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RECURRENCE FOR SMOOTH CURVES IN THE MODULI
SPACE AND APPLICATION TO THE BILLIARD FLOW ON
NIBBLED ELLIPSES

KRZYSZTOF FRACZEK

ABSTRACT. In view of classical results of Masur and Veech almost every element in
the moduli space of compact translation surfaces is recurrent, i.e. its Teichmiiller
positive semiorbit returns to a compact subset infinitely many times. In this paper
we focus on the problem of recurrence for elements of smooth curves in the moduli
space. We give an effective criterion for the recurrence of almost every element of
a smooth curve. The criterion relies on results developed by Minsky-Weiss in [9].
Next we apply the criterion to the billiard flow on planar tables confined by arcs of
confocal conics. The phase space of such billiard flow splits into invariant subsets
determined by caustics. We prove that for almost every caustic the billiard flow
restricted to the corresponding invariant set is uniquely ergodic. This answers
affirmatively to a question raised by Zorich.

1. BILLIARDS ON ELLIPTICAL-HYPERBOLIC NIBBLED TABLES

We consider a class of pseudo-integrable billiards with piecewise elliptic and hy-
perbolic boundary introduced by Dragovi¢ and Radnovi¢ in [2]. Let 0 < b < a and
denote by {Cy : A < a} the family of confocal conics

IQ y2

a— A + b— A
If A < b then C, is an ellipse and if b < A < a then C, is a hyperbola. Moreover, C,
is the horizontal and C, is the vertical line though the origin.
Denote by O the set of sequences (@, 3) = ((a;)¥_,, (8;)%_,) such that

a:CK0>Oél>Oég>...>Oék,1>Oék:b>ﬁk>ﬁk,1>...>ﬁ2>5125020.

Let k(@, B) := k. For every (@, ) € © let Dy 5 be the billiard table in the ellipse Cy
so that the boundary of Dy 5 contained in the positive quadrant is piecewise smooth
and consists of a chain of arcs of ellipses Cg,, . .., Cg,, hyperbolae C,,, ...,Cq,_, and
lines C,, C,. More precisely, the consecutive corners are intersections of the following

pairs of conics:

(Caa Cﬁ1)7 (Calvcﬁ1>7 (Ca17c/32)7 (Cazﬁcﬂz)v R (Cak717cﬁk71)7 (Cakfpcﬁk% (Cb; Cﬁk)
The positive quadrant of D 3 looks like stairs whose steps are elliptical-hyperbolic,
see Figure [I]

Let (6++,3++), (6+_,B+_), (@‘*,B_+), (@ ~,B ) be sequences in © such that

++ _ p—+ - _ p—— ptt _ pt— —+ _ p
1 - Bl 9 /61 - /61 ) /Bk(a++,3++) - /Bk(a+_,B+_)7 /Bk(f_+,B—+) - ﬁk(a__,ﬁ__ .
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FIGURE 1. The shape of the table D 7.

Let
=gt =pt =5 =8,
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Denote by v,, v, : R? — R2 the reflections across the vertical and the horizontal
coordiEate axis respectively. For the quadruple (@™, B++), (@t B+_), (@, B_Jr),
@ 7,8 ) let

D p@ B H@EET)
(1.1) @+ H@@ -5 )

=D_., FH N D, g+= N YDy 5=+ Ny 01D

7+7B 7773__

Then every quadrant of D looks like stairs whose steps are elliptical-hyperbolic, see
Figure 2l We call the table D a nibbled ellipse.
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FIGURE 2. The shape of the table D = D(a++§ R@i_’é,).
@*p @B )

Let us consider the billiard flow (b;);cgr on the billiard table D which acts on unit
tangent vectors (x,0) € S'D C D x S*. The flow (b;)icr moves (z,60) at unit speed
along the straight line through the foot point x € D in direction § € S! with elastic
collisions at the boundary of the table (according with the law that the angle of
incidence equals the angle of reflection with respect to the tangent at the collision
point). After reaching any of the corners, the billiard flow dies.

Dragovi¢ and Radnovié¢ observed in [2] that the phase space S'D of the billiard
flow on D splits into invariant subsets S, s € (min{A¢, 3°}, a] so that the ellipse C,
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for min{3, 8°} < s < b or the hyperbola C, for b < s < a is a causti(ﬂ of all billiard
trajectories in S (see Figure [3)).

For every s € (0, b) denote by & the set of external points of the ellipse C, and for
every s € (b,a) denote by H, the area between two branches of the hyperbola Cs.
Then every billiard orbit in S, is trapped in the set D N &, for min{A!, 8} < s < b
or DNH, for b < s < a. Therefore, the set of foot points (denoted by Ss) of vectors
in S, can be identified with D N &, for min{A¢, 3} < s < b and with D N H, for
b<s<a Ifmax{B, 3} < s < min{B’, 37} then the set S, slits into two connected
sets: the upper one S and the lower one S, see Figure .

Cor

.‘C‘Hb
max{f", '} <s<b b<s<a max{/3’, 8’} < s < min{p", B'}

FIGURE 3. Invariant subsets of the phase space.

The aim of the paper is to answer affirmatively to the conjecture, raised by Zorich,
that for almost all parameters s all billiard orbits in S, (or in S) are equidistributed
in S, (or in 8 resp.).

Recall that an abstract Borel flow (7})cr on a metric space X is uniquely ergodic
(or all its orbits are equidistributed in X) if there exists a probability Borel measure
1 on X such that for every compactly supported continuous map f : X — C and

every x € X we have
1 /7
o[ rao - [ rau
0 X

Then p is the unique probability invariant measure of the flow (7});er-

Theorem 1.1. For every nibbled ellipse D of the form (1.1) and for almost all s €
(min{3t, °}, a) the billiard flow (by)icr on D restricted to any connected component
of Ss is uniquely ergodic.

Recall that the same result was proved in [4] for a special degenerate family
of nibbled ellipses, i.e. for ellipses with a linear obstacle. The first step of the
proof (in [4] and in the present paper) is to consider a special change of variables
os (introduced in [2]) leading to a polygonal billiard table o4(Ss) with vertical and
horizontal sides. After the change of variables the billiard flow (b;):cr on S becomes
the directional billiard flow in directions 7 /4, +£37/4 on o4(Ss). Since o4(Ss) is
a rational polygon, the map s — 0,(Ss) provides (after an unfolding procedure) a
curve in the moduli space M of translation surfaces.

I Caustic is a curve for which tangent billiard trajectories remains tangent after successive
reflections.



4 K. FRACZEK

In [4] the unique ergodicity of the directional flows followed from the fact that
almost every element of the corresponding curve is Birkhoff ergodic for the Teich-
miiller flow (g;);er restricted to an appropriate SLs(R)-invariant subsets of M. In
the present paper we apply a different approach developed in [9].

1.1. Change of variables o,. First notice that each point of the non-negative
quadrant R% except the focus F)y is the intersection point of two conics Cy,, A\; €
[b,a] and Cy,, Ay € (—o0,b]. This gives a coordinate system (Ay,\s) € [b,a] x
[—00,b] \ {(b,b)} in the set RZ,\ {F,}. In this coordinate system the elliptic and
hyperbolic arcs forming the boundary of the table are horizontal or vertical linear
segments.

. 1 B :
Let e(\,s) = Ty For any s € (—o0,b) let us consider a new

coordinate system in & N Rzzo determined by

(M, Ao) = (/ae()\,s) d/\,/se(A, 5) d>\>.

A1 A2

The domain of the new coordinate system is [0, £(s)] x [0, ((s)), where

U(s) == /bae(A,s) dA:/_S e(\, s) dA.

o0

The new coordinate system extends by symmetry to the whole annulus &, its
domain is the cylinder R/4¢(s)Z x [0, £(s)). More precisely, the extended coordinate
chart o : & — R/44(s)Z x [0,£(s)) is determined by

OslesRogxRsg = LT (6(5),0) © s © Yo, Os|e.nRogxReq = L T—(20(s),0) © Ts © Y © Vo,

Os|e.nRsoxReo = 1T—(36(s),0) © Ts © Vh,

where T'r, is the translation by the vector v.
One can carry out similar construction of a coordinate system in the sets Hs,
s € (b,a) starting from the coordinate system in H, NR%, given by

7M1, o) = (/ae()\, s)d\, /be()\,s) d/\>.

)\1 AQ
Then the domain of the coordinate system in H, NR% is [0, £(s)] X [0,¢(s)), where

0(s) = /sae()\,s) dA:/b e(A, s) dA.

The domain of the extended coordinate system (in H;) is [—€(s), £(s)] x (—£(s), {(s))
and the coordinate chart oy : Hs — [—€(s),{(s)] x (—£(s),{(s)) is determined by

Os|HsMR<oxR>o — Yo © 050y, Osg HsNR<gxR<o — Yh © Yo © 05 O Yh O VYo,

Os|Ho Rs xRy = Vh © Ts © V-

Recall that S, = DN &, for min{B, 3°} < s <band S, =DNH, for b < s < a.
Each set Sy is regarded in separate coordinates given by the coordinate chart o,.
Then o,(S;) is a polygon with vertical and horizontal sides in R? or in the cylinder
R/44(s)Z x R. Moreover, by Proposition 5.2 in [2], we have the following result.

Proposition 1.2. For every nibbled ellipse D the billiard flow (by)ier on SID re-
stricted to S,, s € (min{f3%, 8°},b) U (b,a) is conjugate (by o) to the directional
billiard flow on 04(Ss) in directions £ /4, £37/4.
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A precise description of the polygons o,(S,) for s € (min{s?, 5°},b) U (b,a) is
presented in Section In Section |3| we supply an appropriate language for this
description.

Formally the directional billiard flow on o,(S5) in directions +m /4, £37/4 acts on
the union of four copies of the polygon, denoted by o4(Ss)r/a, 05(Ss)—r/a; T5(Ss)37/4,
05(Ss)—3x/a. Each copy o4(Ss)e for 6 € {&m /4, £37/4} represents all unit vectors
pointing in the same direction . After applying the horizontal or vertical reflection
(or both) to each copy separately, we can arrange all unit vectors to point to the
same direction 7/4. More precisely, after such transformations, all unit vectors in
05(Ss)x/1s YhOs(Ss)—n/as Vo0s(Ss)3m/a and Yy, ©7,05(Ss) 34 point to the same direc-
tion /4. By gluing corresponding sides of these four polygons, we get a compact
connected orientable surface M with a translation structure w(s) inherited from the
Euclidian plan. Moreover, the directional billiard flow on o4(Ss) in directions /4,

+37/4 is conjugate to the translation flow in direction /4 (denoted by (cpf/ Nier)
on the translation surface (M, w(s)). This is an example of using the previously
mentioned unfolding procedure coming from [3] and [5].

A precise description of the polygons o,(S,) for s € (min{/%, 3°},b) U (b, a) pre-
sented in Section [5, shows that the interval (min{/?, °}, a) splits into finitely many
subintervals {J : J € J} so that for all s’s form the interior of J € J the surfaces
M, have the same genus ¢g; and the map J 3 s — w(s) is smooth. In view of Propo-
sition[1.2] it follows that we need to prove that for every J € J and for a.e. s € J the
directional flow (cpf/ "ier on the translation surface (M,,,w(s)) is uniquely ergodic,
where M, is a compact connected orientable surface of genus g;. This observation
allows us to translate the original problem into the language of translational surfaces
and smooth curves in the moduli space of translational surfaces.

2. TRANSLATION SURFACES

Definition 1. A translation surface is a compact connected orientable topological
surface M, together with a finite set of points ¥ (singularities) and an atlas of
charts w = {(4 : Uy = C : @ € A} on M \ ¥ such that every transition map
Cgo ('t CuUaNUg) — (3(Us NUp) is a translation, i.e. for every connected
component C' of U, N Up there exists vgﬁ € C such that (go ( '(z) = 2 + US”B for

z € ¢, 1(O).

For every 0 € R/27Z (we will identify R/27Z with S') let X4 be a tangent vector
field on M \ ¥ which is the pullback of the unit constant vector field e? on C through
the charts of the atlas. Since the derivative of any transition map is the identity, the
vector field Xy is well defined on M \ . Denote by (¢?);cr the corresponding flow,
called the translation flow on (M, w) in direction §. The flow preserves the measure
Ao which is the pullback of the Lebesgue measure on C. We will denote by (¢})ier
and (¢");er the vertical and horizontal flow respectively.

A saddle connection in direction 6 is an orbit segment of (¢?);cr that goes from a
singularity to a singularity (possibly, the same one) and has no interior singularities.
A semiorbit of (¢);cr that goes from or to a singularity is called an outgoing or
incoming separatriz. Recall that if (M, w) has no saddle connection in direction 6,
then the flow (¢Y)cr is minimal, i.e. every its orbit is dense in M.

Given a topological compact connected orientable surface M and its finite subset
¥ C M, denote by Diff * (M, ) the group of orientation-preserving homeomorphisms
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of M which fix all elements of ¥. Denote by M (M, ¥) the moduli space of translation
surfaces with singularities at X, i.e. the space of orbits of the natural action of
Diff*(M,X) on the space of translation structures on M with singularities at X.
The moduli space has a natural structure of complex orbifold (locally the quotient
of a complex manifold by a finite group) described in detail in [11]

On the moduli space the Teichmiiller flow (g;);cr acts deforming the translation
structure w in local coordinates by linear maps {[%f th} :t € R} and the rotations

(19)ocr/z act by linear maps {[COSG _Sine] :t € R}

sinf cosf

Remark 2.1. Notice that for every (M,w) € M(M,Y) and any § € S* the directional
flow (¢f) on (M, w) coincides with the vertical flow (¢}) on (M, ry/s—gw).

Definition 2. A translation surface (M,w) € M(M,3) is called recurrent if there
exists a sequence (,),>1 increasing to +oo and a compact subset K C M(M, )
such that g, (M,w) € K for all n > 1.

Proposition 2.2 (Masur [7]). If a translation surface (M,w) is recurrent, then the
vertical flow on (M,w) is uniquely ergodic.

One of the main aims of the paper is to formulate and prove an effective criterion
for the recurrence of almost every element of a smooth curve in the moduli space
M(M,X). More precisely, we deal with a C*®-map J > s — w(s) € M(M,X)
(J C R is a finite interval) and we want to show that (M,w(s)) is recurrent for
a.e. s € J. In fact, we want to use this type of result for the r.-rotation of
curves mentioned at the end of Section [I.I Indeed, in view of Remark and
Proposition , if a.e. element of the curve s — 7,,4w(s) is recurrent, then for a.e.
s the flow (o *)ser on (M, w(s)) is uniquely ergodic.

An archetypical example of the criterion for recurrence is a classical theorem by
Kerckhoff, Masur and Smillie [6] saying that for every compact translation surface
(M,w) the rotated translation surface (M,rsw) is recurrent for a.e. s € [0,2n],
i.e. here we deal with specific curves of the form [0,27] 3 s — rw € M(M,X).
However, this result does not apply to the r.,-rotation of curves mentioned at the
end of Section [L1l

Another important step toward understanding the problem of recurrence was
made by Minsky and Weiss in [8] where recurrence is shown for a.e. element of any
horocyclic arc in M(M,X). The ideas developed in [8] were further extended in [9)
to curves well approximated by horocylic arcs and then used to prove a criterion for
a.e. recurrence for curves of interval exchange transformations (see Theorem [2.4]).
The main aim of this section is to reformulate and prove Minsky-Weiss criterion in
terms of translation surfaces and their relative homologies (see Theorem [2.11]).

The transition from translation surfaces to interval exchange transformations is
obvious and consists in choosing a transversal section to the vertical flow and con-
sidering the map of the first return. Suppose that a horizontal interval I C M is
a global transversal for the vertical flow (¢})ier on (M,w), i.e. its every infinite
semiorbit meets I infinitely many times. Recall that this condition holds for any
horizontal interval whenever (M, w) has no vertical saddle connection. The interval
I we identify with the real interval [0, |I]). Denote by T, ; : I — I the first return
map of the flow (¢} )ier to I. Then T, ; is an interval exchange transformation whose
discontinuities belong to incoming separatices.

Every d-interval exchange transformation (IET) is determined by two parameters:
a permutation m € Sy (Sy is the group of permutations of the set {1,...,d}) and
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A € R? as follows. For every A = (m,\) € Sy x RZ, let

bi(A) = Z)\i, ti(A) = Z A for 0<j<d.
isj m(i)<j

Then
d

bo(A) = to(A) =0, ba(A) = ta(A) = [A| = Y\,
=1
and
bj(A) = bja(A) = Xy, £5(A) =151 (A) = Agmry) for 1< j < d.

Denote by Ty =T : [0, |A]) — [0, |A]) the IET so that each interval [b;_1(A), b;(A))
is translated by T into [tx(j)—1(A), tr(j(A)), i-e.

(2.1) Thw =& +tr(j)(A) — bj(A) forall =z € [bj_1(A),bj(A)).

We say that the IET T, has a connection if there exist 1 <4, j < d and n > 0 such
that T7b;(A) = b;(A). The IET T, is uniquely ergodic if it has no connection and
the Lebesgue measure on [0, |A|) is the only Tj-invariant measure. For every n > 0
denote by &,(A) the minimal distance between the points Tkb;(A) for 0 < k < n and
1 <i < d. We say that the IET T}y is of recurrence type if it has no connection and
liminf ne, (A) > 0. Recall that every IET of recurrence type is uniquely ergodic.

Remark 2.3. Suppose that a horizontal interval I C M is a global transversal for the
vertical flow (¢7)ier on (M, w). If the flow (¢})ier has no saddle connection then
T.,.; has no connection. Moreover, in view of [10, Sect. 3.3] (see [9, Proposition 7.2]
for a qualitative version), the translation surface (M,w) is recurrent if and only if
the IET T, ; is of recurrent type.

2.1. Minsky-Weiss approach and its application. Let J 3 s — (M, w(s)) €
M(M,3) be a C*° map. Suppose that for every s € J there exists a horizontal
interval I, in (M, w(s)) so that I, is a global transversal for the vertical flow on
(M,w(s)) and s — I is of class C*°. Assume that all IETs T}, := T}, s, for s € J
exchange d > 2 intervals according to the same permutation 7 € S;. Then there
exists a C*®-map J 3 s — A(s) = (m,A(s)) € Sq x R%; such that T, = T)( for
every s € J. For every s € J we define a piecewise constant function L, : I, — R by

(2:2) Ly(z) = £ (0;(A(s)) — te((A(s)) if @ € [bj—1(A(s)), b; (A(s)))
In view of ([2.1)), tx(;(A(s)) — bj(A(s)) measures the displacement between z and
Tsx if © € [bj_1(A(s)), b;(A(s))).

Theorem 2.4 (see Theorem 6.2 in [9]). Let J 3 s — A(s) = (7, \(s)) € Sq x RZ,
be a C*-map. For every s € J denote by Ty : I, — I, the IET given by A(s)
and let Ly : I, — R be defined by (2.2)). Suppose that for a.e. s € J the IET
T, : I, — I has no connection and for every Ts-invariant measure i on I, we have
fls Ly(z)du(x) > 0. Then Ty is of recurrence type for a.e. s € J.

Remark 2.5. In [9, Theorem 6.2] the authors deal with any decaying Federer measure
m on the interval J instead of the Lebesgue measure on .J. A Borel measure m on
J is decaying and Federer if there are positive constants o, C' and D such that for
every « € supp(m), 0 < r,e < 1 we have

m((z—er,z+er)) < Ce*m((x—r,z+71)), m((xr—3r,2+3r)) < Dm((z—r,z+71)).
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Since many singular measures are decaying and Federer, the full version of Theo-
rem 6.2 in [9] gives much more subtle information about the set of all s € J for
which the conclusion of the theorem holds. We should emphasise that all forthcom-
ing results are also true when “for a.e. s € J” is replaced by “for m-a.e. s € J”.

Corollary 2.6. Suppose that for a.e. s € J the translation surface (M,w(s)) has
no vertical saddle connection and

L(bj(A(s)) = ta(j(A(s)) =0 for every 1<j<d with

2% (b, (A(5)) — o (A(s))) > 0.

»

j=1
Then (M,w(s)) is recurrent for a.e. s € J.

Proof. In view of Theorem and Remark [2.3] we only need to show that for a.e.
s € J we have [, 1. Ls(z) du(z) > 0 for every Ti-invariant measure p on I.

Let s € J be such that T, has no saddle connection and holds. By as-
sumption, a.e. s € J satisfies both conditions. Since T§ is minimal, the topological
support of any Ti-invariant measure p is Iy, i.e. the py-measure of every non-empty
open set is positive. By , L, : I, — R is a non-negative function which is
positive on an open interval. Therefore, [; Lg(x)du(x) > 0.

The final recurrence of Teichmiiller orbits follows from Remark 2.3l O

Remark 2.7. Suppose that £ : J — Ry is a C*°-map. Notice that in Corollary
the condition ([2.3) can be replaced by

d b;(A(s)) — tx(iy (Als))
ds 0(s)

 d b;(A(s)) = te (A(s))
= ds 0(s)

>0 forevery 1<j5<d with

> 0.

Indeed, we can rescale all IETs T : I, — I by dividing the length of each interval
I by £(s) > 0. Then the rescaled IETs are affine conjugate to Ty and satisfy the
condition ([2.3]).

For every translation surface (M, w) there exists a holomorphic differential on M,
also denoted by w, so that w = dz in all local coordinates on M \ ¥ and w vanishes
on . We also treat w as a cohomology element in H!'(M\ X, C) or H'(M, 3, C). We
also deal with real cohomology elements Rew,Imw € H'(M \ X, R) (H'(M, X, R)).

We denote by (-, -) the Kronecker pairing, i.e. (n,v) = fﬁ? for n € H' and
~v € Hy. Suppose that v is a vertical saddle connection of length s > 0 on (M,w).
Then «y can be treated as a relative homology element in H(M, X, Z) and we have

(2.4) (w,7) =is, in particular (Rew,v) =0.

If, for example, (Rew,v) # 0 for every v € H,(M,%,Z), then this ensures the
absence of vertical saddle connections on (M, w).

Definition 3. Suppose that a horizontal interval I in (M,w) is a global transversal
for the vertical flow (¢?)ier. Then T, ; = T for some A = (7, ) € Sy x R%,. For
every 1 < j < d we denote by &; = &;(w, [) € Hi(M,X,Z) the homology class of any
loop formed by the vertical orbit segment starting at any = € (bj_1(A),b;(A)) C I
and ending at Thz € I closed by the segment of [ that joins T)x and =x.
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Then for every 1 < j < d we have

(2.5) (Rew, &) = bj(A) = ta)(A).

In view of Corollary the formula (2.5) can be useful to prove the recurrence of
(M, w).

We now give effective formulas to compute (w, ) for v € Hi(M \ ¥,Z) or v €
Hi(M,X,Z) relied on Cech cohomology. Suppose that P = {P, : a € A} is a finite
partition of the translation surface (M,w) into polygons, i.e. P = {P, : a € A}
is a finite family of closed connected and simply connected subsets of M, called
polygons, such that

(4) for every a € A there exists a chart (, : U, — C such that P, \ ¥ C Uy, (a
has a continuous extension (, : Uy U P, — C such that (, : Py — (4(Fy) is
a homeomorphism, ¢, (P,) is a polygon in C and each point from (, (P, N)
is its corner;

(1) if P, N P # 0 then it is the union of common sides and corners of the
polygons F,, Pg;

(i11) Upen Po = M.

We call P a partition of (M,w) into polygons. Let
int P := U int P, and OP := U O0P,.
acA acA
We denote by dir P C S! the set of directions of all sides in the partition P.

Definition 4. Let v : [a,b] — M be a simple curve (possibly closed) with #~([a, b]) N
OP < +o0 and x € M. We define a pairing (z,v) € C as follows:

e if x does not belong to the curve then (x,~) := 0;

o if v = 7(sp) with s9 € (a,b) or z = vy(a) = v(b) and there exists ¢ > 0
such that 7(so,s0 +¢) C int P, and y(so — €,50) C int Pg then (z,7v) :=
Cp(2) = Ca();

e if v = (a) # 7(b) and there exists € > 0 such that v(a,a +¢) C int P, then

<x7'7> = _Ca(x);
o if z = y(b) # v(a) and there exists € > 0 such that v(b — €,b) C int Ps then
(x,7) = Ca().

Suppose that the curve v does not start and does not end in z € M. Notice that
if x € int P then (z,7) = 0. If x € P \ ¥ and v passes from P, to Ps through z
then, by definition,

(2'6) <x77> = Cﬁ(x) - Coz(x) = 'Uo(;,@

where C' is the connected component of U, N Us containing x. vg 5 1s the displace-
ment of the transfer function between local coordinates (see Definition [I]).

Theorem 2.8. Suppose that vy : [a,b] — M is a simple curve with #v(|a, b)) NOP <
+00 such that
(i) v(b) = v(a) and y([a, b)) NE =0 (i.e. [y] € Hi(M\ X, Z)), or
(it) v(a),v(b) € ¥ and v((a, b)) NE =0 (i.e. [y] € Hi(M,X,Z)).
Then
(w,0) =D (@)

z€IP
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In particular,

(2.7) (Rew,[y]) = > Re(z,7).
z€IP

Proof. Let a =ty < t; < ... < t,—1 <t, =b be a partition of [a,b] such that for
any 1 < j <n there exists a; € A such that (¢;_1,%;) C int F,;. Then

= [w=30 [ G o= 3 (G, o) = o, (o05-)

j=1

- Z (G 08)) = a1 + G (30)) = G (310

= Z ) + Can (7(0) = Gas (7(a)).-

B In the case (z we can assume that y(a) = v(b) € int P. Then a3 = «,, and
Ca, (V(D)) = Cay (7(a)). Therefore,

@ b =Y ) = X )

In the case (i) we have v(a),7(b) € £ C IP. As (y(a),7) = —(u(7(a)) and
(7(0),7) = Ca, (7(D)), we have

which completes the proof. O

Definition 5. Suppose that the vertical direction does not belong to dir P. Denote
by:
oD = ﬁ(w,P) the set of triples (o, 5,C) ( o, 8 € A and C is a connected
component of U, NUp) for which there is a vertical orbit segment {¢}x : ¢ €
[—e,¢]} € C (¢ > 0) such that ¢}z € P for t € [—¢,0] and pyz € P, for
te0,¢;
e D = D(w,P) the subset of all triples (o, 3,C) € D such that the point x
belongs to the interior of a common side of P, and Pg;
e B = B(w,P) the set of pairs (0,a) € ¥ x A for which o € P, and there is
a vertical curve 7 : [0,¢] — P, with 7(0) = ¢ and (,(y(t)) = (u(0) + it for
t € [0,¢].
o E = E(w,P) the set of pairs (0, 5) € ¥ x A for which o € Ps and there is
a vertical curve v : [—¢, 0] — P5 with (0) = o and (3(v(t)) = (s(o) + it for
t € [—e,0].

Remark 2.9. Suppose that P is a partition of (M,w) into polygons and 6 ¢ dir P.
In a similar way as in Definition 5] we can define the sets Dy, By and Fy using orbits
in direction @ instead of vertical orbits.

Let us consider the rotated translation surface (M, 7,/2_gw). Then the rotated
partition 7,/_¢P is a partition of (M, r;/»_¢w) into polygons such that the vertical
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directions does not belong to dirr;/;_¢P and
D(ryj2—ow,Tx/2—gP) = Dg(w, P), B(rzja—gw,rr/2—6P) = By(w,P),
E(rzjo—gw,rz/2-¢P) = Eg(w, P).

Lemma 2.10. For every (o, 3,C) € D\D there exists a sequence {1, 05, C5) ey
of elements in D such that oy = 3, apyy = a and
c _ o}
Ya,8 = Vajy1.05°
j=1

Proof. Suppose that («a,,C) € D \ D. Then there is a vertical orbit segment
{gVx : t € [—e,e]} C C such that pyz € int Py for t € [—¢,0), ¢z € int P, for
t € (0,¢] and z is a common corner of P, and Ps. Then there exists 6 > 0 such that

e the rectangle R := {@V¢"x : s € [0,6],t € [—¢,e]} C M \ ¥ is well defined;

e 1? does not contain any corner of the partition P other then x;

o ' oz € int Py and ¢l¢x € int P, for s € [0, 4].
Let us consider the vertical orbit segment {p?phz : t € [—¢,¢]}. It has finitely many
intersection points with 0P and all of them are not corners. Let

—e=ty<th1 <...<t,<tpr1=c¢ and f=0a1,00,...,0,, Qi1 =«
be elements of A such that
olpir € P,, forall te[t;i,¢;] and 1<j<n+1.
For every 1 < j < n denote by Cj the connected component of U,, N U,,,, that
contains ;. e € P,, N P,,,,. Then (oji1,;,C;) € D for every 1 < j < n.
Let v be the boundary (oriented) of the rectangle R. As [y] € Hi(M \ ¥, R) is

the zero homology element, we have (w,[y]) = 0. Therefore, by Theorem and
(2.6)), we have

0 = <w’ [7]) = <x’7> + Z<¢§]¢§x77> = _/Ug,ﬂ + ng;_'.l,aj'
j=1

j=1
which completes the proof. ]

Let us come back to a C*®-curve J 3 s +— w(s) € M(M,X). Suppose that there
is a finite open cover (Uy)aea of M \ X and for every s € J there exists a partition
P(s) ={P.(s): € A} of (M,w(s)) into polygons so that P,(s)\ > C U, for every
a € A and s € J. Moreover, assume that for every a € A the polygon P,(s) and
the corresponding chart (3 : U, — C vary C*°-smoothly with s € J. It follows that
for every connected component C' of U, N Ug the map

J>s— Ugﬁ(s) = (3(r) — Ci(z) € C

(x is any element of ') is of class C*°.

Assume that the vertical direction does not belong to dir P(s) for all s € J.
Then the sets D(w(s),P(s)), B(w(s),P(s)), E(w(s),P(s)) (see Definition [5)) do not
depend on s € J. Let us consider three finite subsets of C*(J, C):

D ={s— vgﬂ(s) : (a, 5,C) € DY},
B = {s+— —(:(0) : (0,a) € B},
& :={s(3(0): (0,8) € E}.
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If s € J is fixed, then

e the values of functions from the family & at the point s indicate all dis-
placements between local coordinates when a vertical upward curve passes
between polygons (through a common side);

e the values of functions from the family & at the point s indicate all opposite
local coordinates of singular points when a vertical upward curve starts at a
singularity;

e the values of functions from the family & at the point s indicate all local
coordinates of singular points when a vertical downward curve starts at a
singularity.

For any pair of C'-maps f,g : J — R we define their bracket [f,g] : J — R by
[f:91(s) = ['(s)g(s) — f(s)g'(s) for s € .J.
Theorem 2.11. Let {: J — Ry be a C*°-map. Suppose that

(i) for any f € B, g € & and any sequence (np)ney of numbers in Zsy such
that the map f + g+ . nuh is non-zero we have

Re f(s) + Reg(s ~I—ZnhReh #0 forae se€J;
he

(1i4) [Reh,l)(s) >0 for allh € P and s € J with

Z[Reh,é](s) >0 forae seJ, or
he2

(1i-) [Reh,l](s) <0 forallh € P and s € J with

Z[Reh,ﬁ](s) <0 forae seJ
he

Then (M, w(s)) is recurrent for a.e. s € J.

Proof. The proof relies on using Corollary combined with Remark 2.7 First we
show that for a.e. s € J there is no vertical saddle connection on (M,w(s)). By
assumption (7), there exists a subset Jy C J of full Lebesgue measure such that for
every s € Joif f € B, g € & and (np)ney is a sequence of numbers in Zso with
[+ 9+ ,c5nnh being non-zero map, then

(2.8) Re f(s) + Reg(s —|—ZnhReh
hez

We show that for every s € Jy there is no vertical saddle connection on (M, w(s)).
Indeed, suppose contrary to our claim that ~ : [0,7] — M is a vertical saddle
connection on (M, w(s)), i.e. v(0),v(7) € X, v(0,7) € M \ ¥ and +/(t) = i for

€ (0,7) in local coordinates on (M, w(s)). Then, by Theorem [2.8]

(2.9) ir=(w(s) = Y (z,7).
x€IP(s)
Let
O=to<t;<...<tp<tpy1 =7 and ai,Q9,...,Qn, api1 € A
be such that

v(t) € int P, (s) forall te€(tj_1,t;) and 1<j<n+1.
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For every 1 < j < n denote by Cj; the connected component of U,; N U,,,, that
contains (t;) € Py, N P,,,,. Then
(7(0),a0) € B, (%(7),n41) € E,  (aj41,0;,C5) € D
for every 1 < 7 <n and
n+1

Y ()= (). = +Z e ()G (1),

z€IP(s) Jj=0

In view of Lemma [2.10, (2.9) and by the definition of sets &, %, &, there exist
feAB, ge & and a sequence (nh)heg of numbers in Z>( such that

(2.10) ir= Y (x,9)= )+ > nah(s).

2€dP(s) he
Hence
(2.11) 0 = Re(w(s), [y]) = Re f(s) + Reg(s +ZnhReh
he

By (2.10), the map f 4 g + Y, ., nnh is non-zero. As s € Jy, (2.11) contradicts
(2.8)). This yields the absence of vertical saddle connections.

Fix ap € A and for every s € J choose a vertical interval I; C int P, (s) so that
the map s +— I is of class C*°. Then for every sy € Jy (the subset Jy C J is defined
in the previous paragraph) the interval I, is a global transversal for the vertical
flow on (M,w(sp)). Since s +— (M,w(s)) is a C*°-curve in M(M, %) and the choice
of the interval I, in (M, w(s)) is smooth, for every sy € Jy there exists ¢ > 0 such
that for every s € (sop—¢, sp+¢) the interval I is a global transversal for the vertical
flow on (M,w(s)) and the corresponding first return map T, = Ts : I, — I, has
the same combinatorial data (the number of exchanged intervals and permutation)
as Ts,. It follows that there exists a countable family J of pairwise disjoint open
subintervals in J such that:

() the complement of J,. ;A in J has zero Lebesgue measure;
(i) I, Cint Py, (s) is a global transversal for every s € (J,c 7 A;
(#ii) for every A € J all IETs T}, s € A have the same combinatorial data.

Therefore, it suffices to show that for every A € 7 and for a.e. s € A the translation
surface (M, w(s)) is recurrent.

Fix A € J. Then there exist d > 2, a permutation 7 € S; and a C'*°-map
A > s A(s) = (m,\(s)) € Sy x R, such that T, = Ty, for all s € A. In view
of Corollary [2.6] combined with Remark 2.7, we need to show that for a.e. s € A we
have

(2.12) [0;(A(s)) = txj)(A(s)),€(s)] >0 for 1< j<d and
(2.13) Z[bj(/\(s)) — lx(j) (A(s)), ()] > 0.

For every s € A and 1 < j < dlet &(s) = &(w(s),1;) € Hi(M,X,Z) be the
homology element defined in Definition . Then, by (2.5)),
Re(w(s),&(s)) = bj(A(s)) — tz(jy(A(s)) for every s e A.

Since &;(s) is the homology class of a loop 7? formed by the segment of the vertical
orbit in (M,w(s)) starting at any z? € (b;—1(A(s)),b;(A(s))) C I and ending at
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T.xl € I, closed by the segment of I, C int P,,(s) that joins Tyz? and z?, by
Theorem [2.§] for every s € A we have

Re{w( Z Re(x

z€IP(s)

- Z n{a,ﬁ,C)(s)Revgg(S),

(a,8,0)eD

(2.14)

where n{aﬁc)(s) is the number of meeting points z € OP(s) of 44 with P(s) such
that 77 passes from int Ps(s) to int P,(s) through x and z belongs to the connected
component C' of U, N Up.

Take any sy € A. Since the partition P(sg) into polygons has finitely many
corners, for every 1 < j < d we can find 2 € (bj_1(A(s0)),b;(A(s0))) such that
the corresponding loops vgo, 1 < j < d do not meet the corners of P(sp). Then we
choose other points x? for s € A\ {sg} such that the map

A3 s € (bja(A(s)),b;(A(s)))

is of class C* for every 1 < j < d. We deal with the family of corresponding loops
vJ for s € A and 1 < j < d. By the continuity of the maps s — 7¢, we can find
e > 0 such that (sp —,50 + ) C A and for every s € (sy — &,50 + €) the loops
77,1 < j < d do not meet the corners of P(s). It follows that each map nzm 5.0) is
constant on (sg—e&, so+¢) and the range of the second sum in is D. Therefore
for every 1 < j < d there exists a sequence (n%) hep numbers in Zsg such that

(2.15) bi(A(s)) = tr(i(As) = Re(w(s). &(s)) = > nj Reh(s)

heD
for all s € (sg — ¢, 50+ ¢). It follows that

(2.16) [b;(A(s)) = ta() (A( Z ,[Reh(s), £(s)]
heD
forall s € (sp —¢e,50+¢)and 1 < j <d.

Now assume that the condition (¢i) holds. In view of (i), [Re h(s), £(s)] > 0 for
allh € Dand s € (so—¢, so+¢). Therefore, by (2.16)), [b;(A(s))—txj)(A(s)),€(s)] > 0
for all s € (sg —e,50+¢) and 1 < j < d. As sg is an arbitrary element of A, it
follows that [b;(A(s)) — tz(j)(A(s)),€(s)] > 0 for every s € A. It gives under
the assumption (#i, ).

To complete the proof in this case we need to show . Suppose, contrary to
our claim, that the subset J; C J of all s € J such that

(b;(A(s)) = tx(jy(A(s)),£(s)] =0 forevery 1 <j<d

has positive Lebesgue measure. By the assumption (ii, ), there exist so € Jy N Jp
and hg € D such that

(2.17) [Re ho(s0),4(s0)] >0 and [Reh(sg),¥(so)] > 0 for all h € D.

Let (ag, By, Co) € D be a triple such that hy(s) = vggﬁo(s) for all s € J. For every
s € J choose a common side € (without the ends) of P,,(s) and Ps,(s) contained
in Cj so that the map s+ €? is smooth.

Since the flow (¢});er on (M, w(sp)) is minimal, there exists 1 < j < d and 27, €

(bj—1(A(s0)), b;(A(s0))) such that the corresponding loop 77, has an intersection with
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0

ey, and does not meet any corner of P(sy). As in the first part of the proof, there

exists € > 0 and a smooth map (sy — &,59 +€) 3 s — a € I, such that for every
s € (sg — &, 50 + €) the corresponding loop 77 does not meet any corner of P(s). It
follows that the map n{ao 50.Co) is constant on (sg — ¢, o + €) and takes a positive

value. Therefore there exists a sequence (n,)nep of numbers in Z> such that n,, > 0
and

b;j(A(s)) — tx(j(A(s)) = Re(w(s),&;(s)) = Znh Reh(s)
for all s € (s — &, 50 + £). In view of (2.17), it follows that
[6;(A(s0)) = tx() (Als0)), £(s0)] = D na[Re h(so), £(s0)]

heD

> Nhg [Re ho(So), 6(50)] > 0.
This contradicts the fact that sg € J; and finishes the proof of (2.13)). This completes
the proof under the assumption (éi, ).

Now assume that the condition (7i_) holds. Then we consider the reverse curve
—J 3 s (M,w(—s)) € M(M,X). Since the reverse curve satisfies (i) and (ii ),
the assertion of the theorem follows from the previous part of the proof. O

3. BILLIARDS ON TABLES WITH VERTICAL AND HORIZONTAL SIDES

In the next two sections we deal with the billiard flow in directions +7/4, +£37 /4
on tables with vertical and horizontal sides. More precisely, we consider smooth
curves of such tables. The aim of this part of the paper is to formulate and prove
a criterion (Theorem for unique ergodicity of the billiard flow on almost every
table in the curve. The proof of Theorem relies on Theorem [2.11]

Denote by = the set of sequences (Z,7) = (z;,4;)%_; of points in R? such that
O<zi <3< ...<z)p 1<z and O0<yp <yYp_1<...<Ys<Yi.

Let k(z,7) := k. For every (Z,7) € = denote by P(T,7) the right-angle staircase

(0,91

FIGURE 4. Basic polygons P(z,y), P(—7.,v), P(Z, —y), P(—%, —7).
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polygon on R? (i.e. with angles 7/2 or 37/2) with consecutive vertices:

(0,0), (0,y1), (1, y1), (®1,y2), - - - (Th—1, Y1), (T—1, Yk)» (2k, Y&)s (Tx, 0),

see Figure [4]

Denote by I' the four element group generated by the vertical and the horizontal
reflections 7,7, : R? — R2  We extent the action of I" to the space of finite
sequences of points in R?. The polygons of the form

P(=z,9) = P(%.(7,9)) :== % P(T,7),
P(x,=y) = P(w(7.7)) == mP(T,7),
P(=Z,=Y) = P(7 o (T, 7)) = 1 o mP(T.7)
are called basic polygons, see Figure [l We say that:

e 7[(0,0), (0,y1)] is the long vertical side;

e 7[(0,0), (zx,0)] is the long horizontal side;

) [(mk, 0), (2, yx)] is the short vertical side;
e Y[(0,41), (z1,y1)] is the short horizontal side

of the basic polygon P(v(Z,y)) for v €I

We deal with billiard flows on right angle connected generalized polygons which
are the union of finitely many basic polygons P(y(%,7)) for (Z,7) € =, v € T so
that some sides of basic polygons are glued by translations.

Denote by & the collection of such generalized polygons for which the sides of
the basic polygons can be glued only in the following four cases:

(V) we can glue P(7,+y) with P(—7', £7') along the long vertical sides if their

lengths are the same;
(H) we can glue P(+7,y) with P(£7', —7’) along the long horizontal sides if their
lengths are the same;

(v) we can glue P(Z, £y) with P(—%', +%’) along the short vertical sides if their
lengths are the same;

(h) we can glue P(£7,y) with P(+Z', —7') along the short horizontal sides if
their lengths are the same.

Notice that a generalized polygon P € & is not necessary a polygon in R?, P
should be treated rather as a translation surface with boundary. Translation surface
of this type, called parking garages, and the corresponding billiard flows were already
studied in [I] in the context of Veech dichotomy.

Suppose that a generalized polygon P € & is formed by gluing M > 1 basic
polygons {7, P (T™, ™) : m € T}, where Z is an M-element set of indices of basic
polygons and elements {v,, : m € Z} in I" describe their types. Then we write

P = H‘J erPm(fmaym>'
meTL
We label the m-th basic polygon P(v,,(Z™,7™)) by the additional subscript m be-
cause many copies of the polygon P(v,,(Z™,7™)) can be used to create the general-
ized polygon P. The additional subscript helps us to distinguish them.

In order to describe the generalized polygon P fully we define four symmetric
relations ~y, ~p, ~,, ~, on Z which reflect the gluing rules of basic polygons in
P. We let m ~, m/ if the polygons ¥, P (Z™,7™) and Yy P (™, 7)) are glued
in accordance with the scenario (a), for a = V, H,v, h. Moreover, if m € Z is not
~,-related to any other element of Z then we adopt the convention that m ~, m.
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P(-T', 7)) P(T-7) Py(—7%,—3°)

P’Jﬂ: 7Y B@E.Y) _I_IJ!);~y6) E(wﬂy’\)_lf

Py(-7% —7°)

FIGURE 5. An example of a generalized polygon P € &2 with 1 ~y, 2,
4~y 5,6 ~y 7,9 ~y 10, 5 ~yg 8, 6 ~yg 9, 7 ~g 10, 2 ~, 3,
Doy 6,7y 4,8~y 9, 1~y 4,2~ 5, 3~y 6.

For every m € T let k,,, :== k(Z™,7™). We refer to the collection

{Iv (’Ym)mEI> (km)mela ~V, ~YH, v Nh}
as the combinatorial data of the generalized polygon P € &.

Remark 3.1. Suppose that P € &2 and consider the directional billiard flow on P
in directions I'(w/4) = {£n/4,+37w/4}. After performing the unfolding procedure
emulating the standard procedure (for rational polygons on R?) coming from [3] and
[5] (roughly presented at the end of Section we obtain a translation surface

M(P) € M. Then the billiard flow is isomorphic to the directional flow (¢]/*);er on
M(P). Recall that M(P) is glued from four transformed copies of P, i.e. P, 7, P,
P and 4, o 4, P. Therefore, the translation surface M (P) has a natural partition
into basic polygons

(3.1) Pp ={Pn(y(@™,¥™)) : (m,7) €T xT}.

Gluing rules. The sides of the basic polygons in M (P) are identified by transla-
tions in the following way:
(i) for 1 < i < ky, the vertical side [(«]", "), (z]", £yt ,)] of P, (T™, £y™) is
identified with the side [(—a7", &y"), (=7, £y!},)] of P (=™, £y™);
(i7) for 1 < i <k, the horizontal side [(£ax!", y), (", y")] of P, (£Z™,7™)
is identified with the side [(+z";, —y), (2, —y™)] of B, (£Z™, —7™);
(7i7) if m ~y m’ then the long vertical side of P,,(Z™, £7™) is identified with the
long vertical side of P, (=™, +5™);
(iv) if m ~g m’ then the long horizontal side of P,,(£z™,y™) is identified with
the long horizontal side of P, (£Z™, —g™);
(v) if m ~, m' then the short vertical side of P, (™, +3™) is identified with the
short vertical side of P (—2™, £7™);
(vi) if m ~j, m’ then the short horizontal side of P, (+£z™,7™) is identified with
the short horizontal side of P, (+£z™, —5™).
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Let A:=Z x T and P, := P,,(v(Z™, ™)) if a = (m,7) € A.

Remark 3.2. Denote by 3 C M(P) the set of singular points. Singular points arise
from some corners of P,, o € A. More precisely, for every a = (m,v) € A
(4) the corner V5, | := v(a",yi1,) € Pa for 1 <i <k, is a singular point with
the total angle 67;
(4i) the corner Vi := (2", yi") € P, for 1 <i < ky,, is a regular point.
The other corners v(0,0), y(z}! ,0), v(0,y7") in P, can be singular or regular points.
More precisely,
(@ii) if m ~y m' ~g m" ~y m" ~g m for some m’',m", m" € T then Vi, :=
7(0,0) € P, is a regular point, otherwise it is singular;
(i) if m ~y m' ~p m" ~y m" ~, m for some m',m”,m" € I then V2 ;=
y(z7 ,0) € P, is a regular point, otherwise it is singular;
(v) if m ~, m" ~g m" ~, m" ~y m for some m',m",m" € T then Vi =
~v(0,y") € P, is a regular point, otherwise it is singular.

For every o € A there is an open set U, C M(P)\ ¥ such that P, \ ¥ C U,
and a chart (, : U, — C of the translation atlas of M (P) such that its continuous
extension (, is equal to the identity on P,.

Suppose that e is a common side (without ends) of two polygons P, and Ps. As
e C U, N Ug, there exists a connected component Cf, 3 of U, N Up containing e.

The following result describes all triples (o, 3,C) in Dy = Dy s(M(P),Pp) (see
Remark and the corresponding translation vectors vg 5

Lemma 3.3. Every triple (o, 3,C) € Dy is of the form (a, 8,C§ 5), where e a
common side of polygons Py, and Pg. If C'=C§ 5 and e 1is:

(in) the horizontal side joining V>, . and V7 for 1 < j < ky, with a = (m, ),
then B = (m,~y, o) and Ugﬁ = 2y,
iiy) the horizontal side joining an e short horizontal side of P,),
jin) the horizontal side joining Vi and Vi, (the short horizontal sid P,
a = (m,y) and m ~y, m', then § = (m',y, 07) and v$ 5 = (7" + Y )i
iiip) the long horizontal side P,, o = (m,~) and m ~yg m/, then 5= (m/,y, 0~
i) the long horizontal side P, d ' then B !
and vgﬂ =0;
iv) the vertical side joining V% and V%, for 1 < j < ky, with o = (m,~y), then
) th tical side joining V% and Vi, for 1 < j < ky, with th
B = (m,y,07) and vgﬁ = 2x7";

ii,) the wvertical side joining an e short vertical side of P,),
i) th tical side joining V2 . —and V¥ o (the short vertical sid P,
a=(m,vy) and m ~, m’, then = (m’',~y, 0~) and Ugﬁ = + IZ:;/;

iii,) the long vertical side P,, o = (m,v) and m ~y m/, then = (m/,yy o
ity) the | tical side P, 0l d ' then ! 0l
and "US:B =0.

Proof. By definition, a triple (o, 8,C') belongs to Dy = Dr/s(M(P), Pp) if there
is an orbit segment of the flow (gof/ “)ier passing from P3 to P, across their common
side e and e C C. Then vgiﬁ computes the displacement between local coordinates
in both polygons. Since all sides of the partition Pp are only horizontal and vertical,
we will deal only with horizontal. In the vertical case, the reasoning is analogous.

There are three types of horizontal sides: long horizontal sides, short horizontal
sides and sides joining V*; ; and V7 for 1 < j < k.

If e is a long horizontal side, then all points in e have the same local coordinates
in both polygons. It follows that vg 5 = 0, which confirms (iiij).
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Suppose that e is a side joining V2 ; ; and V% for 1 < j < k;,, and an orbit segment
of the flow (¢; / "icr passes from Ps to P, across e. By the gluing rule (i7), we have
Py = P, (£z™,y") and P, = P,,(£x™, —y™). Moreover, the local coordinate in P
of any point z € e is of the form ¢ +14y]", whereas its local coordinate in P, is t —iy".
It follows that v$ 5 = &s(x) — &a(x) = 2y, which confirms (iy).

If e is a short horizontal side, the arguments are similar. By the gluing rule (v),
we have P = P,,(+£2",7™) and P, = P,/(+Z", ™) with m ~, m/. Then for
every x € e we have

0§ 5= () — Cala) =t +iyl — (t—iy"™) = (" + y" )i,
which confirms (iip,). O

The following result describes all pairs (o, 0) in By = Bru(M(P),Pp) and
(B,0) in Erjy = Ers(M(P),Pp) (see Remark and the corresponding vectors
—(a(0) and (3(0) respectively.

Lemma 3.4. Suppose that (o, 0) € Brja. If the singular point o € 3 is of the form:
(ip) Vi Jor 1 < j < ky, with a = (m,7), then v = 4, or v, or v, oy, and
—Cal0) = =2 +yjiyi or o' — yi 0 or a4y 0 respectively;
(tig) Vi with o= (m, ), then v =y, and —(o(0) = yi"i;
vitg) V& o with a = (m, ), then v =, and —(,(0) = 27 ;
Km0 Ko
ivg) V& with o = (m, ), then v = id and —(, (o) = 0.
0,0
Suppose that (B,0) € Er/a. If the singular point o € X is of the form:

(ig) ijH for 1 < j < ky, with B = (m,7), then v = id or v, or 7, and
Cplo) = 2" +ytyi or o' — yii i or =" + YTy respectively;
(1ig) V(fl with B = (m,¥), then v =7, and (3(c) = y/i;
(1iig) V;fn’o with 8 = (m,~), then v =, and (z(0) = x}* ;
(ivg) V(fo with 8 = (m,¥), then v =, oy, and (s(0) =

Proof. Since the descriptions of the sets By /4 and E /4 result from similar reasoning,
we will focus only on By /4.
By definition, (a,0) € A x ¥ belongs to By, if there is an orbit segment of the

flow (QO:/ “ier in P, starting from the singular point o € P,. By Remark , there
are four types of singularities in M (P): Vi, Vi, Vi g or V2, for 1 < j < k.

Suppose that ¢ = V2, for some 1 < j < ky,, where a = (m,7). Then P,
is of the form P, (z™,—-y™) or P,(—-z™,—y™) or P,(—-z™,—y™) or P,(T™,y™).
However, the only corner in P,,(™,y™) from which an orbit segment in direction
7 /4 comes out is (0,0), so the case P, = P, (Z™,7™) cannot occur. In other cases,
local coordinates (, (o) are of the form i —yligror —xt +ylyor —alt =yl
respectively, which confirms (ip).

Remaining types of singularities (i.e. Vi, Vi, Vi ) follow by the same argu-
ments and we leave it to the reader. U

4. SMOOTH CURVES OF BILLIARD TABLES

Suppose that J 5 s +— P(s) € & (J C R is an open interval) is a C*°-curve of
polygonal tables. Assume that all generalized polygons P(s), s € J have the same
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combinatorial data {Z, (Vim)mez, (km)mez, ~H,~Vv,~n,~v}. Then for every m € T
there exists a C*°-map

[1]

J 3 s (T"(s),7"(s)) €
so that for every s € J we have

P(s) = [H v P(@"(5).5" (s

meZL

~—

)

with the gluing rules of basic polygons given by the four binary relations ~vy, ~pg,
~vy ~h-

The smooth curve of polygons s +— P(s) provides a C*° curve s +— M(P(s))
in the moduli space of translation surfaces M. Then for every s € J the surface
M(P(s)) € M has a natural partition into basic polygons

{Pn(v(@"(5),5"(5))) : (m,7) € T x T}
so that their sides are identified according to the rules described in Remark
Let us consider two finite subsets in C*°(.J,R~) given by
Zo={al meT 1< j<kn}, % ={y":meT,1<j<hn}

For any sequence (gx)y_; of maps in C*°(.J,R) denote by |W|((gx)}_,) the absolute
value of its Wronskian, i.e.
IWI(g)imr)(s) = |det | Z——au(s)

The following lemma is a straightforward consequence of Lebesgue’s density the-
orem.

Lemma 4.1. Suppose that (gi)i_, is a sequence of maps in C*(J,R) such that
IW1((gr)py)(s) >0 for a.e. se.J

Then for a.e. s € J and for every sequence (my)p_, of at least one non-zero integer
numbers we have Y7 mggr(s) # 0.

Since the absolute value of Wronskian does not depend on the order of the se-
quence, we can also define the absolute value of Wronskian for finite subsets in
C*(J,R) letting

(Wlgr - 1 <k <n}:=[W|((gr)5=1),

if gi, 1 < k <n are distinct maps.

Theorem 4.2. Let {: J — Ry be a C*°-map. Suppose that

(i) [W|(Zp U@ U{l})(s) >0 for a.e. s € J, and
(ii4-) [x,€](s) >0 and [y, l](s) <0 forallx € Zp,y € % and a.c. s € J, or
(ti_y) [x,0](s) <0 and [y,l](s) >0 forallx € Zp,y € % and a.e. s € J.

Then for a.e. s € J the translation flow (gpf“)teR on M(P(s)) is uniquely ergodic.

Proof. Since the translation flow (¢f/*),cz on M(P(s)) coincide with the vertical
flow on r /s M (P(s)) (see Remark and the vertical direction does not belong to
dir rz/4Pp(s) for all s € J, we can apply Theorem E (together with Proposition
to the C*°-map J 3 s — 14 M(P(s)) € M and to the smooth family of polygonal
partitions r./4Pp(s) of the translation surface r. M (P(s)) for s € J. We need to
verify the conditions (i) and (iiy) from Theorem [2.11]
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Using Remark and Lemmas 3.4] we can easily localize the corresponding
finite subset 2, A, & in C*°(J,C). More precisely,

(4.1) 2 cC {0} U(Ze + Zp) Ui % + %))
(4.2) B,&C ™ (e —i%) U (—Zp +i%) U ({0} U Zp) +i({0} U %p))).

Suppose that f € %, g € & and (np)res is a sequence of numbers in Z>( such
that the map f + g+ >,., nyh is non-zero. By (4.1) and (4.2), there exist integer
numbers ax for x € Zp and by, for y € % such that

f+g+Znhh:6”/4< Z axX + 1 Z byy>.

heP x€EZp yEYp

As the left hand side is a non-zero map, at least one integer number ayx or by is
non-zero. By the assumption (¢) and Lemma [4.1] for a.e. s € J we have

Re f(s) + Reg(s +ZnhReh \/§< Z axx(s) — Z byy(s)> #0

he XEZp YEYp

Therefore the condition (¢) from Theorem holds.

In order to verify the conditions (ii+) in Theorem we take any non-zero map
h e 2. In view of (4.1)),

(4.3) h = e”“(xl +x5) for some xi,%xy € Zp,or
(4.4) h=e™*i(y, +y,) forsome yi,y; € %.
By Lemma [3.3] there are maps in 2 of both types (.3) and (4.4). Moreover,

X1 + Xo _ [x1,4(s) + [x2, €](s)
|: \/5 ’f} (S) - \/5 , O
Y1ty [y1, 4(s) + [y2, {(s)
Reh(s),l(s)] = | — 4 = — :
[Reh(s), ()] = | = =2, 4] (9 7
Under the assumption (ii, ), it follows that for all h € Z and s € J we have

[Reh(s),£(s)] > 0, and if h is of type (4.4]) then [Reh(s),£(s)] > 0 for a.e. s € J.
This gives the condition (iiy) in Theorem
Under the assumption (ii_, ), we obtain that [Re h(s), ¢(s)] < 0 for all h € Z and
s € J, and if h is of type (4.4]) then [Reh(s),{(s)] < 0 for a.e. s € J. This gives the
condition (i7_) in Theorem [2.11]
Therefore, by Theorem i4M (P(s)) is recurrent for a.e. s € J. In view
2

of Proposition [2.2 and Remark [2.1] it follows that the translation flow (¢]/*),ep on
M(P(s)) is uniquely ergodic for a.e. s € J. O

[Re h(s), £(s)] =

5. UNIQUE ERGODICITY OF THE BILLIARD FLOW ON D RESTRICTED TO S,.

Let us consider the billiard flow on a table

D= D(f'H_ :8 )(a+ 5 )

@+ F H@a -5 )
Without loss of generality we can assume that 3¢ < 8% < ' < B7. Recall the phase
space S'D of the billiard flow on D splits into invariant subsets S, s € (5%, a).
By Proposition [1.2] if s # b then the billiard flow restricted to Ss is topologically
conjugate to the directional billiard flow in directions 4+ /4, £37/4 on 04(Ss) € 2.
For more precise description of every generalized polygon o,(Ss) we need to consider
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the partition _# of the interval (5%, a) into open intervals by the points o pEE

for1 <i< k(aﬁ,ﬁﬁ). For every open interval J € _# the generalized polygons
05(5s), s € J have the same combinatorial data and the map J 3 s — 04(S;) € &
is of class C°. For every J € _# denote by | = lfi the largest integer number

between 0 and k(aﬁ,ﬁﬁ) so that J C (8%, o).
The following precise description of o,(Ss) follows directly from the shape of the
set D and the definition of .

Proposition 5.1. For every J € ¢ all generalized polygons o4(Ss), s € J belong
to the family &7 (introduced in Section@ and are described as follows:

(1) if J C (B, B°) then o4(Ss) for s € J consists of two basic polygons
P++(E++<8)7g++(8))a P,+(—f_+(8>,y_+<8))
with k(T (s), 751 (s)) = [31 glued according to the rule ++ ~y —+ and

+
Bt

ZEH(s) = /Q;eu,s)dm yEH(s) = /ﬁ (sl dh=ts) = [ elrns)ix

++
B —00

for1 <1< l§+;
(id) if J C (B°,b) then o4(Ss) for s € J consists of four basic polygons

Py (T7(5), 77 (s)), Py (=T (), 7 7 (s)),
Py (=27 (5),57(5), P-—(@ ()7 (s))

glued according to the rules

++ ~y _+7+— ~y o —— Zf JC(/Bb7ﬁl)
Ft+ o~y —F, —F oy ——, —— ~y +— if JC (8,87
b oy ey, oy e, e R if T C (7, D),

with k(T (s), 7 (s)) = IF* and

*+
s B;

e(\, s)d\ = l(s) — / e(\, s)d\

—00

i (s) = /a T s dy, yEE(s) = /5

++ ++
i 2

for 1 < < I35 If J C (8% BY) then a.(S,) is not connected and it is the
union of two polygons: o4(ST) glued from Py, and P_y, and o4(S;) glued
from P, and P__;
(zit) if J C (b,a) then o4(Ss) for s € J consists of four basic polygons
Pry(@(s), 777 (), Py (=T (5),7 " (s)),
P (77 (s), =" (s)), P-—(=7(s),~7 ~(s))

glued according to the rules

++~ -+, —+~g ——, —— ~y +—, +— ~g ++
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with k(T (s), 7 (s)) = IF* and

xii(s):/ﬂ e(\,s)d\ for 1<i<I3F,

1

i

a b
a:ljf;t(s) :/S e(\, s)d\ = {(s) :/ e(\, s) dA,

—00

b
yfi(s):/ e\, s)d\ for 1<i<I¥
B:i::i:

i

LT (9),70 (s)

P (=T " (5), 51 (s))| Prs (@ (5), 5 (s))

Cs;
; P (), =7 ()| P (@ (), =T (5)

FIGURE 6. All possible types of the polygon o4(Ss).

1
V(@=X) (=N (s=A)

For every s < a denote by Ay C R the domain of A — e(), s) =
If s <bthen Ay = (—o0,s) U (b,a) and

/ e(\, s)d\ = 2/ e(A, ) d\ < +oo.
s b
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If b<s<athen Ay = (—00,b) U (s,a) and

b
/ e(A, s)d\ = 2/ e(A, s)d\ < +oo.
Ag —00

Take an interval J € _# and an open interval D such that D C A, for every
s € J. Denote by £p : J = R.g the map given by £p(s) = [, e(A, s) dX. Then &p is
a C'°°-map such that

d* (2k — 1)!! e(\, s)
(5.1) @SD(S) = o /D 0= s)F d\ forall k>1, seJ

Fix an interval J € ¢. Then the family of polygons o,(Ss), s € J is determined
be a C>-map J 3 s — P(s) € 2. In view of Proposition[5.1], we have the following
result.

Corollary 5.2. For every interval J € ¢ there exist
a>a;>a3> .. >, >b>0,>...> >0 >0 with JC (B, m)
such that if J C (B, b) then

Zp U {f} = {€ = f(b,a)a g(ai,a) 1< < m}7 Yp = {€ - 5(—00751') 1<j< n}
and if J C (b, a) then

2p U{l} ={l={xp), a1 Si<m}, Pp={{ppn:1<j<n}
Lemma 5.3 (Lemma 3.3 in [4]). Let f : (c1,¢2) U (c3,¢4) = Rop (—00 < ¢ <
0y < €3 < g < 00) be a positive continuous function with finite integrals fccf FA) dA
and f;f fN) AN If{A; : 1 <i <k} is a family of pairwise disjoint subintervals of
(c1,¢2) U (c3,¢q), then we have
F(A) dA
det —_— 0 € .
e [/Al Ry N #0 for every s € (cq,c3)

e

As a consequence, in view of (5.1]), we obtain the following result.

Corollary 5.4. Suppose that D;, 1 < 1 < k is a family of pairwise disjoint open
intervals such that Ule D; C Ay forall s € J. Then

(W I((€p,)h—1)(s) >0 forall seJ.
Lemma 5.5. Suppose that Dy, Dy are disjoint open intervals such that D1UDy C A,
for all s € J. Then
€p,, €D, (s) <O forall seJ if Dy<Dy<J or J<Dy< Dy,
€p1,Ep,)(8) >0 forall s€J if Dy<J<Dy.

Proof. In view of (5.1]), we have

(€1, 0,)(5) —% /D y <e(A1;)i(22,s) - e()\l,)\j)i(;%s)

_ 1/ 6()\1, 8)6()\2,8)()\2 — )\1)d>\1d)\2
2 )pixp, (M= 8)(A2—s)

Since for all Ay € Dy, Ay € Dy, s € J we have Ay — A1 < 0 and (A — s)(Ay —8) >0
if Dy < Dy < JorJ < Dy < Dy and ()\1—8)(/\2—8) <0if Dy < J < Dl, this
implies the required inequalities. O

) dX1dXs
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Theorem 5.6. For every J € _# we have |W|(Zp U %p U {(})(s) > 0 for every
s € J. Moreover, for allx € Zp,y € % and s € J we have

(x,0](s) <0 and [y,l(s) >0 if JC(80),
(x,0(s) >0 and [y,l)(s) <0 if JC (b,a).
Proof. The proof relies on Corollary [5.4, Lemma [5.5 and the fact the both the
Wronskian W and the bracket |-, -] are alternating multilinear forms.
Case J C (f%,b). In view of Corollary J C (Bn,b) and for every s € J we
have { = {4,4) and
(WI(Zp UZp U{L})(s) = IW|(&ara) -+ Eamar: £ = E=oo,pr)s -+ -+ £ — E(=00,80), ) (8)
= ’WKf(al,a)a s ?g(am,a)a é(b,a)a 5(—00,[31)7 e 75(—00,1%))(3)
= [W|(&(ar,a)s Eaziar)s - - -+ Eamam—1)s E®.am)s E(—00,81) §(B1,62) - - - + E(Bn-1,80)) (S)-

Since the intervals

(_007 ﬁl)? (ﬁla ﬁ2)> R (ﬁnfla 571)7 <b7 Ckm), (ama Oémfl)a SR (062, al)? (ala a)
are pairwise disjoint, by Corollary [5.4] we have |[W|(2p U%p U{(})(s) > 0 for every
seJ.
By Corollary 5.2 if x € 2p then x = (4, 4) for some 1 <i <m or x = £ = ().
Since J < (b, ;) < (4, a), by Lemma [5.5] for every s € J we have
[E(aia): €(8) = [§(as,a): Epran ] (8) < 0.

As [¢, (] = 0, we obtain that [x,¢](s) <0 for all x € Zp and s € J.
By Corollary 5.2}, if y € #p then y = { — {3, for some 1 < j < n. Since
(=00, 8;) < J < (b,a), by Lemma[5.5] for every s € J we have
[0 = &0, 1(5) = —[§(-0,8)): Sp.)] (5) = [§b0)s §=00,8)](5) > 0.

Therefore, [y, ¢](s) > 0 for all y € % and s € J.
Case J C (b,a). In view of Corollary 5.2 J C (b, ) and for every s € J we
have ¢ = {_ ) and
(WI(Zp U e U{})(s) = W(&ara)s -+ Sama) E816) -+ 5 §(Bab)> E(—00.)) (5)
= IWI(§ar,a): €azan)s -+ » Elamam—1)> §(=00,81)> E(B1.82) - - > §(Bur 80 §(Ba,)) (5)-

Since the intervals

(_007 61)7 (617 B2>7 ) (5n71> ﬁn)> (ﬁ?ﬁ b)a (ama amfl)v tty (0427 al)a (Oéb a)

are pairwise disjoint, by Corollary [5.4} we have |W|(2pU%p U{(})(s) > 0 for every
seJ.

By Corollary[5.2} if x € Zp then x = &4, ) for some 1 <7 <morx = £ = §(_op)-
Since (—o00,b) < J < (a4, a), by Lemma , for every s € J we have

[g(ana)vﬂ(s) = [f(o&i,a)ag(foob)](:s) > 0.

As [¢, (] = 0, we obtain that [x,¢](s) > 0 for all x € Zp and s € J.
By Corollary if y € Zp theny = {(g, ) for some 1 < j < n. Since (—o0, ;) <
(8;,b) < J, by Lemma 5.5 for every s € J we have

(€800 A(8) = [€8;.0) E(—o0,8] (5) < 0.
Therefore, [y, (](s) <0 for ally € #p and s € J. O
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Proof of Theorem[1.1. By Proposition for every s € (min{g¢, 3°},b) U (b, a) the
billiard flow on D restricted to S is topologically conjugated to the directional
billiard flow in directions +m/4, £37/4 on the polygon o4(Ss) € &?. Moreover,
for s € (min{A?, 8°}, min{A', 3”}) the polygon o,(S,) is the union of two connected
polygons 0,4(S7) and 0,4(S;). To conclude the proof we need to show that for every

open interval .J of the partition ¢ and for a.e. s € J the flow (302/4),5@1@ on M(os(Ss))
(or M(o4(SE)) if J C (min{B?, 8°}, min{A’, 87})) is uniquely ergodic.

By Theorem [5.6] for every J € # the map J 3 s — 04(S,) € & (or J 3
s 0,(ST) € 2 if J C (min{B, f°}, min{B, 37})) has the form s — P(s) with
W(Zp U%p U{l})(s) >0 for every s € J and for all x € Zp,y € % and s € J

we have
(x,¢)(s) <0 and [y,¢](s) >0 if JC (8,b),
(x,¢](s) >0 and [y,/](s) <0 if JC (b,a).
Applying Theorem this gives the required conclusion. U
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