, the result holds by (3) for the full measure set of parameters
P, but only the assumptions (1) and (2) give concrete values of the parameters
(a,b) for which the conclusion holds.

As a corollary, since (€f)icr in Ea(a,b) is a cover of (ef)ier on E1(a,b), we have
the following conclusion about the original Ehrenfest periodic model.
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Corollary 1.3. If (a,b) satisfy either (1), (2) or (3) in Theorem 1.2, then for almost
every 0 € S' the planar periodic Ehrenfest wind tree model (€7)icr on Ez(a,b) is
not ergodic, not transitive and there are uncountably many ergodic components.

1.3. Directional flows on translation surfaces and Z-covers. We now re-
call some basic definitions to then state (in §1.4) another application of our non-
ergodicity criterion (Theorem 6.1) for a class of Z-covers of translation surfaces. A
translation surface is a pair (M,w) where M is an oriented surface (not necessarily
compact) and w is a translation structure on M, that is the datum of a complex
structure on M together with a Abelian differential, that is a non-zero holomorphic
1-form. Let us stress that for us M is only a topological manifold, while the transla-
tion structure w determines both a complex structure and an Abelian differential on
M. This convention is perhaps non-standard (often in the literature on translation
surfaces M denotes a Riemann surface and w denotes an Abelian differential), but
has the advantage of leading to a simpler notation in some of the following sections.
Let X = ¥, C M be the set of zeros of w. For every § € S = R/27Z denote by
Xp = X the directional vector field in direction 6 on M \ X. Then the correspond-
ing directional flow (¢?)icr = (¢2°")icr (also known as translation flow) on M\ ¥
preserves the volume form v, = tw Aw = R(w) A F(w). We will use the notation
(0} )ter and X, for the vertical flow and vector field (corresponding to § = 7) and
(¢M)ier and Xy, for the horizontal flow and vector field respectively (6 = 0). We
will sometimes consider translation surfaces of area one, that is renormalized so
that A(w) := v, (M) is equal to one.

Notation. We will denote by My (respectively M, ) the set of regular points for the
directional flow (p?)scr (or, respectively, for the vertical flow (¢¥)¢er), i.e. the set
of point for which the orbit of the flow may be defined for all times ¢ € R.

Then My (and, as a special case, M, ) is a Borel subset of M with v,,(M\ M) =0
and (¢?)ser restricted to My is a well defined Borel flow.

Let (M,w) be a compact connected translation surface. A Z-cover of M is
a manifold M with a free totally discontinuous action of the group Z such that
the quotient manifold M /Z is homeomorphic to M. We stress that we do not
assume that M is connected and also that we adopt the convention that a Z-cover
is equipped with a given action of Z (while sometimes in the literature, e.g. in [45], a
Z-cover is a manifold which admits an action of Z). The map p : M — M obtained
by composition of the projection M — M /Z and the homeomorphism M J/Z — M
is called a covering map. Denote by w the pullback of the form w by the map
p. Then (1\7,@) is a translation surface as well. As we recall at the beginning of
Section 2, Z-covers of M up to isomorphism are in one-to-one correspondence with
homology classes in Hy(M,Z).

Notation. For every v € H;(M,Z) we will denote by (]/\/\[:/,LTJ»Y) the translation
surface associated to the Z-cover given by ~.

For any Z-cover (M,®) of the translation surface (M,w) and 6 € S denote
by (¢9)ier and ($?)ier the volume-preserving directional flows on (M, v,,) and
(]Tf, vz ) respectively. Recall that a measure-preserving flow (p:):er on (X, B, p) (1
is o-finite) is recurrent if for any A € B with pu(A4) > 0, for a.e. = € A there is
t, — oo such that ¢, x € A.

Denote by hol : Hi(M,Z) — C the holonomy map, i.e. hol(y) = [ﬁ/w for every
v € Hi(M,Z). As recently shown by Hooper and Weiss (see Proposition 15 in [29])
a curve v on (M,w) has hol(y) = 0 if and only if for every 6 € S! such that (¢?):er



6 K. FRACZEK AND C. ULCIGRAI

is ergodic, the flow (3Y)scr on the Z-cover (]T/IJW,LT}A,) is recurrent. Thus, following
Hooper and Weiss, we adopt the following definition:

Definition 1 (see [29]). The Z-cover (Z/Vi,, W) of the translation surface (M, w) given
by v € H1(M,Z) is called recurrent if hol(y) = 0.

Recall that a translation surface (M,w) is square-tiled if there exists a ramified
cover p : M — R?/Z? unramified outside 0 € R?/Z? such that w = p*(dz). Square
tiled surfaces are also known as origamis. Examples of square tiled surface (M,w)
can be realized by gluing finitely (or infinitely) many squares of equal sides in R?
by identifying each left vertical side of a square with a right vertical side of some
square and each top horizontal side with a bottom horizontal side via translations.

1.4. Z-covers of genus two square tiled surfaces and staircases. Another
application of the non-ergodicity criterion (Theorem 6.1) is the following.

Theorem 1.4. If (M,w) is square-tiled translation surface of genus 2, for any
recurrent Z-cover (M., @) given by a non trivial v € Hy(M,Z) and for a.e. 6 € S*
the directional flow (29)icr is not ergodic and not transitive. Moreover, it has no

inwvariant sets of positive measure and has uncountably many ergodic components.

Let us give an example to which Theorem 1.4 applies. Consider the infinite stair-
case in Figure 4(a) and let us denote by ZE’;O) the surface obtained by identifying

the opposite parallel sides belonging to the boundary by translations (the nota-
tion Z73 ) refers to [32]). The surface Zy ) inherits from R? a translation surface

structure and thus one can consider the directional flows (¢?)¢cr in direction 6 on
Z(°3°0). One can see that this infinite translation surface is a Z-cover of the genus

D c B

a) Translation surface Z7% .. b) Translation surface Z 3 q.
(3,0) (3,0)

FIGURE 4. The infinite staircase translation surface Z(O?f 0)-

two square-tiled surface Z(3 ) shown in Figure 4(b). Thus, as a consequence of
Theorem 1.4 we get:

Corollary 1.5. The set of directions 6 € S' such that the directional flow (09)icr
on the infinite staircase Z&f’o) is ergodic has Lebesgue measure zero. Moreover, for

almost every 0 € S*, (¢?)ier has no invariant sets of finite measure and is not
transitive.

More generally, a countable family of staircases translation surfaces ZE’; b) de-
pending on the natural parameters a > 2,b > 0 was defined and studied by Hubert
and Schmithiisen in [32]. For a > 2, these translation surfaces are Z-covers of genus

o0

2 square-tiled surfaces. Thus, Corollary 1.5 holds for any Z(a b) with a > 2,0 > 0.
On the other hand, we remark that, if one starts from the staircase in Figure 5
and obtains the translation surface known as Z, éco) by identifying opposite parallel
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sides belonging to the boundary, the set of directions 6 such that the directional
flow (¢¥)ter on the infinite staircase 2 o) s ergodic has full Lebesgue measure
(see [31]). This difference is related to the fact that Z7 ) is not a (unramified)
Z-cover of a genus 2 surface and the study of the directional flows on Z (2,0) Can be
reduced to well-know results of ergodicity of skew products over rotations (see [31]
for references). Further interesting examples of infinite staircases for which the set
of ergodic directions has full Lebesgue measure are presented in [43].

FIGURE 5. The infinite staircases translation surface Z(OQO_O).

Let us comment on the relation between Corollary 1.5 of our theorem and another
recent result by Hubert and Weiss. In Section 5 we recall the definition of the Veech
group SL(M,w) < SL(2,R) of a translation surface. We say that a translation
surface (M,w) (compact or not) is a lattice surface if the Veech group is a lattice in
SL(2,R). We say that a (infinite) translation surface (M,@) has an infinite strip if

there exists a subset of M isometric to the strip R x (—a,a) for some a > 0 (with
respect to the flat metric induced by @ on M).

Theorem 1.6 (Hubert-Weiss, [31]). Let (M, w) be a Z-cover that is a lattice surface

and has an infinite strip. Then the directional flow (¢?)ier on (]AV[/,(IJ) is ergodic
for a.e. 6 € S'.

One can easily check that Z(O‘doyo) has an infinite strip (for example in the direction

¢ = 7). On the other hand, as it was proved in [32], the Veech group SL(Z(C"?;O)) is
of the first kind, is infinitely generated and is not a lattice. Thus, our result shows
that the assumption that SL(M,w) (and not only SL(M,w)) is a lattice is essential
for the conclusion of Theorem 1.6 to hold.

1.5. Outline and structure of the paper. The Sections from 2 to 5 contain
background material and preliminary results. In §2 we recall the construction of
Z-covers associated to a homology class and the definitions of interval exchange
transformations (IETs) and Z-extensions. We also explain how the study of direc-
tional flows on Z covers can be reduced to the study of Z-extensions of IETs. We
then present some definitions and results used in the proofs about the theory of
essential values (Section 3), the Kontsevich-Zorich cocycle (Section 4) and lattice
surfaces (Section 5).

The heart of the paper is contained in Section 6, where the criterion for non-
ergodicity (Theorem 6.1) is both stated and proved. In Section 7 we state and
prove Theorem 7.1 (on the absence of invariant sets of finite measure), which pro-
vides another crucial ingredient to prove the presence of uncountably many ergodic
components in the various applications. In Section 8 we state and prove Theorem
8.1, which shows that, under the assumptions of the ergodicity criterion, using the
results in the proof of Theorem 6.1, one can deduce not only non-ergodicity but
also non-transitivity.
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The proofs of the results stated in the introduction is finally given in Section 9
and follows from Theorems 6.1 and 7.1 essentially from Fubini-type arguments. The
first Fubini argument presented applies to Veech surfaces and appears in §9.1, where
we prove Theorem 1.4 and Corollary 1.5. In §9.2 and §9.3 we prove respectively
Theorem 1.1 on the billiard in a strip and Theorem 1.2 and Corollary 1.3 on the
Ehrenfest wind-tree models.

In the Appendix we include the proof of two technical results used in the proof
of the non-ergodicity criterion and stated in Section 4, i.e. Lemma 4.3 and Theorem
4.2, which relates coboundaries with the unstable space of the Kontsevich-Zorich.

2. Z-COVERS AND EXTENSIONS OF INTERVAL EXCHANGE TRANSFORMATIONS

Z-covers. Let (M,w) be a compact connected translation surface and M a Z-cover
of M (see §1). Let us show that there is a one-to-one correspondence between
H1(M,7Z) and the set of Z-covers, up to isomorphism®. Let us first recall that we
have the following isomorphism (we refer for example to Proposition 14.1 in [21]):

Hom(m (M, x),Z) +— {Z-covers of M }/isomorphism.
In view of Hurewicz theorem 71 (M, x)/[m1 (M, x), 71 (M, z)] and Hy(M,Z) are iso-
morphic, so Hom(m1 (M, z),Z) and Hom(H;(M,Z),Z) are isomorphic as well. This
yields a one-to-one correspondence

Hom(H,(M,Z),Z) «— {Z-covers of M} /isomorphism.
The space Hq(M,Z) is isomorphic to Hom(H:(M,Z),Z) via the map v — ¢, :
H\(M,Z) = Z, (7)) = (7,7'), where (-, -) : Hi(M,R) x H;(M,R) — R is the
intersection form (see for example Proposition 18.13 in [21]). This gives the next
correspondence
(2.1) Hy(M,Z) +— {Z-covers of M} /isomorphism.

The Z-cover MW determined by v € Hy(M,Z) under the correspondence (2.1) has
the following properties. Remark that (-, -) restricted to Hy(M,Z) x Hy(M,Z)
coincides with the algebraic intersection number. If o is a close curve in M and
n = (y,[o]) € Z ([o] € Hi(M,Z)), then o lifts to a path o : [to,t:] — M,

such that o(t1) = n - o(to), where - denotes the action of Z on (M., &) by deck
transformations. Conversely, if v : [to, t1] — M is a curve such

(2.2) v(t1) =n-v(tg) forsome n €Z, then (v,[pov])=mn,

where [pov] € Hy (M, Z) is the homology class of the projection of v by p : ]TL — M.
Interval exchange transformations. Let us recall the definition of interval exchange
transformations (IETs), with the presentation and notation from [52] and [53]. Let

A be a d-element alphabet and let @ = (m,m1) be a pair of bijections m. : A —
{1,...,d} for ¢ = 0,1. Denote by S4 the set of all such pairs. Let us consider

A= (Aa)aca € RY, where Ry = (0,+00). Set |\| =3 .4 Aa, I = [0,]A]) and, for
e=0,1, let
IS =[l5r), where 5= Y g = > g
e(B)<me () e (B)<me ()

Then |IS| = Ao for a € A. Given (m,A) € Sq x RY, let T, 5 : [0, |A]) = [0,[A])
stand for the interval exchange transformation (IET) on d intervals I,, a € A,
which isometrically maps each I3 to I}, i.e. Tix \)(2) = & 4+ wq with wq =1}, — 19,
forz € 1%, a € A.

)

ILet us remark that here we consider only unramified Z-covers. More generally, one can
consider ramified covers determined by elements in the relative homology H1 (M, X,Z), see [29].
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Cocycles and skew-product extensions. Let T be an ergodic automorphism of stan-
dard probability space (X, B, u). Let G be a locally compact abelian second count-
able group. Each measurable function ¢ : X — G determines a cocycle ¥(*) for T
by the formula
P(x) +p(Tz) + ...+ (T 1z) if n>0

(2.3) »M(z) = 0 if n=0

—((Trz) + (T )+ ...+ (T 12)) if n<O,
the function v is also called a cocycle. The skew product extension associated to
the cocycle ¢ is the map Ty : X xG = X x G

Ty(z,y) = (Tz,y + ().
Clearly T, preserves the product of y and the Haar measure mg on G. Moreover,
Ty (z,y) = (T"z,y + Y™ (x)) forany n € Z.

2.1. Reduction to Z-extensions over IETs. Let us explain how the question of
ergodicity for directional flows for Z-covers of a compact translation surface (M, w)
reduces to the study of Z-valued cocycles for interval exchange transformations
(IETs). Let (#Y)er be a directional flows for a Z-cover (M, @) of (M,w) such that
the flow (¢f)ier on M is ergodic. Let I C M \ ¥ be an interval transversal to
the direction 6 with no self-intersections. The Poincaré return map 7 : I — [ is a
minimal ergodic IET (if (¢f):er is ergodic), whose numerical data will be denoted
by (m,A) € Sa x R (see for example [53, 54]). Let 7 : I — Ry be the function
which assigns to € I the first return time 7(z) of = to I under the flow. The
function 7 is constant and equal to some 7, on each exchanged interval I,. The
flow (¢?)ser is hence measure-theoretically isomorphic to the special flow built, over
the IET T : I — I and under the roof function 7 : I — R,. For every a € A we
will denote by 7, € Hi(M,Z) the homology class of any loop v, formed by the
segment of orbit for (p?);cr starting at any = € Int I, and ending at T together
with the segment of I that joins Tz and z, that we will denote by [Tz, x].

Let us now define a cross-section for the flow ($?);cr and describe the corre-
sponding Poincaré map. Let I be the preimage of the interval I via the covering
map p: M — M. Fix Iy C I a connected component of I. Then Pl lo—Tisa
homomorphism and Iis homeomorphic to I x Z by the map

(2.4) IXZ53 (z,n)— o(z,n) :=n-(pls,) " (z) € I.

Denote by T : I — I the the Poincaré return map to I for the flow (3?);er.
Lemma 2.1. Suppose that (M7G) = (Mv,&,) for some v € Hi(M,Z) is a Z-cover.
Then the Poincaré return map T is isomorphic (via the map o given in (2.4)) to

a skew product Ty : I x Z — I X Z of the form Ty(x,n) = (Tz,n + ¢(x)), where
v =1y 1 = Z is a piecewise constant function given by

Vo) =(V,v%) i wx€ly foreachacA
and T and v, for a € A are as above.
Proof. Let us first remark that
(2.5) plo(z,n)) =2 and m-o(z,n)=po(x,m+n) forall xz€l, mnécZ.

Moreover, if o(z,n), o(z',n') € I are joined by a curve in I then the points belong
to the same connected component of f, hence n = n/. Fix (z,n) € Intl, X Z
and denote by vy, the lift of the loop v, which starts from the point o(z,n) € I.
Setting o(x,n.) € I by its endpoint, by (2.2) and (2.5), we have

o(z,ne) = (7, [vz]) - o(z,m) = (7,7a) - 0(x,n) = 0 (z,n + (V,7a)) »
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S0 Me =N+ (7, Va). Since vy, is a lift of the curve formed by the segment of orbit
for (¢)ier starting at = € Int I, and ending at Tz together with the segment of [
that joins Tz and z, v, ,, is formed by the segment of orbit for ($Y);cr starting at
o(z,n) € I and ending at To(x,n) together with a curve in I that joins To(z,n)
and o(z,n.). As p(To(z,n)) = Tz and the points To(x,n) and o(z,n.) belong to
the same connected component of I~, it follows that

To(z,n) = o(Tz,ne) = 0 (Tx,n+ (¥,7a))
which completes the proof. U

Remark 2.2. The ergodicity of the flow ($?)icr on (MW,LT}A,) is equivalent to the

ergodicity of its Poincaré map T and thus, by Lemma 2.1, it is equivalent to the
ergodicity of the skew product Ty : I X Z — I X Z.

We now recall some properties of this reduction for a special choice of the section
I, which will be useful in §9. For simplicity let § = 7/2 and assume in addition that
the vertical flow (@} ):cr has no vertical saddle connections, i.e. none of its trajectory
joins two points of ¥, and that the interval I is horizontal and it is chosen so that
one endpoint belongs to the singularity set 2 and the other belongs to an incoming
or outgoing separatrix, that is to a trajectory which ends or begins at a point of
3. In this case the IET T has the minimal possible number of exchanged intervals
and the corresponding representation of the vertical flow as a special flow over T is
closely related to zippered rectangles (see [53] or [54] for more details). Recall that
each discontinuity of T belongs to an incoming separatrix (and, by choice, also the
endpoints of I belong to separatrices). For each a € A, let 0, € ¥ (respectively
Or.a € %) be the singularity of the separatrix through the left (right) endpoint of
I,.

While homology classes {74 : @ € A} defined at the beginning of this §2.1
generate the homology Hi(M,Z) (Lemma 2.17, §2.9 in [53]), one can construct a
base of the relative homology Hy(M,X,Z) as follows. For each a € A denote by
&o € Hi(M,%,Z) the relative homology class of the path which joins 07,4 t0 0y q,
obtained juxtaposing the segment of separatrix starting from o7, up to the left
endpoint of I,, the interval I,, and the segment of separatrix starting from the
right endpoint of I, and ending at o, . Then {{, : a € A} establishes a basis
of the relative homology Hi(M,X,7Z) (see |54]). This basis allows us to explicitly
compute the vectors (A )aca and (wa)aca defining T and the return times (74 )aca
as follows (see [53] or [54]):

(2.6) Ao = Rw, Wo = / Rw, Ta = / Sw forall ac A
§a Yo

a

3. ESSENTIAL VALUES OF COCYCLES

We give here a brief overview of the tools needed to prove the non-ergodicity
of the skew product Ty (see Section 2.1) and describe its ergodic components.
For further background material concerning skew products and infinite measure-
preserving dynamical systems we refer the reader to [1] and [44].

3.1. Cocycles for transformations and essential values. Given an ergodic
automorphism T of standard probability space (X, B, i), a locally compact abelian
second countable group G and a cocycle ¢ : X — G for T, consider the skew-
product extension Ty : (X x G, B x Bg,pp x mg) = (X x G, B x Ba, u x ma) (Ba
is the Borel o-algebra on G) given by Ty (z,y) = (T, y + ¥(x)).

Two cocycles ¥1,19 : X — G for T are called cohomologous if there exists a
measurable function g : X — G (called the transfer function) such that ¢, =
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Yo 4+ g —goT. Then the corresponding skew products T, and Ty, are measure-
theoretically isomorphic via the map (x,y) — (x,y + g(z)). A cocycle p : X — R
is a coboundary if it is cohomologous to the zero cocycle.

Denote by G the one point compactification of G if the group G is not compact.
If G is compact then we set G := G. An element g € G is said to be an essential
value of v, if for each open neighborhood Vj, of g in G and each measurable set B C
with u(B) > 0, there exists n € Z such that

(3.1) u(BNT™BN{xe X : ™ (x)eV,})>0.

The set of essential values of 1 will be denoted by E¢ (1) and put Eg(v) = G N
Eg(¥). Then Eg(1) is a closed subgroup of G.

A cocycle ¥ : X — G is recurrent if for each open neighborhood Vj of 0, (3.1)
holds for some n # 0. This is equivalent to the recurrence of the skew product Ty,
(cf. [44]). In the particular case G C R and ¢ : X — G integrable we have that the
recurrence of 1 is equivalent to [y v du = 0.

We recall below some properties of Eg (1)) (see [44]).

Proposition 3.1. If H is a closed subgroup of G and ¢ : X — H then Eq(y) =
Eg(W) C H. If 1,99 : X — G are cohomologous then Eq (Y1) = Eg(2).

Consider the quotient cocycle v* : X — G/E(y) given by ¢*(z) = ¥(z) +
E(¢). Then Eg gy (¢*) = {0}. The cocycle ¥ : X — G is called regular if
Ec e () = {0} and non-regular if Eg py)(v*) = {0,00}. Recall that if
¥ : X — @ is regular then it is cohomologous to a cocycle ¥y : X — E(¢) such
that E(yo) = E(1)).

The following classical Proposition gives a criterion to prove ergodicity and check
if a cocycle is a coboundary using essential values.

Proposition 3.2 (see [44]). Suppose that T : (X, p) — (X, p) is an ergodic auto-
morphism and let ¢ : X — G be a cocycle for T. The skew product Ty, : X x G —
X x G is ergodic if and only if Eq(¥) = G. The cocycle is a coboundary if and

only if Ec(v) = {0}.
We also recall the following characterization of coboundaries.

Proposition 3.3 (see [6]). If T : (X,u) — (X, p) is an ergodic automorphism
then the cocycle ¥ : X — G for T is a coboundary if and only if the skew product
Ty : X x G = X x G has an invariant set of positive finite measure.

The non-regularity of a cocycle provide additional information on the structure of
ergodic components of the corresponding skew product. The proof of the following
result is postponed to Appendix B. We also refer reader to Appendix B for the
formal definition of the space of ergodic components of Ty, which appear in the
following statement.

Proposition 3.4. Let T : (X,p) — (X, u) be an ergodic automorphism and let
Y : X — Z be a recurrent non-reqular cocycle. Let (Y,v) be the (probability) space
of ergodic components of the skew product Ty : X X Z — X X Z and let {p, : y €
Y} be the family of o-finite Ty-invariant measures on X X Z representing ergodic
components of Ty. Then the measures v and iy for v-a.e. y €Y are continuous.
In particular, the skew product Ty, has uncountably many ergodic components and
almost every ergodic component is not supported by a countable set.

Corollary 3.5. Let (39)icr be a directional flow on a Z-cover (J/V\ic?) of (M,w)
such that the flow (p?)ier on (M,w) is ergodic. Suppose that its Poincaré return
map is isomorphic to a skew product Ty : I X Z — I X Z (as in Section 2.1) and the
cocycle v is recurrent and non-regular. Then the flow ($?)ier is not ergodic and,
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by Proposition 3.4, it has uncountably many ergodic components and almost every
such ergodic component is not supported on a single orbit of the flow.

3.2. Cocycles for flows. Let (p¢)ier be a Borel flow on a standard probability
Borel space (X, B, ). A cocycle for the flow (¢1):er is a Borel function F': Rx X —
R such that

F(t+s,x) = F(t,psz) + F(s,x) forall s,teR and ze€ X.

Definition 2. Two cocycles F1,Fo : R x X — R are called cohomologous if there
exists a Borel function u : X — R and a Borel (¢;)icr-invariant subset Xo C X
with u(Xo) = 1 such that

Fy(t,z) = Fi(t,x) +u(z) —u(pr) forall z€ Xy and te€R.

A cocycle F: R x X — R is said to be a cocycle if it is cohomologous to the zero
cocycle.

Lemma 3.6. Let us recall a simple condition on a cocycle F' guaranteeing that
it is a coboundary: if there exist a Borel (p¢)ier-invariant subset Xo C X with
w(Xo) =1 such that the map Ry 3t — F(t,z) € R is continuous and bounded for
every x € Xg then F is a coboundary. Moreover, the transfer function u: X — R
s given by

u(z) :=limsup F(s,x) = limsup F(s,z) for xz € Xo.

s——+o00 s€Q, s—>+oo
Proof. Tt is enough to remark that for every ¢ > 0 and = € Xy we have

u(ppr) = liriliup F(s, o) = lililiup F(s+txz)— F(t,x) =u(z) — F(t,x).
s (o) S oo
]

Cocycles for translation flows. Let (M,w) be a compact translation surface and let
6 € S*. For every x € M \ ¥ denote by I?(x) C R the maximal open interval for
which ¢z is well defined whenever t € I(x) C R. If x € My then I°(z) = R. For
any smooth bounded function f: M\ ¥ — R let

(3.2) Ffe(t,x) ::/0 f(lz)yds if tel’(x).

Thus F}’ is well defined on R x My and it is a cocycle for the directional flow ((p?)teR
considered on (My, v,,).

Assume that the directional flow (¢?)icr is minimal and let Iy C M be an
interval transverse to (¢?);cr. The first return (Poincaré) map of (¢f)ier to Iy
is an interval exchange transformation Tp. Let %’i : I — R be the cocycle for Ty

defined as follows. Let 7 : Iy — R be the piecewise constant function which gives
the first return time 7(z) of  to Ip under the flow (¢¢)¢cr. Then

()
w?(x) = F}?(T(az),x) = / f(@lx)ds for x €Iy
0
The following standard equivalence holds (see for example [19]).

Lemma 3.7. The cocycle FJ? is a coboundary for the flow (¢?)ier if and only if
the cocycle 1/)? is a coboundary for the interval exchange transformation T)y.

Notation. Let T be an IET obtained as Poincaré map of the flow (¢f);er. For any
p € QY(M) and any v € H;(M,R) we denote by ¢, : I — R and 9., : I — R the
cocycles for T' defined as follows.
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Given p € QY(M), let f : M \ ¥ — R be the smooth bounded function given
by f = ix,p. Then ¢, : I — R is the corresponding cocycle for T defined by
(@) = 7 J(ol) ds.

Given v € Hi(M,R) the cocycle ¥, : I — R is such that ¥ (z) = (v,74) if
xzel, fora € A.

Notation. For any p € QY(M) let us consider the smooth bounded function f :
M\Y = R, f =ix,p and let ¢, : I — R be the corresponding cocycle for T’
defined by ¢, (z) = fOT(w) f(@fz)ds.

For any v € Hi(M,R) we denote by 1., : I — R the cocycle for T : I — I such
that ¢ (z) = (v,7a) if z € I, for a € A.

Proposition 3.8. Let p € QY(M) a let v := P~ L[p] € Hi(M,R), where P :
Hi(M,R) — H'(M,R) is the Poincaré duality, see (4.1) for definition. Then the
cocycle 1, is cohomologous to —.,.

Proof. Recalling the definitions of v, v, and [z, Tx] in §2.1 and applying (4.2), for
every x € I, we get

7(z)
_ _ _ . 0 _ _
<%M—Lf—lf—£ uwmww+ﬁmf—%m+%wg@@

where g : I — R is given by g(x) = f[xo_z] p (zo is the left endpoint of the interval
I). Consequently, 1, + ¢y = go T — g is a coboundary. O

4. THE TEICHMULLER FLOW AND THE KONTSEVICH-ZORICH COCYCLE

Given a connected oriented surface M and a discrete countable set > C M,
denote by Diff " (M, X)) the group of orientation-preserving homeomorphisms of M
preserving ¥. Denote by Diff§ (M, X)) the subgroup of elements Diff " (M, ) which
are isotopic to the identity. Let us denote by I'(M, ¥) := Diff (M, )/ Diff§ (M, %)
the mapping-class group. We will denote by Q(M) (respectively Q)(M) ) the
Teichmyiller space of Abelian differentials (respectively of unit area Abelian differ-
entials), that is the space of orbits of the natural action of Diff (M, () on the
space of all Abelian differentials on M (respectively, the ones with total area
Aw) = [}; R(w) A S(w) = 1). We will denote by M(M) (MWD (M)) the moduli
space of (unit area) Abelian differentials, that is the space of orbits of the natural
action of Diff (M, () on the space of (unit area) Abelian differentials on M. Thus
M(M) = Q(M)/T(M,0) and M(M)P = QW (M)/T(M,0).

The group SL(2,R) acts naturally on QM) (M) and M) (M) as follows. Given
a translation struture w, consider the charts given by local primitives of the holo-
morphic 1-form. The new charts defined by postcomposition of this charts with an
element of SL(2,R) define a new complex structure and a new differential which is
Abelian with respect to this new complex structure, thus a new translation struc-
ture.

Notation. We denote by g - w the translation structure on M obtained acting by
g € SL(2,R) on a translation structure w on M.>

The Teichmiller flow (Gt)ier is the restriction of this action to the diagonal
subgroup (diag(e?,e™*))ier of SL(2,R) on QM (M) and MM (M). Remark that
the SL(2,R) action preserves the zeros of w and their degrees.

2\We stress that this notation is different than the perhaps more standard notation g- (M, w) to
denote the SL(2,R) action. Since for us M is a topological manifold, while the complex structure
on M is given by the translation structure w, we do not need to write the action of g on M. This
has the advantage of leading to a simpler notation throughout the paper.
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Let M be compact and of genus g and let xk be the number of zeros of w. If k;,
1 < i < k is the degrees of each zero, one has 29 —2 = >°F | k;. Let us denote
by H(k) = H(ki,..., k) the stratum consisting of all (M,w) such that w has &
zeros of degrees ki,...,k.. Each stratum is invariant under the SL(2,R) action
and the connected components of this action were classified in [35]. Let H™M (k) =
H(k) N MY (M). Each stratum HY = HV (k) carries a canonical SL(2,R)-
invariant measure MS) that can defined as follows. Let {y1,...,7,} be a basis of
the relative homology H1(M,%,Z). Remark that for each ~;, f%_ w € C~R2 The
relative periods (j71 Wyenny fm w) € R?" are local coordinates on the stratum (k).
Consider the pull-back by the relative periods of the Lebesgue measure on R?".
This measure induces a conditional measure on the hypersurface HM (k) C H (k).
Since this measure is finite (see [38, 51]), we can renormalize it to get a probability
measure that we will denote by M$)~ The measure ug_}) is SL(2,R)-invariant and
ergodic for the Teichmiiller flow.

The Kontsevich-Zorich cocycle. Assume that M is compact. The Kontsevich-
Zorich cocycle (GEZ),cp is the quotient of the trivial cocycle

Gy xId: QW(M) x HY(M,R) — QW (M) x H'(M,R)

by the action of the mapping-class group I'(M) := I'(M, (). The mapping class
group acts on the fiber H'(M,R) by pullback. The cocycle (GEZ),cr acts on the
cohomology vector bundle

H'(M,R) = (QM(M) x H'(M,R))/T'(M)
(known as the Hodge bundle) over the Teichmiiller flow (Gt):cr on the moduli space
MD(M) = QW (M)/T(M).
Notation. We will denote by H*((M,w),R) the fiber of the Hodge bundle H#! (M, R)
based at the translation surface (M,w) € QM) (M).

Clearly H'((M,w),R) = H'(M,R). The space H'(M,R) is endowed with the
symplectic form

(c1,¢2) ::/01A02 for ¢y,co € HY(M,R).
M

This symplectic structure is preserved by the action of the mapping-class group and
hence is invariant under the action of SL(2,R).
Denote by P : Hi(M,R) — H'(M,R) the Poincaré duality, i.e.

(4.1) Po=c iff /c': (c,d)y forall ¢ € H'(M,R).

Since the Poincaré duality P : H;(M,R) — H'(M,R) intertwines the intersection
forms (-, -) on Hi(M,R) and H!(M,R) respectively, that is (o,0’) = (Pa, Po’)
for all 0,0’ € Hy(M,R), we have

(4.2) (o,0") = (Po,Po’) = / Po’  forall o,0' € H(M,R).

Each fiber H((M,w),R) of the vector bundle H!(M,R) is endowed with a natu-
ral norm, called the Hodge norm, defined as follows (see [17]). Given a cohomology
class ¢ € H'(M,R), there exists a unique holomophic one-form 7, holomorphic with
respect to the complex structure induced by w, such that ¢ = [%n]. The Hodge norm

of [|c[|,, is then defined as (% an/\ﬁ)l/Q.
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Lyapunov exponents and Oseledets splitting. Let p be a probability measure on
MM (M) which is invariant for the Teichmiiller flow and ergodic. Since the Hodge
norm of the Kontsevich-Zorich cocycle at time ¢ is constant and equal to e’ (see [17])
and p is a probability measure, the Kontsevich-Zorich cocycle is log-integrable with
respect to pu. Thus, it follows from Oseledets’ theorem that there exists Lyapunov
exponents with respect to the measure p. As the action of the Kontsevich-Zorich
cocycle is symplectic, its Lyapunov exponents with respect to the measure p are:

L=M>M2> . 2M> A0 > > =\ > =M =1,

the inequality A}’ > A4 was proven in [17]. The measure p is called KZ-hyperbolic
if Al > 0. When g = 2, it follows from a result by Bainbridge® that:

Theorem 4.1 (Bainbridge). If M is surface with genus g = 2 then for any probabil-
ity measure g on, MW (M) which is invariant for the Teichmiiller flow and ergodic
its second Lyapunov exponent Ao is strictly positive. Thus, u s KZ-hyperbolic.

If a measure p is KZ-hyperbolic, by Oseledets’ theorem, for p-almost every
w € MW (M) (such points will be called Oseledets regular points), the fiber
H'((M,w),R) of the bundle H!(M,R) at w has a direct splitting

Hl((M7w)’R) = E:(MJR) ® B, (M,R),

where the unstable space E(M,R) (respectively the stable space E_ (M,R)) is
the subspace of cohomology classes with positive (respectively negative) Lyapunov
exponents, i.e.

1
+ _ 1 . : _
(4.3) EX(M,R) = {c € HY(Mw),R): lim —logllefe_w < 0},
1
— _ 1 R -
E;(M,R) = {c € HY(M.w),R): lim ~log|le]g < o}.

Let p be an SL(2,R)-invariant probability measure which is ergodic for the
Teichmiiller flow and let .2}, be the support of p, which is an SL(2,R)-invariant
closed subset of M) (M). Let T be a field (we will deal only with fields R and Q).

A notion playing an important role in the paper is the notion of vector subbundle
of the cohomology bundle (respectively, vector subbundle of the homology bundle)
over .Z,, that we now define.

Let Z’Z c QW(M) be the lift of the support &, ¢ MW (M) of u to the
Teichmiiller space QM) (M), that is the preimage of Z,, by the natural projection
QW (M) — MM (M). Let us consider a subbundle over .Z,, which is determined
by a collection of subfibers of the cohomology (or homology) fibers over Z, that
is K! = Uwez {w} x K'(w), where K*(w) C HY((M,w),F) is a linear subspace
(respectively K; = Uwez{w} x K1 (w), where K1(w) C H1((M,w),F)). We will
call K! (K1) an invariant subbundle over .,2;,: if:

(i) K'(g-w) = K'(w) (K1(9-w) = K1(w)) for every g € SL(2,R) and w € .,27#;
(ii) if wi,ws € 2, are two representatives of the same point wiI' = woI' € 2,

and ¢ € I'(M) is an element of the mapping-class group such that ¢*(wq) =
wy then ¢ K3 (wn) = K wn) (6K (wn) = K (w2)).

3In [5] Bainbridge actually computes the explicit value of Az for any p probability measure
invariant for the Teichmiiller flow in the genus two strata #(2) and #(1,1). The positivity of the
second exponent for g = 2 also follows by the thesis of Aulicino [3], in which it is shown that no
SL(2,R)-orbit in #(1,1) or H(2) has completely degenerate spectrum.
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Any invariant subbundle Kt (El) over 927“ determines the quotient subbundle K* :=
KY/T(M) (Kq := K1/T(M)), which is also called an invariant subbundle over .&,.
Moreover,

Kt = U {w} x K*w) (/C1= U {W}XKI(W))’

weZ, weZ,

where K (w) (K (w)) is well defined for every w € .%,, thanks to condition (ii).
We say that an invariant subbundle K! (K1) is constant if its lifting ! (K1) is
a trivial bundle of the form %, x K! (£, x K;), where K! ¢ H'(M,F) (K, C
H,(M,TF)) is a linear subspace.
For any cohomological invariant subbundle K! with K'(w) ¢ H'(M,R) for
w € %, one can consider the Kontsevich-Zorich cocycle (GEZ)icr restricted to

the subbundle K! over the Teichmiiller flow on .%},. The Lyapunov exponents of

the reduced cocycle (G4 ),cr with respect to the measure p will be called the
Lyapunov exponents of the subbundle K.

A splitting { H' (M, w),F) = K} (w)®& K] (w), w € Z,} (respectively {Hy ((M,w),F) =
Ki(w) & Ki-(w), w € £,}) is called an orthogonal invariant splitting if both cor-
responding subbundles K' = (J,c o {w} x K'(w) and K} = U c g, {w} x K (w)
(respectively K1 and Ki) are invariant and K'(w), K1 (w) (respectively K (w),
Ki(w)) are orthogonal with respect to the symplectic form (-, ) for every w € .Z,,.

Let {H'((M,w),R) = K'(w) ® K!(w), w € Z,} be an orthogonal invariant
splitting. Since the Poincaré duality P : Hy(M,R) — H'(M,R) intertwines the
intersection parings (-, -) on Hy(M,R) and H'(M,R) respectively, one also has a
dual invariant orthogonal splitting given fiberwise by

Hi((M,w),R) = K1 (w)® K (w) with K (w) := P K (w), Ki-(w) := P 1K1 (w).

1
The Lyapunov exponents of the reduced cocycle (Gf ar )ter With respect to the

measure p will be also called the Lyapunov exponents of K.
For any w € MY(M) denote by HL ((M,w),R) the subspace of H'(M,R) gen-
erated by [R(w)] and [$(w)]. Set

H(10)(<M7w)7 R): = Hslf((Ma w), R)J—
= {C € Hl((M7 w)aR) : VC/GH‘;((M,UJ),R) <Cv CI) = O}
Then one has the following orthogonal invariant splitting
{H'(M,w),R) = Hy,((M,w),R) & Hjg)(M,w),R), we M)},

Let Hi' (where st stands for standard) and H§°) (also known as reduced Hodge
bundle) be the corresponding subbundles. The Lyapunov exponents of the sub-

bundle ’HEO) are exactly {£)5,..., £} (see the proof of Corollary 2.2 in [17]).
Correspondingly, one also has also the dual orthogonal invariant splitting

{Hi(M,R) = H'(M,w),R)® H((M,w),R), we MY (M)}, where
HO(M,w),R) = {JGHl(MjR):/c:O for all ¢ € HL((M,w),R)};
H{Y(M,w),R) = {oc€H(MR):(o,0')=0 forall oeH"(Muw),R)}.

Coboundaries and unstable space. If p is a KZ-hyperbolic probability measure on
MM (M), on a full measure set of Oseledets regular w € M(M) one can relate
coboundaries for the vertical flow with the stable space E (M, R) of the Kontsevich-
Zorich cocycle as stated in Theorem 4.2 below.
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Recall that given a smooth bounded function f : M \ ¥ — R we denote by FJ?
the cocycle over the directional flow (¢);er given by

¢
F]‘?(t,x) ::Af((pgx)ds for ze€ My, teR.

The following theorem is one of the main technical tools used in the paper and
plays a crucial role in the proof of non-ergodicity and non-regularity in Sections 6
and 7.

Theorem 4.2. Let ju be any SL(2,R)-invariant probability measure on MM (M)
ergodic for the Teichmiiller flow. There exists a set M’ C MW (M) with p(M’) =
1, such that any w € M’ is Oseledets regular, has no vertical saddle connections
and for any smooth closed form p € Q' (M), if [p] € E; (M,R), then the cocycle F}
with f :=1ix,p(= p(Xy)) for the vertical flow (¢} )ter s a coboundary. Moreover,
F{(t,x) is uniformly bounded for any x € M, and t > 0.

If we assume in addition that p is KZ-hyperbolic, we also have, conversely, that
if [p] & E; (M,R), then F} is not a coboundary for the vertical flow (¢} )ter-

The main technical tools to prove Theorem 4.2 are essentially present in the
literature*. For completeness, in the Appendix A we include a self-contained proof
of Theorem 4.2. In the same Appendix we also prove the following Lemma, which
is used in the proof of Theorem 4.2 and that will also be used in the proof of
non-regularity in Section 7.

Lemma 4.3. Let pu be any SL(2,R)-invariant probability measure on MM (M)
ergodic for the Teichmiiller flow. Then for u-almost every w € MW (M), there
exists a sequence of times (tg)ren with tp — +oo, m € N, a constant ¢ > 1

and a sequence {7§k), .. ,'y,(,]f)}keN of elements of Hi(M,Z) such that, for any p €
HY(M,R) one has
L;H g

5. VEECH SURFACES AND SQUARE-TILED SURFACES

1
(44) “llpllyw < max

< .
< max | [l <cllplle,

The affine group Aff(M,w) of (M,w) is the group of orientation preserving
homeomorphisms of M and preserving ¥ which are given by affine maps in regular
adopted coordinates. The set of differentials of these maps is denoted by SL(M,w)
and it is a subgroup of SL(2,R). A translation surface (M,w) is called a lattice
surface (or a Veech surface) if SL(M,w) C SL(2,R) is a lattice.

If (M,wp) is a lattice surface, the SL(2,R)-orbit of (M,wp) in M® (M), which
will be denoted by .Z,,,, is closed and can be identified with the homogeneous space
SL(2,R)/SL(M,wp). The identification is given by the map ® : SL(2,R) — %, C
MM (M) that sends g € SL(2,R) to g-wo € .Z,,,, whose kernel is exactly the Veech
group SL(M,wp). Thus ® can be treated a map from SL(2,R)/SL(M,wp) to L,
Therefore, ., carry a canonical SL(2, R)-invariant measure po, which is the image
of the Haar measure on SL(2, R)/SL(M,wp) by the map ® : SL(2,R)/SL(M,wy) —
MO (M). We will refer to pg as the canonical measure on .Z,,,. Since the homoge-
neous space SL(2,R)/SL(M,wp) is the unit tangent bundle of a surface of constant

4Theorem 4.2 could be deduced from the recent work of Forni in [18], in which much deeper
and more technical results on the cohomological equation are proved. The crucial point in the
proof of Theorem 4.2 is the control on deviations of ergodic averages from the stable space, which
first appears in the work by Zorich [57] in the special case in which p is the canonical Masur-Veech
measure on a stratum. Very recently, an adaptation of the proof of Zorich’s deviation result for
any SL(2,R)-invariant measure has appeared in the preprint [14].
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negative curvature, the (Teichmiiller) geodesic flow on SL(2,R)/SL(M,wy) is er-
godic. Thus, pg is ergodic.

All square-tiled translation surfaces are examples of lattice surfaces. If (M, wp)
is square-tiled, the Veech group SL(M,wp) is indeed a finite index subgroup of
SL(2,Z) (see [22]). Let (M,wp) be square-tiled and let p : M — R?/Z? be a ramified
cover unramified outside 0 € R?/Z? such that wy = p*(dz). Set X' = p~1({0}).
For i-th square of (M,wy), let o;,(; € Hi (M, Y, Z) be the relative homology class
of the path in the i-th square from the bottom left corner to the bottom right
corner and to the upper left corner, respectively. Let 0 = > o; € H1(M,Z) and
C=52¢ € Hi(M, 7).

Proposition 5.1 (see [40]). The space Hl(o)((M,w),R) is the kernel of the homo-
morphism p, : Hi(M,R) — Hy(R?/Z? R). Moreover, H{'((M,w),R) = Ro ® R(.

Remark 5.2. Let H\”) (M, Q) stand for the kernel of p, : Hy(M,Q) — Hy(R?/Z2,Q)
and let H*(M,Q) := Qo @ QC. In view of Proposition 5.1,

H\(M,Q) = H," (M, Q) & H}' (M, Q)
is an orthogonal decomposition. Since H{O)(M ,Q) is invariant under the action on
mapping-class group on .%Z,, = SL(2, R) - wy € QW (M), this yields the following
orthogonal invariant splitting, which is constant on .Z,,:

{H((M,0),Q) = H{" (M, Q) © H{'(M,Q), w € L, }.
Note that for every v € H1(M,R) the holonomy hol(y) = f,y w satisfies

hol(’y):/p*dz:/ dz.
v Py

Since Rdz and Jdz generate H'(R?/Z2,R), hol(y) = 0 implies p.y = 0. Thus
ker hol C Hl(o)(M, R). Moreover, since both spaces have codimension two, the
previous inclusion is an equality:

(5.1) ker(hol) = H\” (M, R).

6. NON-ERGODICITY
In this section we state and prove our main criterion for non-ergodicity.

Theorem 6.1. Let u be an SL(2,R)-invariant probability measure on M*(M)
ergodic for the Teichmiiller flow. Let & C MW (M) stand for the support of .
Assume that

{H1(<M7w)7(@) = Kl @Kf_v w e g}
is an invariant orthogonal splitting which is constant on . Let K1 = |, c o {w} x
K denote the corresponding invariant subbundle. Suppose that dimg Ky = 2 and
the Lyapunov exponents of the Kontsevich-Zorich cocycle on R®g K1 are non-zero.
Then, for u almost every w € £, for any Z-cover (MW,&,) of (M,w) given by
a homology class v € K1 N Hy(M,Z), the vertical flow (¢} )ier on (ZV[/W,UJW) 18 not
ergodic.

The proof of Theorem 6.1 is given later in this section and is preceded by an
outline of the proof. Let us first give an application of Theorem 6.1.

Perhaps the simplest example of an invariant orthogonal splitting which satisfies
the assumptions in the Theorem arise if (M,wp) is a square-tiled compact trans-
lation surface of genus 2. In this case, let £, be the (closed) SL(2,R)-orbit of
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(M,wp) and let g be the canonical probability measure on %, which is ergodic
(see §5). In this case, as pointed out in Remark 5.2, the canonical splitting

{Hi((M,w),Q) = H{*(M,Q) & H{”(M,Q), w € L., }

(where Hl(o)(M, Q) consists of v € Hy(M,Q) with hol(y) = 0, see (5.1)) is an
invariant orthogonal splitting over Q constant over .%,,,. Setting K1 = H fo)(M ,Q),
let us remark that the assumptions of Theorem 6.1 are satisfied: since M has genus
two, dimg H1(M,R) = 4 and dimg K; = 2 and the Lyapunov exponents are all
non-zero (see Theorem 4.1). Thus, we can apply Theorem 6.1. By remarking that,
in view of (5.1), the recurrent Z-covers of (M, wy) are exactly the Z-covers (M., w-)
given by v € Hfo)(M7 Q)N H{(M,Z) = Ky N H{(M,Z), we have thus proved the
following:

Corollary 6.2. Let (M,wq) be a square-tiled compact translation surface of genus
2 and let po be the canonical measure on the SL(2,R)-orbit of (M,wp) (see §5).
For po-almost every (M, w) the vertical flow of each recurrent Z-cover (M,%) is
not ergodic.

Outline of the proof of Theorem 6.1. In view of Lemma 2.1, the vertical flow
(¢y) on (M,,w,) has a special representation built over the skew product Ty, :
I xZ7Z — I xZ, where T : I — I is an interval exchange transformation (I/;
1 < j < 'm are exchanged intervals) and ¢ = ¢, : I — Z is given by ¢ (x) = (v, 7;)
if x € I; for some v; € Hy(M,Z). Therefore we need to show that the skew
product T} is non-ergodic. In fact, we will prove that the group of essential values
Ex(1) = Ba(p) = {0},

The main part of the proof consists in the construction of a cocyle ¢’ = 1/ :
I — R with v/ € H{(M,R) such that 1’ is a coboundary and the sum ¢ := 1) + 1’
takes values in a subgroup aZ with irrational a. Since the cocycles ¢ and ¢ are
cohomologous, by Proposition 3.1, we have Eg(v) = Er(¢) C aZ. Therefore, by
the irrationality of a, Fr(v) C Z NaZ = {0} and we get Ez(v)) = Egr(v) = {0}.

Denote by K; C H;(M,R) the R-subspace generated by K;. We can choose a
non-zero 7 € K; which is a stable vector for the (dual) KZ-cocycle. The existence
of such element is guaranteed for almost every translation structure w by the non-
triviality of the Lyapunov exponents of the KZ-cocycle (on the related subbundle).
Then the fact that v,/ is a coboundary follows from Theorem 4.2.

Let us conclude the outline by showing that ¢ takes values in a subgroup aZ with
irrational a. The element v € K7 can be completed to a basis {v,0} C H1(M,Z)
of K,. The coordinates of the stable vector v/ € K, with respect to the base
{7,0} are incommensurate over Q (the proof of this “irrationality” of the stable
vector is given in Lemma 6.3). Up to changing 7/ by a scalar multiple, we can
hence assume that v/ = —y + ao, where a ¢ Q. Since v+ v’ = ao, it follows that
the values of the cocycle ¢ associated to v + «/, which, for z € I;, are given by
d(x) = (v +,7;) = a(o,7;) all belong to aZ (recall that o,v; € Hy(M,Z) and
thus (o, ;) € Z) as claimed.

Before giving the proof of Theorem 6.1, we state and prove an auxiliary Lemma.
Let ., u and K1, Ki- be as in the assumptions of Theorem 6.1. Remark that since
{H1((M,w),R) = (R®g K1) ® (R ®g Ki),w € £} is an orthogonal splitting, by
Poincaré duality, we also have a dual constant orthogonal invariant splitting

{HY(M,w),R) = K'® K}, we .2},

6.1
(6.1) K':=PR®¢K,), K!:=PRcqKi).
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Lemma 6.3. Let w € £ be Oseledets reqular for p for which the conclusion of
Lemma 4.3 holds. Let p € K' ¢ H'(M,R) be such that p € E;(M,R) \ {0}.
For any Q-basis {o1,02} C Hi(M,Z) of K, the periods (fal P, faz p) e R2 do not
belong to R - (Q x Q).

Proof. First note that (fgl o J,, p) # (0,0). Indeed, if J,.p=J, p =0 then
(Po,p) = [, p=0for every 0 € R®q K. By the definition of K, it follows that
the symplectic form is degenerated on K, which is a contradiction.

Denote by pg, : H1(M,Q) — K; the orthogonal projection. Since the splitting
is over Q, by writing the image by px, of each element of a basis of Hy(M,Z) as a
linear combination over Q of o1, 09, one can show that there exists ¢ € N (the least
common multiple of the denominators) such that

(62) P, (Hl(M, Z)) C (ZO’l @ZO’Q)/(]

Suppose that, contrary to the claim in the Lemma, <f<71 0, f@ p) eR-(QxQ).
Then there exists a € R\ {0} such that [ p, [ p € aZ. Thus, since p € K1, by
the definition of K1 and (6.2), for every o € Hy(M,Z) we have

1
(6.3) /pz/ pef(Z/ p—|—Z/ p)eﬂz.
g PK,0 q o1 o2 q

By Lemma 4.3 (which we can apply by assumption), there exists a constant ¢ >
0, a sequence of times (tx)ren, tx — +00 and a sequence {’y%k), .. ,’Vq(v’f)}keN C

H,(M,Z), such that

1

. — < pp 1= <

©4) 0= oo <pe= x| [ o] el foramy ken
J

Thus, by (6.3), pp € $Z \ {0} for every natural k. On the other hand, since
p € E;(M,R), |lpllg,, w — 0 as k — oo. In view of (6.4), px — 0 as k — oo, which
gives a contradiction. O

Proof of Theorem 6.1. Let £’ be the set of Oseledets regular w € % for which
the conclusion of Theorem 4.2 and Lemma 4.3 hold and, in addition, for which the
vertical and the horizontal flows on (M, w) are ergodic. In view of Theorem 4.2,
Lemma 4.3 and [38], u(-Z’) = 1. For any w € .Z’ let us consider a Z-cover (M, &)
of (M,w) associated to a non-trivial homology class v € Hi(M,Z)NK;. If y =0
then the surface Mﬂ, is not connected (]\77 = M x Z) and every translation flow on

]TL is automatically non-ergodic.

Consider the invariant orthogonal splitting of cohomology (6.1). By assumption,
1

the Lyapunov exponents of the reduced Kontsevich-Zorich cocycle (GXZ*),cr are

non-zero. Since the cocycle (GIF4* l)teR preserves the symplectic structure on K*
given by the intersection form, it follows that the exponents of the subbundle k!
are one positive and one negative. Thus, the stable space E_ (M, R) intersects K1
exactly in a one dimensional space. Let p € Q'(M) be a non-zero smooth closed
form such that [p] € E, (M,R) N K.

As v # 0, it can be completed to a basis a Q-basis {v,0} C H;(M,Z) of the space
Ki. By Lemma 6.3, the periods Y([p]) = ([, p, J, p) do not belong to R - (Q x Q).
Therefore,

/yp;«éO;é/Jp and a::ﬁZER\Q.
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Thus, since {,c) € Z \ {0}, up to multiplying p by a non-zero real constant (more
precisely, by (v,0)/ [ p), we can assume that

(6.5) T([p]) = (a,1)(7,0).

Choose a transverse horizontal interval I C M and let T : I — I be the IET
obtained as Poincaré return map and let I;, j € A= {1,...,m}, be the exchanged
subintervals. The homology classes v;, j € A generates H1(M,Z) (as in §2.1,
v; = [vy] where v, is obtained by closing up the first return trajectory of the
vertical flow (¢}):cr of any « € I; by a horizontal interval). Since the vertical
flow (¢})ter on (M,w) is ergodic, T is ergodic as well. By Lemma 2.1, the vertical

flow (¢¥) on (M,w) is isomorphic to a special flow built over the skew product
Ty :IxZ— IXZ,where ¢ =1, is given by

(6.6) byla) = () izl

Let us consider the smooth bounded function f: M\ ¥ = R, f =ix, p and let ¥, :

I — R be the corresponding cocycle for T defined by ¢,(x) = OT(I) f(olx)ds. By
Theorem 4.2, since [p] € E; (M, R), the cocycle F} for the vertical flow (¢})ier is a
coboundary and thus, equivalently, by Lemma 3.7, the cocycle v, is a coboundary
for T as well. Let v/ := P~ ![p] € R ®g K; be the Poincaré dual of [p] € K'. In

view of Proposition 3.8, the cocycle v,/ : I — R given by
(6.7) Yy (x) = (7',v;) whenever x € I,

is cohomologous to —, and thus it is also a coboundary.

Clearly v : I — Z can be considered as cocycle taking values in R for the
automorphism T'. Then the group of essential values Eg(¢) = Ez (%) of this cocycle
is a subgroup of Z. Let us consider the cocycle ¢ : I — R given by ¢ := ¢ + ..
In view of (6.6) and (6.7),

o) = (v + (V) =+ ) iz el
Since 7' € R®g K1 and {v,0} is also an R-basis of R ®qg K7, we have

/ /
;L <%0'>74r <%W>a

(v,0)

One can show this formula by checking that the symplectic products of the RHS
and the LHS with base elements are equal. As [p] = P+, in view of (4.2) and (6.5),

(7t = ([ o [ 2) =YD = @16

with ¢ € R\ Q. It follows that

/

v =—y+tao.

Hence, for x € I; we have

d(x) = (v +',7) = alo,v;) € aZ

Therefore, the cocycle ¢ : I — R takes values in aZ, hence Er(¢) C aZ (see
Proposition 3.1). Since ¢ is cohomologous to ¢, it follows from Proposition 3.1
that Fr(v)) = Er(¢) C aZ. As Egr(¢) = Ez(¢)) C Z and aZ NZ = {0}, we get
Ez(¢) = Er(v) = {0}. By Proposition 3.2, T, : I X Z — I x Z is not ergodic. In
view of Remark 2.2, it follows that the vertical flow (¢} ):cr is not ergodic. O
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7. NON-REGULARITY
In this section, we prove the following Theorem:

Theorem 7.1. Let p be any SL(2,R)-invariant, KZ-hyperbolic probability ergodic
measure on MM (M). For p-almost every (M,w) the vertical flow of each Z-cover
(]AVf,Y,&W) given by a non-zero v € Hi(M,Z) has no invariant subset of positive
finite measure.

Theorem 7.1 is derived from Theorem 4.2 and Lemma 7.2 stated below, via the
representation of directional flows on Z-cover as special flows over skew-products.

Lemma 7.2. Let p be an SL(2,R)-invariant probability measure on MM (M)
ergodic for the Teichmiiller flow. For each non-zero v € Hi(M,Z) and for u-

a.e w € M(l)(]W) the Poincaré dual class Py does not belong to the stable space
E; (M,R).

Proof. Consider any Oseledets regular w € MM (M) in the set of u full measure

given by Lemma 4.3 and let (tx)xen, {fyfk),...,%(,’f)} C H{(M,Z) and ¢ > 0 be
given by Lemma 4.3. Then, by Poincaré duality, Lemma 4.3 applied to Py # 0
gives that

R = (k) = ‘ ’<
@0 0<Te= (0] = e | [P <elPyla,

for every k € N. Therefore, 75 is a natural number for any k£ € N. If Py €
E; (M,R), by definition of the stable space (see (4.3)), the RHS of (7.1) tends to
zero as k — 0o, hence 4, — 0 as k — oo, which gives a contradiction. We conclude
that P~ does not belong to E_ (M, R). O

Proof of Theorem 7.1. Let p € M(Nl) belong to the set of full u measure given
by Lemma 7.2 and let (M,w) = (M,,w,) for some non-zero v € Hi(M,Z). By
Lemma 2.1, the vertical flow ($}):er has a representation as a special flow build
over the skew product Ty, : I X Z — I x Z, where ¢¥(z) = (v,Va) L x € I, 0 € A
and under a roof function which takes finitely many positive values. Thus, the
flow (@} )¢cr has invariant subsets of finite positive measure if and only if the skew
product T has. In view of Proposition 3.3, this happens if and only if the cocycle
1 : I — Z for the IET T is a coboundary. Thus, it is enough to show that ¢ : I — Z
is not a coboundary.

Suppose that, contrary to our claim, ¥ : I — Z is a coboundary. Choose a
smooth closed form p € Q(M) such that [p] = Pv. Let us consider the cocycle
Fy, for the flow (¢})icr and the corresponding cocycle ¢, : I — R for T' (see the
Notation introduced just before Proposition 3.8). By Proposition 3.8, the cocycle
1, is cohomologous to the cocycle —, so also v, is a coboundary. In view of
Lemma 3.7, it follows that also Fy ,isa coboundary. Since p is KZ-hyperbolic,
by the second part of Theorem 4.2, Py = [p] € E_ (M,R). On the other hand, by
Lemma 7.2, Py ¢ E_ (M,R), which is a contradiction. O

Corollary 7.3. Let p1 be any SL(2,R)-invariant, ergodic, KZ-hyperbolic finite mea-
sure on MW (M) and let Hi(M,Q) = K1 @ Ki- be a decompositions satisfying the
assumption of Theorem 6.1. Then for u-almost every (M,w) and every non-zero

v € KiNH{(M,Z) the vertical flow of the Z-cover (M.,,&) is not ergodic and it
has uncountably many ergodic components and it has no invariant subset of positive
finite measure.

Proof. The absence of invariant subsets of positive finite measure follow directly
from Theorem 7.1. By the proof of Theorems 6.1 and 7.1, for p-almost every w €
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MW (M) and every non-zero v € KyNHy(M,Z) the vertical flow on (’L, W) has a
special representation over a skew product Ty, : I XxZ — I xZ such that Ez () = {0}
and v is not a coboundary. In view of Proposition 3.2, Ez(¢)) = {0,00}, so the
cocycle 9 is non-regular. By Proposition 3.4, the skew product and hence (by the

reduction in §2.1) also the vertical flow on (M., &) have uncountably many ergodic
components. O

8. NON-TRANSITIVITY

In this section we consider the topological dynamical properties of translation
flows under the assumptions of the non-ergodicity criterium (Theorem 6.1). Let us
recall that a continuous flow or a homeomorphism on a topological space is called
(topologically) transitive if there exists a dense orbit. Let M be a translation surface
with the topology induced by the flat metric and let (¢?);cr be a directional flow
on M. Recall that (¢?)scr is well defined for all + € R only on the full measure
set My C M of regular points and is not a continuous flow, thus the standard
definition of transitivity does not apply. By convention, we say that the directional
flow (¢9)ser is transitive if there exists a regular point © € My whose orbit is dense.

In this section we prove the following result. We are indebted to Artur Avila
for pointing out to us that the following stronger topological conclusion could be
drawn from our non-ergodicity arguments.

Theorem 8.1. Let u be any SL(2,R)-invariant, ergodic, KZ-hyperbolic finite mea-
sure on MW (M) and let Hi(M,Q) = K, @ Ki- be a decompositions satisfying the
assumption of Theorem 6.1. Then for u-almost every (M,w) and every non-zero
v € K1 N Hy(M,Z) the vertical flow of the Z-cover (Mﬂ,,@,y) is not transitive.

Let us point out that in our set-up non-transitivity of a directional flow (?):cr
implies non-ergodicity, but the proof of non-transitivity here presented crucially
exploits the arguments used to show non-ergodicity in the proof of Theorem 6.1.

Before proving Theorem 8.1, let us first prove the following general Proposition,
whose assumptions are motivated by the results in the proof of Theorem 6.1 (see
the proof of Theorem 8.1 below).

Proposition 8.2. Let T : X — X be a homeomorphism of a compact metric
space (X, d) and let f : X — Z be a continuous function. Assume that there exist
a continuous transfer function g : X — R, an irrational number o € R and a
continuous function h : X — oZ such that

flx) =g(x) —g(Tz)+ h(z) forall ze€X.
Then the skew product homeomorphism Ty on X X Z is not topologically transitive.

Proof. If f =0 then T} is obviously non-transitive, so assume that f is non-zero.
Suppose that, contrary to our claim, Ty is transitive and let (zg,s0) € X x Z
be a point with dense orbit. First observe that there exists + € X such that
g(x) — g(xo) ¢ aZ. Otherwise, g(x) — g(xo) € aZ for every x € X, and hence
g(x) — g(Tz) = (9(x) — g(x0)) — (9(T'x) — g(xp)) € aZ for every = € X. It follows
that

flz) =g(x) —g(Tz)+ h(z) €aZ foral =zelX.

Thus the function f takes values only in the set ZNaZ = {0}, contrary to assump-
tion.

Fix 2 € X such that g(x) — g(x0) ¢ oZ. By transitivity, there exists a sequence
{kn}nen of integers such that

(Tk"fﬂo,S() + f(k")(l'o)) = T)’f” (zo,80) — (x,50) asn — oo.
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Therefore T*r 2y — = and

W) (o) = fO) (20) = g(wo) + g(T* o) — g() — g(x0)-

Since h takes values only in aZ, it follows that g(z) — g(z¢) € aZ, which is a
contradiction. U

Proof of Theorem 8.1. Let u and K;®Kj- be as in the assumptions of the theorem,
so that in particular the assumptions of Theorem 6.1 also hold. Let .Z be the
support of u. In the proof of Theorem 6.1 we showed that there exists a set
' C & with u(Z’) = 1, consisting of Oseledets regular points without vertical
saddle connections, such that the following holds. For every w € ' and any
Z-cover (M,,w.) of (M,w) given by a homology class v € K, the vertical flow
(¥)ter on (Mw@,) is isomorphic to a special flow built over the skew product
Ty : I x7Z — Ix7Z,where T is an ergodic IET and 1 : I — Z is piecewise constant
over each continuity interval I; for T'. Moreover, 1 can be written as ¢ = ¢ — ./,
where ¢ : I — R is also piecewise constant over each I}, ¢ takes values in aZ where
a ¢ Q and v is a coboundary given by

7(z)
Yy (z) = Ff(1(2),2) = /0 floix)ds forall xzel,

where 7(x) is the first return time of x € I to I and f : M\ ¥ — R is of the
form f = ix, p for some [p] € E (M,R). Moreover, since by definition of .#”’, the
conclusion of Theorem 4.2 holds for any w € £, the cocycle F} (t,z) over (¢f)ter
associated to f is uniformly bounded for any x € M, and ¢t > 0. In particular, since

T(”)(.'IJ)
W@ = [ et ds = B a).a),
also the sequence

(8.1) {57 (@) hnew = (™) (@) — ) (2) b nen

is bounded for all x € I.

Remark that since (¢}):er has no vertical saddle connections, T' satisfies the
Keane’s condition and in particular it is minimal (see for example [36] or [53]).
Denote by 2 the set of discontinuities of iterates 7™, n € Z. As shown in [36],
the IET T : I — I can be extended to a minimal homeomorphism S : X — X of
a totally disconnected perfect compact metric space X (Cantor set), that is there
exists a continuous map 7 : X — I for which w 0 S = T o 7 and moreover the
extension has the following properties:

(i) 7 is at most two-to-one and 7 : 7~ 1(I\Z) — I\Z is a homeomorphism;
(i) if ¢ : I — R is a function constant on each exchanged interval then ¢ o 7 :
X — R is continuous.

As the sequence (8.1) is bounded, {(1) o)™ (z) — (pom)™(x)} is bounded for each
x € X. Since S : X — X is a minimal homeomorphism, in view of the classical
Gottschalk-Hedlund theorem, this implies that ¢ o m — ¢ o 7w is a coboundary and
that there exists a continuous function g : X — R such that Yomr =g—goS+¢pom.
By Proposition 8.2, we conclude that Sy, is not transitive.

Let us show that this implies that also the vertical flow (p}):cr is not transitive.
If by contradiction (@Y ):er were transitive, it would imply by definition that there
exists a point (z,0) € I xZ with dense orbit for the skew product Ty, : I XZ — I X Z.
Moreover, by definition of transitivity of ($y):er, we also have that x € I\ 2, since
the corresponding orbit for (¢} ):cr is defined for all ¢ € R.

Let us now show that the existence of a dense orbit for T}, would also imply the
transitivity of skew product homeomorphism Syor : X X Z — X X Z, hence getting
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a contradiction. Indeed, if the orbit of (z,s) € (I\Z) x Z were dense in I x Z, and
hence in particular in (I\2) x Z, since by property (i), 7! x Id : =1 (I\2) x Z —
(I\2) x Z is a well-defined homeomorphism, the orbit of (7~!(z), s) would also be
dense in 771(I\Z2) x Z C X x Z. Moreover, since the metric space X x Z is perfect
and complete, and property (i) also implies that 7—1(2) x Z is countable, the orbit
of (m71(z), s) would also be dense in X x Z and thus Syo, would not be transitive.
We thus conclude that ($}):er is not transitive. O

9. FINAL ARGUMENTS

In this section we conclude the proofs of the main results stated in the Introduc-
tion, that is Theorem 1.1 (see §9.2), Theorem 1.2 and Corollary 1.3 (see §9.3) and
Theorem 1.4 and Corollary 1.5 (see §9.1). The arguments are essentially based on
a Fubini-type arguments. In §9.1 we first present a simple Fubini argument which
holds in the case of lattice surfaces (Proposition 9.1) and can be used to prove
Theorem 1.4 and parts (1) of Theorem 1.1 and (1), (2) of Theorem 1.2 . The other
parts of Theorem 1.1 and 1.5 require a different type of Fubini argument, presented
in §9.2 and §9.3 respectively.

9.1. A Fubini argument for lattice surfaces. In this section we prove Theorem
1.4 and Corollary 1.5. We will use the following Proposition.

Proposition 9.1. Let (M,wq) be a lattice surface and po be the canonical measure
on its SL(2,R)-orbit .£,,. Fizx a non-zero v € Hy(M,Z). Assume that for uo-
almost every w € £, the vertical flow (¢} )ier on (]\77,(57) satisfy one (or more)
of the following properties:

(P-1) is not ergodic;

(P-2) has uncountably many ergodic components;

(P-3) is not transitive;
(P-4) has no invariant sets of finite measure.

Then for almost every 0 € S, the directional flow (39)icr on (J’\\fw(wo)ﬂ{) also
satisfy the same property (P-1), (P-2), (P-3) or (P-4).

The proof of Proposition 9.1, which we include for completeness below, exploits a
fairly standard argument which uses the local product structure of SL(2,R) and the
observation that the properties of the vertical flow in the Proposition are invariant
under the action of the geodesic and horocycle flow (since both g; and h; preserve
the vertical direction).

Let us first state two elementary Lemmas useful in the proofs.

Notation. For every g € SL(2,R) and 6 € S* let us denote by g-60 € S! the action
of SL(2,R) on S' determined by 9% = g(e?)/|g(e??)].

Lemma 9.2. Let (M,w) be a translation surface (not necessary compact). Then
for every g € SL(2,R) and § € S* there exists s > 0 such that the directional flows
(%) 1er on (M, g-w) and (¢9)ier on (M,w) are measure-theoretically isomorphic
via @ homeomorphism.

Proof. Let s = s(g,0) := |g(e")|. We claim that sX_gff, = X%, Indeed
lyxgow =59 (ixgog w) =sg7' () = g7 (lg(e”)[e’"?) = g™ o g(e”) = &
and since X? is defined by i xow = e'? this proves the claim. From the claim,

0.0 0 .
we also have 99" = " for every t € R. Since moreover, vy, = 1, and the

topologies induced by the flat metrics on (M, g - w) and (M,w) are equivalent, the
Lemma follows. O
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Lemma 9.3. For every v € H1(M,Z) and g € SL(2, R) we have (Mv,gfjuw) =
(M’Yag : a}’y)

Proof. Denote by p : ]\/Z7 — M the covering map. It is enough to remark that for
every g € SL(2,R) we get g-w, =p*(g-w) =g -wop, =g-p*(w) =g-@,. O

Proof of Proposition 9.1. To avoid undue repetition, we will write that a directional
flow satisfies (P-i) for i € {1,2,3,4}, where (P-i) could be any of the four properties,
(P-1), (P-2), (P-3) or (P-4), in the statement of the Lemma. The same proof indeed
applies for all four properties. Since (M, wy) a lattice surface, we recall (see §5) that
the SL(2,R)-orbit of (M,wp) (denoted by .Z,,) is closed in M) (M) and can be
identified to SL(2,R)/SL(M,wy) by the map ® : SL(2,R)/SL(M,wy) — L.,
that sends g SL(M,wp) € SL(2,R)/SL(M,wp) to g-wo € Z,,. Denote by o the
canonical measure on .Z,,,.
Using the Iwasawa NAK decomposition, if we denote as usual by

(e 0 (10 [ cosf —sind
9= 0 et ) "7\ s 1) P71\ sinf cosd
we can choose an open neighbourhood % C % of wg of the form
U ={we Ly: w=hsgipg-wo where (t,5,0) € (—¢ €)? x S}

for some € > 0. By assumption, for po almost every w € %, the vertical flow
(&7)ter on (M, w,) satisfies (P-i). Moreover, since o is the pull-back by ® of the
Haar measure on SL(2,R)/SL(M,wp) which is locally equivalent to the product
Lebesgue measure in the coordinates (t,s,0), it follows that for Lebesgue almost

every (t,s,0) € (—€,€)>x 51, the vertical flow (@?)ser on (M., (hs;‘/)\(;/‘wo),y), which
by Lemma 9.3 is metrically isomorphic (via a homeomorphism) to (ﬁw hsgipe -
@7), also satisfies (P-i).

Denote by Sy C S* the subset of all § € Sy for which the directional flow @Y on
(]TL, (on/)v) does not satisly (P-i). By Lemma 9.2, if 6 € Sy then also the vertical

flow @} on (M, prja—g - (Zuvo)w) does not satisfy (P-i). Moreover, since the vertical
direction 7/2 € S! is fixed both by h, and g, i.e. hg - 5 =3%and g, -5 =7 for

any s,t € R, Lemma 9.2 also implies that the flow ¢} on (J\A/fw, hsgiprj2—o - (wo)v)
does not satisfy (P-i) for all (¢,5) € (—¢,€)?. It follows that for every (¢,s,0) €
(—€,€)% x (7/2 — Sp) the vertical flow &Y on (M, hegpp - (w/;)ﬂ{) does not satisfy
(P-i). Therefore the set (—¢,€)? x (/2 — Sp) has zero Lebesgue measure and hence

So has zero Lebesgue measure. Thus, we conclude that for any Z-cover (MW, (wo),)
of (M,w) given by a non-zero v € K; N H;(M,Z), for almost every 6 € S!, the
directional flow (?);er on (M., (wo),) satisties (P-i). O

Proof of Theorem 1.4. Let (M,wp) is a square-tiled surface of genus 2. The canon-
ical probability measure po on %, is ergodic (see §5) and, by Theorem 4.1, is
KZ-hyperbolic. Moreover, setting K; = Hl(o)(M7 Q) and Ki- = H{*(M,Q) (see
§5), one can check, as in the proof of Corollary 6.2, that the assumptions of The-
orem 6.1 hold and that, in view of (5.1), the recurrent Z-covers are exactly the
Z-covers (My, Wy) given by v € K1 N H1(M,Z). Thus, by Corollary 7.3 and Theo-

rem 8.1, for po-almost every w € Z,,,, for any recurrent Z-cover (M., &) of (M, w)
given by a non-zero vy the vertical flow (¢})wer on (M,,&,) is not ergodic, not
transitive, has no invariant set of finite measure and has uncountably many ergodic
components. Thus, the claim follows from Proposition 9.1. O
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Proof of Corollary 1.5. Denote by Z3,) the square-tiled translation surface cor-
responding to the polygon drawn in Figure 4(b) with edges labeled by the same
letter identified by translations. One can verify that Z(30) € #H(2). Consider the
homology class v = [B] —[D] which is non trivial but has trivial holonomy. One can
check that the Z-cover of Z(3 ) associated to v gives exactly the infinite staircase
translation surface Z(?,oy Thus, Theorem 1.4 applied to this surface shows that
the directional flow on Z(O‘;,o) is not ergodic, not transitive and has no invariant set
of finite measure for almost every direction. (]

Remark 9.4. A similar proof shows that any surface in the family Z(O;!b) with (a,b) €

N2, b > 2, described by Hubert-Schmithiisen in [32] satisfy the same conclusion of
Corollary 1.5.

9.2. Non-ergodicity for billiards in the infinite strip.

Proof of Theorem 1.1. Let us consider the billiard flow on the table T'(1) in Figure
1. Denote by I the 4-elements group of isometries of S generated by the reflections
0 +— —0, 0 — 7 — 0. Using the unfolding process described in [33] (see for example
[39]), one can verify that, for every direction 6 € S* the flow (b?)icr is isomorphic
to the directional flow (3Y):cr on a non-compact translation surface (M, @), where

(1\7 , ;) is the translation surface resulting from gluing, along segments with the
same name, four copies of T'(1), one for each element of T', according to the action

of I', as shown in the Figure 6. The surface (1\7, @) can be represented as gluing

t t/
ln-1 Tn-1|l, Tollnt1  Tnt] T+l Ing1lrn lnfra-1 ln—q
bl
bl
[ A T P "
t v
FIGURE 6
: . S
' ,L,._l Rni|L, Ru|Rny1 Loy 1 ) ’Rv\+1 LRy Ly|Rn—1 Ly
' Unoa Un Unt1 Uni2, | Vo2 Vo Va Vo,
T S
FIGURE 7

two Z-periodic polygons, as shown in the Figure 7, where R,, = r, Ur], and L, =
l, Ull. Let us cut these polygons along the segments marked as U,, V,,, n € Z, to
obtain rectangles P,,, P! and let us glue P,, and P/ along the segment R,, (see the
Figure 8). It follows that (M,&;) is a Z-cover of the compact translation surface
(M,w;) presented in the Figure 8. More precisely, (M, W) = (M'ya (wi),), where
~ = [V — U] has trivial holonomy.

(1) Case l rational. One can verify that for any [ € (0,1), (M,w;) € H(1,1), thus,
in particular, M has genus 2. The assumption that | € Q guarantees that (M, w;)
is square-tiled. Thus, in this case we can apply Theorem 1.4 that implies that for
almost every 6 € S! the directional flow (3?)scr on (M,w;) and hence the billiard
flow (b?)ier on T(1) is not ergodic, has no invariant sets of finite measure and has
uncountably many ergodic components.



28 K. FRACZEK AND C. ULCIGRAI

p
r s /9-\ r
T, S I3 L g
n L \L L \L
1 M, M, M,
I 1 i T B
1Un T Unt3Vay1 s Vai i UAV Vil U U
n n ;__ _;
A T o S T

FIGURE 8

(2) Full measure set of values of the parameter |. Let us remark that (M, w;) can
be obtained from two identical copies (M,w}), (Ma2,w?) (corresponding to the
two rectangles in Figure 8) of a genus 1 translation surface with a slit (ie. a
straight segment connecting two marked points), by identifying each side of the slit
in (My,w}) with the opposite side of the slit in (Ma,w?). In particular, this shows
that (M,w;) is a branched 2-cover of the torus (M;,w}) with covering map given
by the projection p : M — M;. Denote by 7 : M — M the only non-trivial element
of the deck group of the covering p : M — M; ~ T?. Denote by . the locus

{weHD(1,1): 7w =w}.

Equivalently, w € . if and only if w = p*wy for some wy € H1(0,0), where
H(1)(0,0) is the stratum of a genus one translation surface with two marked points.
Therefore, £ is the 2-cover of the moduli space stratum #H((0,0) and therefore
% has dimension five, which is the dimension of #(1)(0,0). Moreover, £ carries
a natural SL(2,R)-invariant measure pg, which is simply the pull-back of the
canonical measure on the stratum A1) (0, 0) via the covering map p. Let us consider
the decomposition Hy(M,Q) = K; & Ki-, where

Ky :={y€ Hi(M,Q): oy =—} and Ki :={yeHi(MQ):7y=n}
This is an orthogonal decomposition. Indeed, if 7; € K and v, € Ki- then

(11,72) = (71, me) = —(v,72) = (n1,72) =0.
Moreover, dimg K; = dimg Ki- = 2. Remark that the homology class v = [V — U]
which determines the Z-cover (M , ;) belongs to K.

Let p. : Hi(M,Q) — H;(T? Q) be the action induced on Q-homology by the
covering map p : M — M. If 7.y = —v then —p.y = p.7y = (P o 7)Yy = Du,s
hence K; is a subspace of the kernel kerg p.. Since dimg K; = 2 = dimg kerg px,
we have K7 = kergp.. Let ¢ € T'(M) an element of the mapping-class group such
that wy = ¢*w; for w1 (M) = wo I'(M) € Z. Then there exists ¢g € I'(M;) such
that po ¢ = ¢g o p. It follows that p.y = 0 implies p.(¢d.y) = (Po)«(p+y) = 0, s0
#.K; = K;. Since Ki* is the symplectic orthocomplement of K; in Hy(M,Q), we
obtain ¢, Ki = Ki-. Consequently,

{Hl((]\/f7w)7@) :Kl @KlL7 w € .,E,ﬂ}

is an orthogonal invariant splitting which is constant on .. Let K; and Ki- be the
associated invariant subbundles over .Z.

Since the canonical measure on H(Y(0,0) is ergodic for the Teichmiiller flow (see
[37]) and .Z is a connected cover of H(Y)(0,0) whose covering map is equivariant
with respect to the SL(2,R)-action, it follows (for example by the Hopf argument)
that also the measure p» on £ is ergodic for the Teichmiiller flow. Thus, since p.¢
is an SL(2,R)-invariant measure and ergodic for the Teichmiiller flow on H(1, 1),
which is a genus two stratum, pe is KZ-hyperbolic (see Theorem 4.1). In partic-
ular, since there are no zero exponents, the Lyapunov exponents of the invariant
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subbundle R ®q K1 (see §5) are both non zero. Thus, .Z, ne and K satisfy all
the assumptions of Theorem 6.1. It follows that for there exists a set &' C &
such that p»(Z’) =1 and for all w € £’ and all non-zero v € K; N Hi(M,Q),
the vertical flow (@):er on (MW,EJV) is not ergodic, and by Corollary 7.3 that it
has uncountably many ergodic components. Let us now show that this allows to
deduce the desired conclusion by a Fubini argument.

Since .Z is a 2-cover of H1)(0,0), local coordinates on .Z are given by the relative
periods for the marked torus (M, w;]) (see §5). We will deal with an open subset V
in £ constructed as follows. Denote by {71, 72,73} the basis of Hy (M1, %1,Z) given
by 71 = [U] v2 = [U U L], v3 = [T}, see Figure 8. Then {v1, 72,73, V1, V2, T«7V3 }
is a family of generators of H1 M,%.Z). Let us consider

(z1,22,23) : /S‘Ew/ Rw, ?Rw = / ERw,/ %w,/ §Rw ,
71 Y2 3

(Y1, Y2, 93) : /dw/ \sw/ Sw) = / \sw/ Sw / \sw
Y1 Y2 Y3 Tx Y1 T2 T+Y3

Since we are considering abelian differentials of area 2, the coordinates (9.1) are not
all independent (x2ys—xz3y2 = 1), but one of them, say ys, is determined by the area
one requirement. Thus, (z,y) := (xl,xg,xg,yl,yg) are independent coordinates on
a subset of 2 and denote by w(z,y) € £ the corresponding differential. Then
w(0,0,1,1,1) = w; for every I € (0,1). Denote by V C £ the open sets of all
w(z,y) € Z with 21,22 # 0.

Fix a non-zero v € Ky N Hy(M,Z). Recall that, in view of §2.1 (see Lemma 2.1
and choose I as at the end of §2.1 so that (2.6) holds), for every w € £ there exists
a horizontal interval I C M and v, € H1(M,7Z), &, € H1(M,X,7Z) for a € A such
that the vertical flow (¢} )ier on (My,w,) has a special representation built over
the skew product Ty, : I x R — I x R such that for every o € A

(9.1)

Ao = Rw and ¢¥(z) = (V,7), Tx=z+ Rw for x€l,.
a Yo

For every (M,wp) € V we can choose a neighbourhood U C V of wp such that ~,
and &,, for a € A, do not depend on w € U.

Let us adopt the following convention: let us say that a flow has property (P-1)
if it is not ergodic, property (P-2) if it has uncountably many ergodic components
and property (P-3) if it is not transitive. We claim that, if wq = w(:cl,yl) wy =

w(zy,y,) € U with z; = z,, then the vertical flow (&})ier on (M/( 1),,) has

property (P-i) for i € {1,2,3} if and only if the vertical flow (¢} ):cr on (M (0)2)7)
has property (P-i). Indeed, if 2; = 25 then [ Rwi = [ Rws and [ Ruw =
f Rwy for i = 1,2,3. Thus f Ry, = f %wg, ff Ry, = f£ Rws for all ac A
It follows that both vertical ﬂows have spe(:lal representations built over the same
skew product, which proves our claim.

Let us consider the diffeomorphism Y : (0,1)x ((0, 27)\{7/2, 7, 37/2})xR? — R®

Y(1,0,t,y1,y2) = (—e'lcos O, —e' cos O, e’ sinf, e " (y; + Isin ), e (yo + sinh)).
The diffeomorphism T is defined so that we have

9tPr/2—oWl = W(T(lv 97 t,0, 0))a vie [07 1}7 be Slv teR.

Denote by Vo C (0,1) x ((0,27) \ {m/2,7,37/2}) x R x R? (respectively .Zj) the
preimage of V (respectively ') by the map (1,60,t,y) — w(Y(l,0,t,3)) and by
1o the pullback of pe by this map. Since T is a diffeomorphism, the measure

o is equivalent to the Lebesgue measure on Vo, hence Vo \ £ has zero Lebesgue
measure.
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For i = 1,2,3, denote by =P; C (0,1) x ((0,27) \ {n/2, 7, 37/2}) the set of all
(1,0) such that the directional flow (3Y):er on (]/V\[/w @/l)w) does not have property
(P-i). We claim that —=P; has zero Lebesgue measure. If fact, we need to show that
for every (I,0) € —P; there exists a neighbourhood (I, 8) € U such that =P; NU has
zero Lebesgue measure.

Fix (I, 69) € —P;. By Lemmas 9.3 and 9.2, (3!)ier on (M., (pz/2_s, wip).,) i

metrically isomorphic via a homeomorphism to (3% );er on (Mw (wAl/) ,) for some
s > 0 and also does not have property (P-i). Since pr/2_g, - wi, € V, there exists
a neighbourhood of pr/2_g, - wi, € U such that for all w(gl,yl),w(@,yz) € U with

x, = x5 the vertical flows on (Mw (w1),) and (Mw (w2),) have special represen-
tations over the same skew product. Let Uy > (1,0), (—¢,e) and Uz > (0,0) be
neighbourhoods such that YT (U x (—¢,¢) x Us) C U. We claim that

(92) (_‘PL ﬂul) X (—8,5) X Z/{Q ﬂ.i”o’ = @

Indeed, if (I,0) € =P; NU; then (@})ier on (]fv\f,y,(p,r;_\;wl)v) does not have
property (P-i). Moreover, pr/o_g - w; = w(Y(l,6,0,0,0)) and Y(I,6,0,0,0) € U.
Therefore, for every y € Us the vertical flow on (M,,, w(Y m,g))v) does not have
property (P-i). Since every g, fixes the vertical direction, by Lemmas 9.3 and 9.2,
the vertical flow on (]WW, (g ~w(m,0,y)))v) does not have property (P-i) for
every t € (—¢,¢). Since g; - w(Y(1,0,0,y)) = w(Y(l,0,t,y)), it follows that the

— —_~—

vertical flow on (M., (w(Y(l,6, t,g)))ﬁ/) does not have property (P-i) for every
(1,0,t,y) € (-P; NU1) x (—e,€) x Uz C Vy, which proves (9.2). In view of the fact
that Vo \ -2 has zero Lebesgue measure, the product set (=P NU;) X (—&,&) X Us
and hence —P; NU; has zero Lebesgue measure.

Thus, we conclude that for every non-zero v € K1 N Hy(M,Z) there exists a set
A C (0,1) of full Lebesgue measure such that for every I € A for almost 6 € St the
directional flow (3Y);cr on the Z-cover (Mw (wr),) has properties (P-1), (P-2) and
(P-3). This in particular applies to the Z-cover that is given by v = [V — U] € Kj;.
Consequently, for any [ € A the billiard flow (b¢),cg on T(I) is not ergodic and it

has uncountably many ergodic components for almost every direction § € S*.
O

9.3. Non-ergodicity of the Ehrenfest wind-tree model. Let us now prove
Theorem 1.2 and Corollary 1.3.

Proof of Theorem 1.2. Let us consider the Z-periodic Ehrenfest billiard flow (€?);cr
on the tube E1(a,b) in Figure 3. Let us denote by I' the 4-elements group of isome-
tries of the plane generated by (7", 7"), where 7" denotes the horizontal reflection
(z,y) — (x,—y) and 7% denotes the vertical reflection (z,y) — (—z,y) (I is the
Klein four-group Zs x Zz). By the unfolding process (see [33]), for every direction
0 € S* the flow (ef);er on E1(a,b) is isomorphic to the directional flow (3¢ )ser on a
non-compact translation surface (M, &, ) which is obtained by gluing four copies of
E1(a,b), one for each element of the group I'; according to action of I'. This transla-
tion surface is a Z-cover of a compact translation surface (M, wq ) shown in Figure
9 and the cover is given by o = vgg — v19 + vo1 — v11 € H1(M,Z) (referring to the
labelling of Figure 9). The surface M is glued from four copies of a fundamental do-
main F(a,b) := E1(a,b)N(]0,1) x (R/Z)) for the natural Z-action (generated by the
translation by the vector (1,0)) on the tube E;(a,b). Thus, if we denote by (N, v4)
the translation surface obtained from the fundamental domain F'(a,b) gluing the
sides according to the identifications in Figure 9, the translation surface (M, wqp)
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is a cover of (IV,v,,) with the deck group I'. Let us denote by p : M — N the cov-
ering map®. One can check that (N, v, ;) has genus two and belongs to the stratum
H(2), while (M, wq,p) has genus 5 and belongs to H(2, 2,2, 2). By abuse of notation,
we continue to write wp for wap/A(Wap) = wap/(4(1 —ab)) € H1(2,2,2,2). Let

1
L ={weH¥(2,2,22) :w= Zp*y, veHV(2)}.

Then .Z is a closed SL(2,R)-invariant subset of H(1(2,2,2,2) which is a finite
connected cover of H(2) and w,p € .Z. The orbit closures and the SL(2,R)-
invariant measures on /(1) (2) were classified by McMullen in [41] and give a clas-
sification of orbit closures and the SL(2,R)-invariant measures on .. From [41]
(see also [14]), it follows that if (a, ) satisfy assumption (1) or (2) in Theorem 1.2,
(M,wq.p) is a Veech surface and its SL(2, R)-orbit is closed and carries the canonical
SL(2,R)-invariant measure. Let us consider the SL(2, R)-invariant measure (1. on
£ obtained by pull back by the finite covering map of the canonical measure on
H ™ (2). Since the canonical measure is ergodic and the cover .Z is connected, each
of these measures on .Z is ergodic.

Let 7/, 7¢ be the maps induced on the homology H;(M,Z) by the actions of the
reflections 7", 7% on (M, w, ). Consider the following orthogonal decomposition

Hi(M,Q =E""oFE""@E T@E ~, for sg,s1 € {+,—}, where
E*%t = {y € Hi(M,Q) : 7!(7) = s0y and 7/'(y) = s17}.

Remark that (9.3) defines an invariant orthogonal splitting constant on 2.

(9.3)

One can check that the homology class o which determines the Z-cover (M, &g p)
of (M, w, ) belongs to the subspace E~ 1 and that the space £~ has dimension two
(we refer for details to [14], see Lemma 3 and Lemma 4). Moreover, the Lyapunov
exponents of the KZ cocycles for all the SL(2,R)-invariant ergodic measures on
£ were computed in [14] (in particular the exponents corresponding to E~ 1) and
turn out to be all non-zero.

Given any parameter (a,b) € (0,1)% let u,, be the canonical measure for a
Veech surface (see §5) if (a,b) satisfy the assumptions (1) or (2) or g otherwise.
Then, all the assumptions of Theorem 6.1 are satisfied by taking p := 4, and
K, := E=T. Tt follows from Corollary 7.3 that there exists a set %’ contained in

5We remark that this surface is the same that the surface is obtained by considering a funda-
mental domain for the Z2-action on the planar billiard table E2(a,b), which is described in detail
in [14] (see §3).
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the SL(2,R)-orbit closure of (M, w, ) such that u(-Z’) =1 and for all w € Z’, for
any Z-cover (/]\Z,, W) with v € E~T the vertical flow (@} )tecr is not-ergodic and it
has uncountably many ergodic components.

If (M,wqp) is a Veech surface, that is for (a,b) as in (1) or (2), Proposition 9.1
allows to conclude the proof. Therefore, from now on we consider the case y = pg
and use a different Fubini argument to prove the conclusion of the Theorem for a
full measure set of parameters (a,b). The arguments are similar to the proof of
Theorem 1.1 and also to the Fubini argument used by [14] in §6.

Let us consider local coordinates (z,y) = (x1, 22, 23, 24, Y1, Y2, Y3, Ya) on £ given
by period coordinates as follows

xi:/ Rw and yi:/ Sw for i=1,2,3,4 and j,k € {0,1},
; o5

where 'y]lk = wj, 'y]?k = ujg, 'y;’k = hji, ’y;-lk = v, for j,k € {0,1} is a family of
generators in Hy(M,3,Z). Since we are considering abelian differentials of unit
area, the coordinates (9.1) are not all independent, but one of them, say yq, is
determined by the area one requirement. Thus, (z,y) := (21, Z2, T3, T4, Y1, Y2,Y3)
are independent coordinates on a subset of .Z. Let w(z,y) be the corresponding
differential. Then w(4(1 257(@,0,1,0,0,b, 0)) = wa,p for every (a,b) € (0,1)%. Let as

consider the local diffeomorphism Y : (0,1)? x ((0,27)\ {7/2, 7, 37/2}) x R* = R,

_
4(1 — ab)
(e'(asinf, —bcosb,sin b, — cosb),e " (y1 + acos b, ys + bsinb, y3 + cosf)).

Y(a,b,0,t,y1,y2,y3) =

Then gipr/2—owap = w(Y(a,b,0,t,0,0,0)) and the pullback of the measure p.o
by the map (a,b,0,t,y) — w(Y(a,b,0,t,y)) is equivalent to the Lebesgue measure
restricted to the domain of the map.

As in the proof of Theorem 1.1, let us say that a flow has property (P-1) if it is
not ergodic, (P-2) if it has uncountably many ergodic components and (P-3) if it
is not transitive and let us denote by —P; C (0,1)2 x (0,27) the set of all (a,b,0)

such that the directional flow ($?);er on (M, (wa,p),) does not have property (P-i)
for ¢ = 1,2,3. The same argument as in the proof of Theorem 1.1 shows that for
every (a,b,0) € —P; there exits neighbourhoods U; > (a,b,0), Us C R* such that
for every w € w(Y((—=P; NU1) X Usz)) the vertical flow on (M,,o,) does not have
(P-i). Therefore the set w(Y((=P; NUy) x Uz)) C £ has zero py measure. It
follows that (=P; NU;) x Us and hence =P; N has zero Lebesgue measure. Thus,
for i € {1,2,3}, =P; C (0,1)? x (0,27) has zero Lebesgue measure. Consequently,
for almost most every (a,b) € (0,1)? for almost every 6 the directional flow (3?);cr on

(M,, (wa b),) is not ergodic and has uncountably many ergodic components. [

Proof of Corollary 1.3. Let us remark that the billiard flow (ef);cr on the pla-
nar Ehrenfest model E(a,b) projects on the the billiard flow (e);cr on the one-
dimensional Ehrenfest table Fj(a,b), via the map 7 : R? — R x R/Z given by
7(x,y) = (z,y + Z). In other words, (e?);cr on Ei(a,b) is a factor of (ef);er on
Es(a,b). Tt follows that if (e?)icr on Fj(a,b) is not ergodic and has uncountably
many ergodic components, also the flow (ef);er on EE,b is not ergodic and has
uncountably many ergodic components. Thus, Corollary 1.3 follows immediately
from Theorem 1.2. O
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APPENDIX A. STABLE SPACE AND COBOUNDARIES.

In this Appendix we include for completeness the proof of Lemma 4.3 and The-
orem 4.2 (see §4.3) along the lines of [57, 17] (see also [14]).

The main idea of the proof of Theorem 4.2 is to show that for every p € Mg,
the ergodic integrals jot f(psp) ds are bounded uniformly in ¢ > 0 and hence deduce
that F{ is a coboundary. We will do so (as in [17]) by decomposing the ergodic
integral along a special sequence of times, given by returns to a section K for the
Teichmiiller flow.

The construction of the section K, which will be useful in both the proof of
Theorem 4.2 and Lemma 4.3, is given in § A.1. Some of the properties of I will
not be used in the proof of Lemma 4.3, but only in the proof of Theorem 4.2.

A.1. Preliminary definitions and notation. Let p be any SL(2,R)-invariant
probability Borel measure on the moduli space M) (M) ergodic for the Teichmiiller
flow (G¢)ter- Since the measure p is SL(2,R)-invariant and ergodic, we can assume
that it is supported on a stratum H™ = D (ky, ..., k) for some ki, ..., k.. Let us
remark that since p is a probability measure and it is ergodic for the Teichmiiller
flow, there exists a (G¢)ier-invariant set Hog C HD) of p-measure one such that
each w € Hy is Oseledets regular for the Kontsevich-Zorich cocycle (GE%),cr (by
the Oseledets’ theorem), every w € Ho has neither vertical nor horizontal saddle
connections and both the vertical and horizontal flow on (M,w) are ergodic (these
last two properties are classical and follow from example from [38]).

For any w € HD let M,cq, be the set of points which are regular both for the
vertical and horizontal flow on (M, w) (that, we recall, means that both flows are
defined for all times).

Remark A.1. Remark that M,y has full measure on M and is invariant under
(Gt)ter, that is, Myeq.Gw = Myegw for all t € R.

For any w € H(Y and any point p € M \ ¥ let us denote by I, = I,(p) the arc
of the horizontal flow on (M,w) of total length 1 centered at p.

Remark A.2. Since the Teichmiiller flow (G:)ter preserves horizontal leaves and
rescales the horizontal vector fields by X}’ = etX}?“”, we have that

t<s = Ig.u(p) Clgup).

In the rest of the Appendix we will consider w and p such that I, (p) satisfy the
following property:

I, = I,(p) has no self-intersections, does not intersect

(A-1) and all but finitely many points from I, return to I, for the vertical flow.

We will denote by T = T, : I, — I, the Poincaré map of the vertical flow
(pt)ter on (M,w), which is well defined by (A.1) and is an IET. Let us denote
by 7, : I, — RT the function which assigns to each point (apart from finitely
many ones) its first return time. Let us also denote by I;(w), j = 1,...,m, the
subintervals exchanged by T,,, by A;j(w) their lengths and by 7;(w) the first return
time of the interval I;(w) to L.

Since I, (p) does not contain any singularity and the set of singularities is discrete,
let 6(w) = d(w,p) > 0 to maximal such that the strip

U ¢l
0<t<d(w)

does not contain any singularities, and thus is isometric to an Euclidean rectangle
of height §(w) and width 1 in the flat coordinates given by w.
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For each j =1,...,m let v;(w) € H1(M,Z) be the homology class obtained by
considering the vertical trajectory of any point ¢ € I;(w) up to the first return time
to I, and closing it up with a horizontal geodesic segment contained in I,,.

Remark A.3. Suppose that a pair (wo,po) € H) x (M \ X) satisfies (A.1). Then
there exists a sufficiently small neighborhood U € H® of wy such that for any
weld
(i) the pair (w,po) also satisfies (A.1),
(i) the induced IET T, on I, (po) has the same number m of exchanged inter-
vals and the same combinatorial datum,
(iii) the quantities A\;(w), 7j(w) for j = 1,...,m and 6(w,po) change continu-
ously with w € U,
(iv) for every 1 < j < m the homology class 7v;(w) does not depend on w € Y.

A.2. Proof of Lemma 4.3 and auxiliary Lemmas.

Lemma A.4. There exists po € M, a subset K C Hy with positive transverse
measure and positive constants A,C,c > 0 such that for every w € K the pair

(w7 po) satisfies (A.l),
/ ¢

1
(A.3) Aj(w)d(w) > A and ol <7i(w)<C forany 1<j<m.

1
(A2) “Jlpll < max <clpll for every pe H'(M,R),

1<j<m

Moreover, every w € K is Birkhoff generic.

Proof. Choose wy € Ho in the support of the measure p and let pg € Myeg,.,- Then
the pair (wo,po) satisfies (A.1). Moreover, one can show that {v;(wo), 1 < j < m}
generate the homology H;(M,R) (the proof is analogous to the proof of Lemma
2.17, §2.9 in [53]). In particular, their Poincaré dual classes {Pv;(wo),1 < j < m}
generate H'(M,R). Thus, it follows® that there exists a constant ¢’ > 0 such that

[
;i (wo)

for all p € H*(M,R). In view of Remark A.3, by choosing U to be a small compact
neighbourhood of wy in H™®), we have

= max [(Py;(wo), p)| < [lpllus

1
. — <
(A4) Sl < max max

1<5<m

(A.5) vi(w) =7vj(wy) forany weldand1l<j<m
and there exist constants A > 0 and C' > 1 such that
1
Aj(w)d(w) > A and o= Ti(w) <C forall weld, 1<j<m.
Furthermore, since U is compact, there exists a constant K > 0 such that for any

wi,ws € U, and any p € H*(M,R) the Hodge norms satisfy ||pllw, < K||pllw, (it
follows for example from [17], §2). Thus, by (A.4) and (A.5),

[
75 (w)

where ¢ := K¢/. Since wg belongs to the support of p, p(U) > 0. Let S ¢ HD
be a hypersurface containing wg and transverse to (G¢)ier and let K C SNUNHg
be a subset with positive transverse measure and compact closure such that every
w € K is Birkhoff generic. Then K satisfies the conclusions of the Lemma. O

1
(A.6) E”pr < max <clplly for all weld, pe H(M,R),

~1<j<m

6This same remark is used in [56], see Lemma 6.2.
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Proof of Lemma 4.3. Let K be the section from Lemma A.4. Since (Gt)ier is er-
godic and K has positive transverse measure, there exists a full p-measure set
M’ c HWD such that for any w € M’ there exists a sequence {tr}ren of posi-
tive numbers such that ¢ — +o0o and Gy, (w) € K for each k € N. Now taking

(k) = 7,(Gy,w) and applying Lemma A.4 to every Gy w € K we get (4.4). O

Notation. For each j = 1,...,m, consider the set

Rj(w) = {‘pup ‘b€ Ij(w)7 0<u< 5(”)}
(where Ij(w) and 6(w) are defined above Remark A.3). Remark that R;(w) is a
rectangle in (M,w) of base A;(w) and height 6(w) in the translation structure given

by w, since by the definition of §(w) it is contained in the rectangle of base I, and
height 0(w).
Lemma A.5. Suppose that w € K. Let p € QY(M) be a form vanishing on the

interval 1, = I,(po) and set f :=ix, p. Let p € I,(po) and let T = 7,(p) > 0 be its
first return time to I,,(po) for the vertical flow (¢1)ier. If p € I;(w) then

(A7) [ semal=| [ o <el

Moreover, the rectangle R;(w) has area v,(R;(w)) > A, where A is the constant
giwven by Lemma A.4, and if ¢ € R;(w) then

(A9 [ semal= | [ o=l

Proof. Let us assume that p € Ij(w). Let 7; be the curve 7; : [0,7] — M given by
7;(s) = @sp for 0 < s < 7. By the definition of f,

/OTf(sasp)dS/%ﬂ

Recall that v;(w) € Hi(M,Z) denotes the homology class of the loop which is
obtained by closing up 7; with a a horizontal segment contained in I,. Thus, since
p vanishes on [,,, we obtain

ATf(wsp)dSZAJPZAj(w)P-

Combining this with (A.2), we have (A.7).
Next remark that, by (A.3), the area of the rectangle R;j(w) (defined before
Lemma A.5) satisfies
vo(R; (@) = A (@)d(w) = A.
Let ¢ € Rj(w). Then g = p,p for some p € I;(w) and 0 < u < §(w). Thus, since by
definition of first return time 7 = 7,(p) we have p,p = T,,p, where T, is the first
return map of (¢¢)ier to Iy, we can write

(A.9) /f%p ds—/ f(ps9) dS—/ f(esp) ds—/ flpsTu(p

Remark now that p, T,,(p), ©up, puTw(p) are corners of a rectangle R because they
are contained in the rectangle of base I, and height §(w) in the translation structure
given by w. Denote by 0,R and 0, R the vertical and the horizontal part of the
boundary of R respectively . Then [, ,p is equal to the RHS of (A.9) and [, .p
is bounded by ||ix, p|lcc- Thus, since p is closed and R is simply connected, we have
Jrdp =0 and by Stoke’s theorem 0= [, p= [, pp+ [, pp. It follows that

‘/Ouf(wsp)ds—/Ouf(wsTw(p))dS( = ’/8va’ = ’/ath‘ < lix, plloo-
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This, combined with (A.9) and (A.7), yields (A.8). O

Remark A.6. Recall that for any real ¢ the vertical and horizontal vector fields X
and X7 on (M, w) rescale as follows under the Teichmiiller geodesic flow (G;)ier:

w _  —tyvGiw w _ tyvGiw
Xy =e "X, Xy, =e" X",

Thus, the vertical and horizontal flows satisfy:

v,w v,Grw h,w h,Giw

PP =Pl Dy Ps" D= Petg D
Notation. For 0 < tg < t1, consider the intervals Igtgw, Ithw defined at the be-
ginning of the section, that, by Remark A.2, satisfy I¢, o C Ig, o and for every
regular point p € Ig, . denote respectively by 7, (p) > 0 and 7, , (p) > 0 the
times of the first forward and respectively backward entrance of the vertical orbit
of p to Ig, w-

Lemma A.7. Suppose that for some w € HY there ewists 0 < to < t; such that
Giow,Gyw € K. Then the entrance times T{E7t1(p), Tiot, () = 0 of pin Ig,
satisfy

A.10 T+ P <ehC, T 4. (p < el
to,t1 to,t1

Let p € QY (M) be a form vanishing on the interval Ig,,w and set [ :=ix,p. Then
for every —7,., (p) < s < 7,5, () such that op € Ig,,w we have

S
| [ few)dt] < cC2e g, .
0

Proof. Let us assume that s > 0. The proof for s < 0 is analogous. Denote
by 0 = s < s1 < ... < sk = s the consecutive return times (to /g, ) of the
forward vertical orbit of p. For each pair s;_1,s; of consecutive return times of the
vertical flow (¢1)ier on (M,w) to the interval Ig, o, it follows from Remark A.6
that e~%0s;_1,e7%s; are consecutive return times of the vertical flow ((pgtnw)teﬂg

on (M,G,w) to Ig, .. Thus, since the first return time function of (‘Pgtow)teﬂ?i to

I, . assumes the finitely many values 7;(Gy,w) for i = 1,..., K (see § A.1), for
all 0 <1i < K we have
(A.11) e g —elog > 1gi§nm 7 (Gow).

Moreover, recalling the definition of f = ixup and using Remark A.6, it also follows
that

,tOSi

8i Si . € . v,G w
/ flpip)dt = / ixyp(pip)di = / i Grywplpy O p)dt.
Si—1 i—1 e tos;_y TV

Thus, by Lemma A.5 applied to Gy,w € K, we have

[ stemit] < clplc,
Si—1

for each 1 < i < K. Therefore,

SK K s;
[ sewal <3| [ sema < Kelpla,.

We need to show that K < C%e'1~%, From (A.11) we get

sk > Ke' min 7j(Gw).
1<j<m

Moreover, the orbit segment

v,Giw

{py“p:so<t<sk}={p p:0<t<e™

SK}
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does not intersect the interval Ithw. It follows that

e sk < max 7;(Gpw).

1<j<m
Therefore,
K < e maxi<j<m Tj(thw).
~ efomini<j<m 7 (Grow)
In view of (A.3), it follows that K < et~ (C? and s < 1. O

Let us recall that to each smooth f : M — R one can associate a cocycle F§ over

the flow (¢y)ser that for for © € M,.4 and ¢t € R is given by F}’(t7 x) = fot fpsz)ds
(see (3.2)).

Lemma A.8. If a smooth form p € Q' (M) is exact then the cocycle Fy associated
to f =ix,p is a coboundary. Moreover, for every smooth form p € QY (M) and any
simply connected subset D C M there exists p' € QY(M) vanishing on D and such
that [p'] = [p].

Proof. If p € QY(M) is exact then p = dh for some smooth function h : M — R.
Thus
f = Z'X,Up = indh = Ex,uh.

Therefore,

F(t,x) = /o flpsx)ds = /o Lx, h(psx)ds = h(pix) — h(z),

so Iy is a coboundary.

Let p € Q'(M) be an arbitrary form. Since D C M is simply connected, there
exists a smooth function h : M — R such that dh = p on D. Then p’ := p — dh is
cohomologous to p and vanishes on D. O

A.3. Decomposition of ergodic integrals and proof of Theorem 4.2.

Proof of Theorem 4.2. Let po € M and K be the point and the section given by
Lemma A.4. Since (Gy)ier is ergodic and K has positive transverse measure, there
exists a full p-measure set M’ C HM) such that for any w € M’ there exists a
sequence {t }r>o of positive numbers such that ¢, — +oo0 and Gy, (w) € K for each
k > 0. Let us show that M’ satisfies the conclusion of the theorem.

Let us remark first that, since both the property of being Oseledets regular
and having no vertical saddle connections are (Gy)icr-invariant, any w € M’ is
Oseledets regular and has no vertical saddle connections by the definition of K.

Fix w € M’ and let ¢y be the minimum ¢ > 0 such that G¢(w) € K and let
{tx }ren be the sequence of successive returns to K. Let p be a closed smooth form
such that [p] € E (M,R). Let (¢t):er be the vertical flow on (M,w) and consider
the function f = ix,p. We want to show that the associated cocycle Fy (whose
definition is recalled before Lemma A.8) is a coboundary for (¢¢)ter. In view of
Lemma A.8, we can also assume that p vanishes on the interval /g, ..

Let us consider the sequence of intervals {IGtkw}kzo centered at pg. By Remark
A2 {IGtkW}kzo is a decreasing sequence of nested intervals. Fix a regular point
P € Myeg. Forany t > 0, the trajectory @ := {¢sp : 0 < s <t} can be inductively
decomposed into principal return trajectories as follows (analogously to Lemma 9.4
in [17]). Let K € N be the maximum &k > 0 such that ®, intersect IGf,kw For every
k=0,...,K let 0 <l <r, <t be the times of the first and the last intersection
of ®; with Ig, . Then, since, by Remark A.2, the intervals {Igtkw};€ are nested,

0<lh<L<...<lg<rg<...<r <rp <t
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Moreover, I; — ;1 = TtL o), rici—ri =1, 4 (pr_yp) fori=1,... K
and rg — g < Ttt(7tk+1((lep), where the functlons Ttil,tqz are defined before
Lemma A.7. By Lemma A.7, for every 1 < i < K we have

_l7 1
(A.12) ’/ flosp) ds = ‘/ floser,_ 1p)ds‘ < cC?etiThi- Hella., w
(A.13) ’/ flpsp)ds

0
= ‘/ f(@stprq‘,—lp)ds
Ti—Ti—1
and

TK Tk —lK
)| [ rewas| =] [T fespnas| < cCre o gl
Jik 0

<cC? " pllay, w

Moreover, since lo < 7, (¢i,p) and t —ro < 7,5, (¢r,p), by (A.10), we have
lg, t—19 <ehrC. Thus

[ stemas] < rcis | [ semis| i

Summing (A.12)-(A.15) we get

(A.15)

t o0
(16 | [ flemds| 23" coreten g, 260 €
JO k=0

Since, by assumption, [p] € E_ (M,R) (recall (4.3)), it follows that there exists
constants C1,0 > 0 such that [|p[|g,, w < Cre~ % for all k > 0. Using this inequality
together with (A.16), we get that there exists Cy > 0 such that for any ¢ > 0, one
has

(A.17) ‘/f(pspds

fk+1

0)tk+C2.

< Oy Z (tht1—tk) o —0Otn +Cy = Ch Z (

k=0 k=0
Since K has positive transverse measure and w is Birkhoff generic (since Birkhoff
generic points are (G¢)er-invariant and Gy,w € K which by construction consists
only of Birkhoff generic points), by Birkhoff ergodic theorem we have limy_, oo tr/k =
1/p4r(KC), where it (K) > 0 is the transverse measure of K. Thus, if k is sufficiently
large, (tg+1—tr)/tr—0 < —0/2, which shows that the above series is convergent and
the ergodic integrals in (A.17) are uniformly bounded for all ¢t > 0 and p € Mg ..
By Lemma 3.6 this implies that F¥ is a coboundary. This concludes the proof of
the first part of Theorem 4.2.

Let us now prove the second part of Theorem 4.2. Let us assume in addition
from now on that p is KZ-hyperbolic. Let w € M’, p € M4, and, as before,
let us denote by (¢;):er the vertical flow on (M,w). Let p € Q'(M) be a smooth
closed one form such that [p] ¢ E_ (M,R). Again, by Lemma A.8, we can assume
that p vanishes on the interval I, ..

For every k € N, consider the return times 7;(G¢, w) (see the definition in § A.1)
and let

(A.18) Ty, == e 1;(Grow),
so that, by Remark A.6, T, is the return time of a point p € I;(Gy,w) to I¢,, . under
the vertical flow (¢¢)ter for (M,w). Since Gy,w € K for k € N, by Lemma A.5,

for every k € N and j =1,...,m there exists a rectangle R;(Gy,w) in (M,w) such
that v, (R;(Gw)) = vg,, o(R;(Gyw)) > A and

T
w19 | [ s 2] [ o] el o a € Ry(Gu)
73 (Gepw
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Let us now prove that the cocycle Ff is not a coboundary. Assume by contradiction
that I} is a coboundary with a measurable transfer function v : M — R. Then
there exists a constant B > 0, depending on the constant A given by Lemma A .4,
such that the set

Ap:={qe M :|u(q)] > B} satisfies v, ,(Ag) < A/2.

Thus, for any fixed k € N and 1 < 5 < m, for all ¢ in a set of v,,-measure greater
than 1 — A (more precisely, for all ¢ ¢ Ag U p_1, Ap), we have

Tk
(200 | [ s o ds| = 1 T = lu(ena) — ulo)] < 2B.

Since v, (R; (G, w)) > A, there exists ¢; € R;j(Gy,w) satisfying (A.20). In view of
(A.19) and (A.2) (applied to Gi,w € K) and by definition (A.18) of Tk, it follows
that

1 B ,
delo < mas | [ o< e | [ e as] = lixple
g Vi(Gyw

T 1<<m 1<j<m

<2B+ e_tkHiXh,pHOO <2B+ ||Z.th

|oo-

Thus, liminf, .4 [|pllg,w < o0. Since p is KZ-hyperbolic, recalling the defini-
tion of the stable space (4.3), this implies that [p] € E_ (M,R), contrary to the
assumptions. Thus, we conclude that F'y' cannot be a coboundary. U

APPENDIX B. ERGODIC DECOMPOSITION AND MACKEY ACTION

Given an ergodic automorphism T of a standard probability space (X, B, u), a
locally compact abelian second countable group G and a cocycle ¥ : X — G for T,
consider the skew-product extension Ty : X X G — X x G. If the skew product
is not ergodic then the structure of its ergodic components (defined below) can be
studied by looking at properties of the so called Mackey action.

Let (74)gec denote the G-action on (X x G, B X Bg, i X m¢) given by 74(x, h) =
(z,h 4+ g). Then (74)gec¢ commutes with the skew product Ty. Fix a probability
Borel measure m on G equivalent to the Haar measure mg. Then the probability
measure p X m is quasi-invariant under Ty and (74)geq, ie. (Ty)«(p X m) and
(Tg)« (e x m) for any g € G are equivalent to p x m (or, in other words, T, and
(T¢)gec are non-singular actions on (X xG, Bx Bg, pxm)). Denote by Z, C BxBg
the o-algebra of Ty-invariant subsets. Since (X x G,B x Bg, 1t x m) is a standard
probability Borel space, the quotient space ((X xXG)/Zy, Ly, pxm|z,) is well-defined
(and is also standard). This space is called the space of ergodic components and
it will be denoted by (Y,C,v). Since (74)4eq preserves I, it also acts on (Y,C,v).
This non-singular G-action is called the Mackey action (and is denoted by (73)sec)
associated to the skew product Ty, and it is always ergodic. Moreover, there exists
a measurable map Y > y — 1, taking values in the space of probability measures
on (X x G,B x Bg) such that

o puxm= [ i, dv(y);
® 1, is quasi-invariant and ergodic under Ty, for v-a.e. y € Y;
e [, is equivalent to a o-finite measure ji, invariant under 7).

Then Ty, on (X x G, B x Bg, ) for y € Y are called ergodic components of T,.
Theorem B.1 (|44, 55|). Suppose that T : (X,pu) — (X, u) is ergodic and let
1 X — G be a cocycle. Then

(1) v is recurrent if and only if the measure (1, is continuous for v-a.e. y € Y;
(ii) v is non-recurrent if and only if v, is purely atomic for v-a.e. y €Y,
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iii is reqular if and only if the Mackey action (7¥),cq is strictly transitive
g y y ge y :
i.e. the measure v is supported on a single orbit of (Tg’)geg.

If 4 is not recurrent then almost every ergodic component Ty : (X X G, pyy) —
(X x G, py) is trivial, i.e. it is strictly transitive.

If ¢ is regular then the structure of ergodic components is trivial, i.e. if we fix
one ergodic component then every other ergodic component is the image of the
fixed component by a transformation 74. In particular, all ergodic components are
isomorphic.

As a immediate consequence of Theorem B.1 we obtain that if a cocycle is
recurrent and non-regular then the structure of ergodic components of the skew
product and the dynamics inside ergodic components are highly non-trivial.

Proof of Proposition 3.4. Since the measure v is ergodic for the Mackey Z-action, it
is either continuous or purely discrete. If v is discrete then, by ergodicity, v is sup-
ported by a single orbit, in contradiction with (éi7). Consequently, v is continuous
and the skew product Ty has uncountably many ergodic components. Indeed, if Ty,
has at most countably many ergodic components then the measure v is supported
on an at most countable set, so v is purely discrete.

The continuity of almost every measure p,, follows directly from (). This also
shows that v-a.e. ergodic component is not supported by a countable set, since if
an ergodic component representing by y € Y has at most countably many elements
then the measure p, is also discrete. O
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