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Abstract. Within the framework of classical linear regression model optimal
design criteria of stochastic nature are considered. The particular attention is
paid to the shape criterion. Also its limit behaviour is established which gen-
eralizes that of the distance stochastic optimality criterion. Examples of the
limit maximin criterion are considered and optimal designs for the line fit
model are found.
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1 Introduction

There exists an extensive literature on optimal design criteria. For references
see Shah and Sinha (1989) and Pukelsheim (1993), for example. The most ex-
haustive investigations have been carried out in the case of so-called traditional
criteria like A-, D- or E-optimality. Also more sophisticated criteria like uni-
versal or Kiefer optimality are occupied a certain place in the literature. How-
ever, stochastic optimality criteria have not drawn much attention hitherto.
This paper is an attempt to fill the gap, in some sense. In the next section we
explain what we mean saying ‘stochastic optimality criteria’.

In the paper we consider the classical linear regression model

Y@NnðXb; s2InÞ; ð1Þ
where the n� 1 response vector Y ¼ ðY1;Y2; . . . ;YnÞ0 follows a multivariate
normal distribution, X ¼ ðx1; x2; . . . ; xnÞ0 is the n� k model matrix of the full
rank k, ka n, b ¼ ðb1; b2; . . . ; bkÞ0 is the k � 1 parameter vector, EðYÞ ¼ Xb
is the expectation vector of Y and DðYÞ ¼ s2In is the dispersion matrix of Y,
where s2 ¼ VðYiÞ > 0 is unknown while In is the n� n identity matrix.



Let b̂b be the least squares estimator (LSE) of b being at the same time the
best linear unbiased estimator. The dispersion matrix of b̂b is Dð b̂bÞ ¼
s2ðX 0XÞ�1.

In the sequel we deal with so-called continuous designs. Each continuous
design x is a discrete probability measure taking values pi b 0 at vectors xi,
i ¼ 1; 2; . . . ; l, that is

x ¼ fx1; x2; . . . ; xl ; p1; p2; . . . ; plg;
Xl

i¼1

pi ¼ 1:

The moment matrix of a design x is defined by MðxÞ ¼Pl
i¼1

pixix
0
i . If pi ¼ ni

n
,

i ¼ 1; 2; . . . ; l, la n, where ni are integers and
Pl
i¼1

ni ¼ n, then Dð b̂bÞ ¼ s2

n
M�1.

Throughout the paper, we write b̂b ¼ b̂bðxÞ or b̂b ¼ b̂bðMÞ to emphasize the de-
pendence of b̂b from the design x or from the moment matrix M, respectively.

In the paper we also refer to a line fit model when we have nb 2 uncorre-
lated responses

Yij ¼ b1 þ b2xi þ Eij; i ¼ 1; 2; . . . ; l; j ¼ 1; 2; . . . ; ni ð2Þ

with expectations and variances EðYijÞ ¼ b1 þ b2xi and VðYijÞ ¼ s2, respec-
tively. In this case a continuous design x specifies distinct values x1; x2; . . . ; xl
chosen from a given experimental domain (usually an interval ½a; b�) and as-

signs to them weights pi b 0 such that
Pl
i¼1

pi ¼ 1. Here

MðxÞ ¼
1

Pl
i¼1

pixi

Pl
i¼1

pixi
Pl
i¼1

pix
2
i

0
BBBB@

1
CCCCA:

The paper is organized as follows. Stochastic optimality criteria and the
shape criterion in particular are discussed in Section 2. In Section 3 we collect
examples of the limit maximin criterion and optimal designs for the line fit
model (2). In Section 4 concluding remarks are given while the proof of The-
orem 2 can be found in Appendix.

2 Shape optimal design criterion

An optimality criterion is a function from the closed cone of nonnegative defi-
nite matrices into the real line. Saying ‘stochastic optimality criteria’ we mean
functions depending on the moment matrices through a probability. A typical
example is the criterion

Pð b̂bðMÞ � b A AÞ ! max EA A A; ð3Þ

where A is a given class of subsets from Rk. In the sequel we deal with criteria
of type (3).

260 A. Zaigraev



Of course, the terminology is rather relative. It is due to Sinha (1970) who
introduced the concept of the distance stochastic (DS) criterion in certain treat-
ment design settings. Liski et al. (1998, 1999) studied the properties of this cri-
terion under the classical linear regression model (1).

Definition 1. A design x� is said to be DSðeÞ-optimal for the LSE of b in (1) if it
maximizes the probability Pðkb̂bðxÞ � bka eÞ for a given e > 0, where k � k
denotes the Euclidean norm in Rk. When x� is DSðeÞ-optimal for all e > 0, we
say that x� is DS-optimal.

Clearly, the DS-criterion is that of type (3) with A to be a class of all k-
dimensional balls centered at the origin.

The DSðeÞ-criterion function is defined as

ce½M� ¼ Pðkb̂bðMÞ � bka eÞ.

It is worth noting that the DSðeÞ-optimal design itself is not of great interest
from the viewpoint of practice since usually it depends on unknown s.

The criterion is isotonic relative to Loewner ordering (cf. Liski et al. 1999),
that is for any two moment matrices M1 and M2,

M1 bM2 ) ce½M1�bce½M2� Ee > 0.

Here the relation M1 bM2 for two matrices means that M1 �M2 is a non-
negative definite matrix.

Liski et al. (1999, Theorem 5.1) also studied the behaviour of the DSðeÞ-
criterion, when e approaches 0 and y. These limiting cases have an inter-
esting relationship with the traditional D- and E-optimality criteria. It turns
out that the DSðeÞ-criterion is equivalent to the D-criterion as e ! 0 and to the
E-criterion as e ! y, that is:

(a) if ce½M1�bce½M2� for all su‰ciently small e > 0, then detM1 b detM2; if
detM1 > detM2, then ce½M1� > ce½M2� for all su‰ciently small e > 0;

(b) if ce½M1�bce½M2� for all su‰ciently large e, then lminðM1Þb lminðM2Þ; if
lminðM1Þ > lminðM2Þ, then ce½M1� > ce½M2� for all su‰ciently large e.

In Section 3 we generalize this result. Another motivation for considering
stochastic optimality criteria can be found in Liski and Zaigraev (2001). It
turns out that the distance stochastic criterion is closely connected with such
notions as stochastic ordering (cf. Marshall and Olkin 1979, Section 17) or
stochastic precision (cf. Stȩpniak 1989), universal domination (cf. Hwang 1985),
D-ordering (cf. Giovagnoli and Wynn 1995). Moreover, criteria of type (3)
have an obvious relation with peakedness (cf. Sherman 1955), concentration
(cf. Eaton and Perlman 1991) and, as it was shown in Liski and Zaigraev
(2001), with Loewner optimality (cf. Pukelsheim 1993, Section 4).

Liski and Zaigraev (2001) also suggested a natural generalization of the
DS-criterion. It was called the stochastic convex (SC) criterion.
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Definition 2. Let A be a class of subsets from Rk which are convex and sym-
metric with respect to the origin. A design x� is said to be SCA-optimal for the
LSE of b in (1) if it maximizes the probability Pð b̂bðxÞ � b A AÞ for all A A A.

A design x� is SC-optimal if it maximizes the probability Pð b̂bðxÞ � b A AÞ
for all convex and symmetric sets AHRk (symmetric with respect to the origin).

Evidently, the SCA-criterion with A to be a class of all k-dimensional
balls centered at the origin is the DS-criterion. Another example of the SCA-
criterion is that when A is a class of all subsets from Rk which are convex and
symmetric with respect to the axes. Due to Lemma 2 from Liski and Zaigraev
(2001), the SCA-optimal design for the LSE of b in (2) on the interval ½�1; 1�
is of the form f�1; 1; 0:5; 0:5g, although there is no SC-optimal design here.
Liski and Zaigraev (2001) also proved isotonicity of the SC-criterion relative
to Loewner ordering.

From now on, we deal with a case when the class A in (3) is of the form

A ¼ feA; e > 0g,
where AHRk is a given bounded set having the origin as an interior point. In
particular, if

A ¼ Ar ¼ fx A Rk : x ¼ te; 0a ta rðeÞ; e A Sk�1g; ð4Þ
where r is a positive continuous function on the unit sphere Sk�1 in Rk, then
we call such a criterion the shape stochastic (SS) criterion. The function r is
called the shape function since it determines the shape of the set Ar.

Definition 3. A design x� is said to be SSrðeÞ-optimal for the LSE of b in (1) if
it maximizes the probability Pð b̂bðxÞ � b A eArÞ for a given e > 0 and given r.
When x� is SSrðeÞ-optimal for all e > 0, we say that x� is SSr-optimal.

The SSrðeÞ-criterion function is defined as

jr; e½M� ¼ Pð b̂bðMÞ � b A eArÞ.

Since

b̂bðMÞ � b@Nk 0;
s2

n
M�1

� �
;

that function also can be rewritten in the form

jr; e½M� ¼ P
sffiffiffi
n

p M�1=2Z A eAr

� �
¼ PðZ A dM1=2ArÞ; ð5Þ

where d ¼
ffiffiffi
n

p
e

s
and Z@Nkð0; IkÞ. Again it should be noted that the SSrðeÞ-

optimal design, in general, depends on unknown s.
As it follows from Liski and Zaigraev (2001), the SSr-criterion is isotonic

relative to Loewner ordering if and only if Ar is convex and symmetric with
respect to the origin.
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Next, consider several examples of the shape functions.

Examples.
1. If rðeÞ1 1 then Ar is a ball centered at the origin and the SSr-criterion is

simply the DS-criterion.
2. Let rðeÞ ¼ ðe 0DeÞ�1=2, where D is a symmetric positive definite matrix.

Then Ar is an ellipsoid centered at the origin. If D is diagonal then Ar is
symmetric with respect to the axes otherwise it is symmetric only with respect
to the origin.

3. If rðeÞ ¼ minfa1je1j�1; a2je2j�1; . . . ; akjekj�1g, ai > 0, i ¼ 1; 2; . . . ; k,
then Ar is a parallelepiped centered at the origin and symmetric with respect
to the axes.

Relevant SSrðeÞ-criteria are considered in the next section.
The limit behaviour of the SSrðeÞ-criterion is described in the next two

theorems.

Theorem 1. The SSrðeÞ-criterion is equivalent to the D-criterion as e ! 0.

The proof is evident since

jr; e½M� ¼ dkðdetMÞ1=2
ð2pÞk=2

ð
Ar

e�ðd2=2Þz 0Mz dz

and the function under the integral approaches 1 as e ! 0 while the integral
over Ar approaches vðArÞ > 0, where vðArÞ denotes the Lebesque measure
(volume) of the set Ar.

It is easy to understand that the assertion of Theorem 1 also holds in more
general case, namely for any set A with 0 < vðAÞ < y.

An immediate useful consequence of Theorem 1 is the following. If the
SSr-optimal design exists then it is necessary also D-optimal.

Now let e ! y. The particular case of the SSrðeÞ-criterion when rðeÞ1 1
was considered in Liski et al. (1999). Here we give more general result.

Let qAr be the boundary of the set Ar.

Theorem 2. Let rðeÞ be a twice continuously di¤erentiable function in a neigh-
bourhood of any point from the set

Arg min
e ASk�1

r2ðeÞe 0Me

for any given M. Then the SSrðeÞ-criterion is equivalent to the maximin criterion

min
x A qAr

x 0Mx ¼ min
e ASk�1

r2ðeÞe 0Me ! max

as e ! y.

The condition of Theorem 2 means that qAr should be su‰ciently smooth.
But it does not require the boundary to be smooth at any point. Indeed, as-
sume that the convex set Ar contains several corner points, as it is in Example
3. Each corner point admits more than one support hyperplane to Ar. Given
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M, any point rðeÞe with e A Arg min
e ASk�1

r2ðeÞe 0Me belongs both to qAr and to

the smallest ellipsoid of concentration fx : x 0Mx ¼ c; c > 0g still having
common points with qAr. Therefore, rðeÞe is not a corner point, otherwise the
preceding ellipsoid is not the smallest one.

From Theorems 1 and 2 a useful result follows helping in searching for the
SSr-optimal design.

Corollary 1. Let the condition of Theorem 2 be fulfilled. If the SSr-optimal de-
sign exists then it is also D-optimal and optimal with respect to the maximin
criterion.

In the next section we shall see that there exist situations when the reverse
assertion of Corollary 1 also holds though it is not true in general.

3 Examples of the limit maximin criterion and SSr(e)-optimal designs for
the line fit model

Let us consider examples of the maximin criterion from Theorem 2 for the
shape functions given in Section 2. It is easy to see that in all the cases the
condition of Theorem 2 is fulfilled. We shall also supply the results with
the SSrðeÞ-optimal designs for the line fit model (2) on the interval ½0; 1� as well
as on ½�1; 1�.

Due to Lemma 1 from Liski and Zaigraev (2001), in the case ½0; 1� it is
enough to take into account only designs of the form f0; 1; p; 1� pg, 0 <
p < 1 since they form a class of admissible designs. In the case ½�1; 1� due
to the same argument it is enough to consider only designs of the form
f�1; 1; p; 1� pg, 0 < p < 1. That is why in both cases the SSrðeÞ-optimal
designs for any r are determined by the value p� depending on e, or more

exactly on d ¼
ffiffiffi
n

p
e

s
.

Due to Lemma 2 from Liski and Zaigraev (2001), in Examples 1 and 3 the
SSr-optimal design on ½�1; 1� exists and is of the form f�1; 1; 0:5; 0:5g.

1. If rðeÞ1 1 then the SSrðeÞ-criterion is simply the DSðeÞ-criterion. Here

r2ðeÞe 0Me ¼ e 0Me; min
e AS k�1

r2ðeÞe 0Me ¼ lminðMÞ

and the limit maximin criterion is the E-criterion.
For the line fit model (2) on the interval ½0; 1�, the function p� ¼ p�ðdÞ is

monotonic and increases from p0 ¼ 0:5 (D-optimal design) to py ¼ 0:6 (E-
optimal design) along with increasing d (see graph (1), Fig. 1). Clearly, there is
no DS-optimal design here.

In general, the following characterization of design domination with re-
spect to the DS-criterion for the case k ¼ 2 takes place. Let l1 a l2 be the ei-
genvalues of Mðx1Þ while m1 a m2 be those of Mðx2Þ.

Lemma 1. Let k ¼ 2. A design x1 dominates x2 with respect to the DS-criterion
for the LSE of b if and only if

l1 b m1; l1l2 b m1m2:
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Su‰ciency follows from Marshall and Olkin (1979, Section 3.C, p. 64).
Necessity follows from the limit behaviour of the DSðeÞ-criterion. Indeed, let
x1 dominates x2 with respect to the DS-criterion, that is with respect to the
DSðeÞ-criterion for all e > 0. Using the limit behaviour of the DSðeÞ-criterion,
we get l1 b m1; l1l2 b m1m2.

Corollary 2. If k ¼ 2 then a design is DS-optimal if and only if it is D-optimal
and E-optimal.

As we see, the existence of the DS-optimal design is determined by the be-
haviour of the DSðeÞ-optimal designs when e approaches 0 and y.

2. Let rðeÞ ¼ ðe 0DeÞ�1=2, where D is a symmetric positive definite matrix.
In this case

r2ðeÞe 0Me ¼ e 0Me

e 0De
; min

e AS k�1
r2ðeÞe 0Me ¼ lminðD�1MÞ

due to the extremal properties of the above ratio (see e.g. Rao 1973, pp. 63,
74). Thus the maximin criterion is the criterion lminðD�1MÞ ! max.

Consider the line fit model (2) on the interval ½0; 1� and denote

D�1 ¼ c
d1 d2

d2 1

� �
; c > 0; d1 > d 2

2 :

It can be shown by direct calculation that the optimal design relative to the
maximin criterion is determined by

py ¼

8>><
>>:

2d1 þ 3d2 þ 1

4d1 þ 4d2 þ 1
if d1 þ d2 b 0

1þ d2 if d1 þ d2 < 0:

ð6Þ

It is interesting to note that py can take any value from the interval ð0; 1Þ
depending on the choice of D.

Fig. 1. The graph of p�ðdÞ for (1), (2a), (2b), (2c).
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To show the possible dependence of p� on d for the SSrðeÞ-optimal design,
we consider three cases:

ðaÞ D�1 ¼ 1 1

1 2

� �
; ðbÞ D�1 ¼ 2 �1

�1 1

� �
; ðcÞ D�1 ¼ 3 �4

�4 8

� �
:

It can be calculated from (6) that the corresponding values of py are:

ðaÞ py ¼ 0:7; ðbÞ py ¼ 0:4; ðcÞ py ¼ 0:5.

Relevant graphs (2a), (2b) and (2c) are given in Fig. 1. As one can see, they
are quite di¤erent from each other. The first one looks like graph (1), except
for the behaviour when d ! y. Here the function p�ðdÞ increases monotoni-
cally from 0.5 to 0.7. But for (2b) the function p�ðdÞ decreases monotonically
from 0.5 to 0.4. At last, graph (2c) is a straight line p�ðdÞ1 0:5. It means that
there is no SSr-optimal design in (a) and (b), but it exists in the case (c).

It turns out that it is not by occasion. There exists a class of matrices D for
which the SSr-optimal design exists. To find such a class, the next character-
ization result is helpful.

Lemma 2. Let k ¼ 2 and rðeÞ ¼ ðe 0DeÞ�1=2
, where D is a symmetric positive

definite matrix. A design x1 dominates x2 with respect to the SSr-criterion for
the LSE of b if and only if

l1 b m1; l1l2 b m1m2,

where l1 a l2 are the eigenvalues of D�1Mðx1Þ, while m1 a m2 are those of
D�1Mðx2Þ.

The proof of Lemma 2 is similar to that of Lemma 1.
Again the existence of the SSr-optimal design is determined by the behav-

iour of the SSrðeÞ-optimal designs when e approaches 0 and y. The SSr-
optimal design exists if and only if p0 ¼ py ¼ 0:5 resulting in p�ðdÞ1 0:5.
From (6) it follows that py ¼ 0:5 if and only if the matrix D�1 is of the form

D�1 ¼ c
d �0:5

�0:5 1

� �
; c > 0; d > 0:25:

Similar situation takes place also for the line fit model (2) on ½�1; 1�. Here
it can be shown by direct calculation that the optimal design relative to the
maximin criterion is determined by

py ¼ 1

2
þ d2

2maxfd1; 1g :

Again py can take any value from the interval ð0; 1Þ depending on the choice
of D. It is easy to see that py ¼ 0:5 if and only if d2 ¼ 0. It means that the
SSr-optimal design exists if and only if the matrix D is diagonal.

3. Let k ¼ 2 and rðe1; e2Þ ¼ minfa1je1j�1; a2je2j�1g, a1 > 0, a2 > 0. In this
case ðe1; e2Þ ¼ ðcos f; sin fÞ and

266 A. Zaigraev



r2ðeðfÞÞe 0ðfÞMeðfÞ

¼ min
a1

jcos fj ;
a2

jsin fj
� �� �2

ðM11 cos
2 fþ 2M12 sin f cos fþM22 sin

2 fÞ;

where

M ¼ M11 M12

M12 M22

� �
:

After some calculations we come to the following limit maximin criterion

min
f A ½0;2p�

r2ðeðfÞÞe 0ðfÞMeðfÞ ¼ a21a
2
2 detM

maxfa21M11; a
2
2M22g

! max:

One can find by direct calculation that for the line fit model (2) on ½0; 1� the
optimal design relative to the maximin criterion is determined by

py ¼ max

(
1

2
; 1� a21

a22

)
: ð7Þ

Hence, py can take any value from the interval ½0:5; 1Þ depending on the
choice of a1 and a2.

To show the possible dependence of p� on d for the SSrðeÞ-optimal design,
we consider two cases:

ðaÞ a1 ¼ a2 ¼ 1; ðbÞ a1 ¼ 1; a2 ¼
ffiffiffiffiffiffiffi
2:2

p
.

From (7) we get:

ðaÞ py ¼ 1

2
; ðbÞ py ¼ 6

11
:

Relevant graphs (3a) and (3b) are given in Fig. 2.

Fig. 2. The graph of p�ðdÞ for (3a) and (3b).

Shape optimal design criterion in linear models 267



In contrast to the previous cases, here the functions p�ðdÞ are not mono-
tonic. They are similar to each other, except for the limit behaviour as d ! y.
As one can see, there is no SSr-optimal designs here. Moreover, the situation
is not determined by the behaviour of the SSrðeÞ-optimal designs when e ap-
proaches 0 andy. For example, in (3a) we have p0 ¼ py ¼ 0:5 but p�ðdÞ00:5
for 0 < d < y.

4 Concluding remarks

Dual problem. Dealing with probability Pð b̂bðMÞ � b A eArÞ for a given set Ar

and given e > 0, it is reasonable to make it as large as it is possible. But if the
probability is given instead of e, then it is reasonable to make e as small as it is
possible. Thus we come to the following dual problem: to choose an optimal
design making e the smallest possible for a given set Ar and given probability
Pð b̂bðMÞ � b A eArÞ ¼ a A ð0; 1Þ. In fact, b̂bðMÞ � eAr looks like a confidence set
of pregiven shape centered at b̂bðMÞ though it is not the case since this set de-
pends on unknown s.

We call a design a-optimal if the corresponding value of e is the smallest
one given a. Clearly, if there exists the SSr-optimal design, then it is also a-
optimal for any a. It is the case, e.g., for rðeÞ1 1 and the line fit model (2) on
½�1; 1�. The a-optimal design is f�1; 1; 0:5; 0:5g for any given a.

Consider the case when the SSr-optimal design does not exist. If a is close to
unit, then e is necessarily su‰ciently large. Then as we know from Theorem 2,
the SSrðeÞ-criterion is close to the maximin criterion. Therefore, the a-optimal
design is close to the optimal design relative to the maximin criterion. For
example, if rðeÞ1 1 and we consider the line fit model (2) on ½0; 1�, then the a-
optimal design is close to E-optimal. This closeness is higher along with in-
creasing a.

Maximal probability content. The problems that have been touched in the
paper can also be considered from another point of view. Namely, maximiza-
tion of Pð b̂bðMÞ � b A AÞ for all A A A is a problem of searching for the maxi-
mum of the probability content simultaneously for all A A A with respect to a
given class of random vectors b̂bðMÞ � b.

Problems of that type have been investigated by di¤erent authors. See Hall
et al. (1980) and Mathew and Nordström (1997), for example. In those papers
the probability content for the bivariate normally distributed random vector
Z@N2ð0; I2Þ was considered and optimization was done with respect to a
given class of sets that did not contain the origin, namely rotated squares and
rotated ellipses. In our case taking in mind (5), k-variate normally distributed
random vector Z@Nkð0; IkÞ is considered and maximization is done with re-
spect to more complicated and general class of sets dM1=2Ar.

Integral criteria. Clearly, if A1 HA2 then a stochastic criterion of type
(3) with A2 is stronger than that with A1. In other words, the richer A the
stronger criterion (3).

In general, stochastic optimality criteria are quite strong, as we have seen.
On the other hand, dealing with the shape criterion in practice it is more im-
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portant to control the situation when e is rather small or moderate while less
important to know what happens when e is su‰ciently large.

Motivated by those arguments, one could consider the following two cri-
teria both weaker than the DS-criterion:

ð e
0

Pðkb̂bðMÞ � bk2 > tÞ dt ! min Ee > 0;

ðy
e

Pðkb̂bðMÞ � bk2 > tÞ dt ! min Eeb 0:

In the paper by Mandal et al. (2000) the following weighted integral crite-
rion was introduced called the weighted coverage probability:

ðy
0

Pðkb̂bðMÞ � bk2 a tÞ 1
2
e�t=2 dt ! max:

Here the density function 1
2 e

�t=2 of a chi-squared distribution with 2 degrees
of freedom plays a role of a weight function. Of course, any other reasonable
weight function could be considered as well.

All those criteria will be investigated elsewhere.

Appendix

Proof of Theorem 2. We have due to (5),

jr; e½M� ¼ dkðdetMÞ1=2
ð2pÞk=2

ð
Ar

e�ðd2=2Þz 0Mz dz ¼ ak=2ðdetMÞ1=2
pk=2

ð
Ar

e�az 0Mz dz;

where a ¼ d2

2
. Let us use spherical coordinates ðr; f1; . . . ; fk�1Þ:

z1 ¼ r cos f1 cos f2 . . . cos fk�1 ¼ re1ðfÞ,

z2 ¼ r sin f1 cos f2 . . . cos fk�1 ¼ re2ðfÞ,

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

zk�1 ¼ r sin fk�2 cos fk�1 ¼ rek�1ðfÞ,

zk ¼ r sin fk�1 ¼ rekðfÞ,

with Jacobian rk�1JðfÞ, f ¼ ðf1; . . . ; fk�1Þ A F ¼ ½0; 2p� � � � � � ½0; 2p� �
� p

2
;
p

2

h i
, where JðfÞ ¼ jQk�1

i¼1 cos i�1 fij. Denote eðfÞ ¼ ðe1ðfÞ; . . . ; ekðfÞÞ0.
Applying them and changing variable r ¼ rðeðfÞÞz, we obtain
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1� jr; e½M� ¼ ak=2ðdetMÞ1=2
pk=2

ð
F

JðfÞ
ðy
rðeðfÞÞ

rk�1e�ar2eðfÞ 0MeðfÞ dr

 !
df

¼ ak=2ðdetMÞ1=2
pk=2

ð
F

rkðeðfÞÞJðfÞIðar2ðeðfÞÞeðfÞ0MeðfÞÞ df;

where

IðxÞ ¼
ðy
1

zk�1e�xz2 dz ¼ x�k=2

ðy
x1=2

uk�1e�u2 du:

Due to L’Hospital’s rule, IðxÞ@ e�x

2x
as x ! y. Therefore, we get as a ! y,

1� jr; e½M�@ ak=2�1ðdetMÞ1=2
2pk=2

ð
F

rk�2ðeðfÞÞJðfÞe�ar2ðeðfÞÞeðfÞ 0MeðfÞ

eðfÞ0MeðfÞ df:

Our goal is to establish the asymptotics of the integralð
F

cðeðfÞÞe�ahðeðfÞÞ df ð8Þ

when a ! y, where

cðeðfÞÞ ¼ rk�2ðeðfÞÞJðfÞ
e 0ðfÞMeðfÞ ; hðeðfÞÞ ¼ r2ðeðfÞÞe 0ðfÞMeðfÞ:

Given M define

F� ¼ f A F : eðfÞ A Arg min
e ASk�1

r2ðeÞe 0Me

� �
:

We shall thoroughly consider the situation when F� consists of a single
point f� and show that only a neighbourhood of f� is essential in establishing
the asymptotics of integral (8) as a ! y. It is worth noting that without loss
of generality we can always assume that Jðf�Þ0 0.

Denote by h� the point of minimum for the function hðeðfÞÞ, that is
h� ¼ r2ðeðf�ÞÞeðf�Þ0Meðf�Þ. Under the condition of the theorem, the func-
tion hðeðfÞÞ in a neighbourhood of f� admits the Taylor expansion

hðeðfÞÞ ¼ h� þ 1

2
ðf� f�Þ0Hð ~ffÞðf� f�Þ; ð9Þ

where Hð ~ffÞ is the hessian of hðeðfÞÞ at ~ff ¼ f� þ yðf� f�Þ for some y, jyja 1.
Since r is continuous, for any su‰ciently small g > 0 we have

min
f AF1

hðeðfÞÞ ¼ h� þ cðgÞ;

where cðgÞ > 0 and
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F1 ¼ ff A F : kf� f�kb gg.

Now we partition the integral in (8) onto two the parts, namely

ð
F

cðeðfÞÞe�ahðeðfÞÞ df

¼
ð
F1

cðeðfÞÞe�ahðeðfÞÞ dfþ
ð
F2

cðeðfÞÞe�ahðeðfÞÞ df ¼ I1 þ I2; ð10Þ

where

F2 ¼ ff A F : kf� f�k < gg.

The first integral can be estimated as

I1 a e�aðh�þcðgÞÞ
ð
F1

cðeðfÞÞ df

and in particular,

I1 ¼ oða�ðk�1Þ=2e�ah� Þ as a ! y: ð11Þ

Under the condition of the theorem for su‰ciently small g > 0 there exists
such 0 < dðgÞ < 1 that for all f A F2 we have

jcðeðfÞÞ � cðeðf�ÞÞj < dðgÞcðeðf�ÞÞ; ð12Þ

je 0Hð ~ffÞe� e 0Hðf�Þej < dðgÞe 0Hðf�Þe Ee A Sk�2: ð13Þ

Thus from (9), (12) and (13) we get

ð1� dðgÞÞcðeðf�ÞÞe�ah �
ð
F2

e�ða=2Þð1þdðgÞÞðf�f �Þ 0Hðf�Þðf�f �Þ df < I2

< ð1þ dðgÞÞcðeðf�ÞÞe�ah�
ð
F2

e�ða=2Þð1�dðgÞÞðf�f �Þ 0Hðf �Þðf�f �Þ df;

or equivalently

ð1� dðgÞÞaðk�1Þ=2
ð
fu:uþf � AF2;kuk<gg

e�ða=2Þð1þdðgÞÞu 0Hðf �Þu du <
aðk�1Þ=2eah

�
I2

cðeðf�ÞÞ

< ð1þ dðgÞÞaðk�1Þ=2
ð
fu:uþf � AF2;kuk<gg

e�ða=2Þð1�dðgÞÞu 0Hðf �Þu du;

that is
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1� dðgÞ
ð1þ dðgÞÞðk�1Þ=2

ð
fv:v=ð ffiffiap ffiffiffiffiffiffiffiffiffiffiffi

1þdðgÞ
p

Þþf� AF2;kvk<g
ffiffi
a

p ffiffiffiffiffiffiffiffiffiffiffi
1þdðgÞ

p
g
e�ð1=2Þv 0Hðf �Þv dv

<
aðk�1Þ=2eah

�
I2

cðeðf�ÞÞ

<
1þ dðgÞ

ð1� dðgÞÞðk�1Þ=2

ð
fv:v=ð ffiffiap ffiffiffiffiffiffiffiffiffiffiffi

1þdðgÞ
p

Þþf � AF2;kvk<g
ffiffi
a

p ffiffiffiffiffiffiffiffiffiffiffi
1�dðgÞ

p
g
e�ð1=2Þv 0Hðf �Þv dv:

Finally, when a approaches y we obtain

ð1� dðgÞÞð2pÞðk�1Þ=2

ð1þ dðgÞÞðk�1Þ=2ðdetHðf�ÞÞ1=2
< lim inf

a!y

aðk�1Þ=2eah
�
I2

cðeðf�ÞÞ

a lim sup
a!y

aðk�1Þ=2eah
�
I2

cðeðf�ÞÞ <
ð1þ dðgÞÞð2pÞðk�1Þ=2

ð1� dðgÞÞðk�1Þ=2ðdetHðf�ÞÞ1=2
;

or

aðk�1Þ=2eah
�
I2

cðeðf�ÞÞ @
ð2pÞðk�1Þ=2

ðdetHðf�ÞÞ1=2
as a ! y ð14Þ

since dðgÞ can be arbitrary small along with g. From (10), (11) and (14) it fol-
lows that as a ! y,

ð
F

cðeðfÞÞe�ahðeðfÞÞ df@
ð2pÞðk�1Þ=2

cðeðf�ÞÞe�ah�

aðk�1Þ=2ðdetHðf�ÞÞ1=2

and therefore

1� jr; e½M�@ 2ðk�3Þ=2ðdetMÞ1=2cðeðf�ÞÞe�ah�

ðapÞ1=2ðdetHðf�ÞÞ1=2
: ð15Þ

Now it is easy to see that the same matrix M� that maximizes h� ¼
min
f AF

r2ðeðfÞÞeðfÞ0MeðfÞ also maximizes jr; e½M� for su‰ciently large a ¼ ne2

2s2

and vice versa.
If F� consists of m > 1 points f�

1 ; . . . ; f
�
m then we partition integral (8) onto

the sum of m integrals, each over a subset consisting only of a single point from
F�. Similarly, instead of (15) we obtain

1� jr; e½M�@ 2ðk�3Þ=2ðdetMÞ1=2e�ah �

ðapÞ1=2
Xm
i¼1

cðeðf�
i ÞÞ

ðdetHðf�
i ÞÞ1=2

and one can make the same conclusion as above.
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The variety of possible sets F� containing infinitely many points is ex-
tremely rich. But in each case in the same way as above it can be shown that
the asymptotic expression for 1� jr; e½M� has a term e�ah�

that plays a crucial
role in minimizing 1� jr; e½M� for su‰ciently large e. For example, if F� is a
connected set of dimension k � 1 then we partition integral (8) onto the sum of
three integrals: the first one over F�, the second one over a g-neighbourhood of
F� and the rest. The last integral is asymptotically as a ! y unessential while
the first two integrals asymptotically both have a term e�ah�

.
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